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Preface 


Preface to the second edition 


The second edition of the book has been thoroughly revised and all errors 
that have come to my notice have been corrected. Additions have been 
made at various places in the book. Notable additions are in the statistical 
analysis of measured data in Module I. Important questions regarding 
normality of deviations and identification of outliers have been discussed 
in great detail. These should interest the advanced reader who is looking 
for an understanding of these issues. Thermistors have been described in 
greater detail in Chpater 4. Also, the line reversal technique of measuring gas 
temperature has been described in greater detail. Theory of the integrating 
sphere has been discussed in detail in Chapter 12. Module V has been 
augmented with more examples from laboratory practice. Exercises are now 
positioned at the end of each module. Many new exercise problems have been 
added in this edition. 


The modules have been rearranged with the number of chapters going up 
by one to a total of sixteen chapters in this edition. Many references are 
indicated as footnotes in the text apart from the bibliography and the list 
of references given in the Appendix. All illustrations have been redrawn 
for this edition using ‘tikz’ - a program environment compatible with ‘latex’. 
All graphs have been replotted for this edition using QtiPlot. In general 
these were done to improve the quality of the illustrations as also to bring 
uniformity in the format. 


It is hoped that the second edition will be received with the same enthusi- 
asm as the original edition by the student community. 


S.P. Venkateshan 
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Preface to the first edition 


In recent times there have been rapid changes in the way we perceive 
measurements because new technologies have become accessible to any one 
who cares to use them. Many of the instruments that one takes for granted 
now were actually not there when I started my engineering studies in the 
1960’s. Training we received in those days, in Mechanical Engineering did 
not include a study of “Mechanical Measurements”. Whatever was learnt 
was purely by doing experiments in various laboratory classes! Electrical 
Engineers were better off because they studied “Electrical Measurements” 
for a year. The semester system was to be introduced far in the future. Even 
when “Mechanical Measurements” was introduced as a subject of study the 
principles of measurements were never discussed fully, the emphasis being 
the descriptive study of instruments! In those days an average mechanical 
engineer did not have any background in measurement errors and their 
analysis. Certainly he did not know much about regression, design of 
experiments and related concepts. 


At that time the integrated chip was to appear in the future and the 
digital computer was in its infancy. We have seen revolutionary changes 
in both these areas. These developments have changed the way we look 
at experiments and the art and science of measurements. The study of 
measurements became divorced from the study of instruments and the 
attention shifted to the study of the measurement process. The emphasis 
is more on knowing how to make a measurement rather than with what. One 
chooses the best option available with reasonable expense and concentrates 
on doing the measurement well. 


I have been teaching a course that was known as “Measurements in Ther- 
mal Science” for almost 20 years. Then the title changed to “Measurements 
in Thermal Engineering”! The emphasis of the course, however, has not 
changed. The course is one semester long and the student learns about the 
measurement process for almost third of this duration. After he understands 
the principles he is ready to learn about measurement of quantities that are 
of interest to a mechanical engineer. The course stresses the problem solving 
aspect rather than the mundane descriptive aspects. The student is asked to 
use library and web resources to learn about instruments on her/his own. 


In the mean while I have produced a video series (40 lectures each of 55 
minutes duration on “Measurements in Thermal Science”) that has been 
widely circulated. Thanks to the NPTEL project (National Program for 
Technology Enhanced Learning) I had an opportunity to bring out another 
video lecture series (50 lectures of 55 minutes duration each, this time called 
“Mechanical Measurements”). This is being broadcast over the ‘Technology 


ix 


Channeľ. Also I have prepared a five module web course with the same title. 
Interested reader can access the web course through the IIT Madras web 
site. This effort has encouraged me to write a more detailed book version of 
“Mechanical Measurements” that is now in your hands. 


I have arranged this book in five parts, each part being referred to as a 
module. Details of what is contained in each module is given in an abstract 
form at the beginning of each module. It has taken me close to three years 
to produce this book. Over this period I have improved the readability of the 
text and weeded out unnecessary material and have tried to give to the reader 
what I believe is important. I have tried to give a balanced treatment of the 
subject, trying hard to keep my bias for thermal measurements! 


The text contains many worked examples that will help the reader un- 
derstand the basic principles involved. I have provided a large number of 
problems, at the end of the book, arranged module wise. These problems 
have appeared in the examination papers that I have set for students in my 
classes over the years. The problems highlight the kind of numerics that 
are involved in practical situations. Even though the text is intended to be 
an undergraduate text book it should interest practicing engineers or any one 
who may need to perform measurements as a part of his professional activity! 
I place the book in the hands of the interested reader in the hope that he will 
find it interesting and worth his while. The reader should not be content 
with a study of the book that contains a large number of line drawings that 
represent instruments. He should spend time in the laboratory and learn how 
to make measurements in the real world full of hard ware! 


S.P. Venkateshan 
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Nomenclature 


Note: 


(1) Symbols having more than one meaning are context specific 
(2) Sparingly used symbols are not included in the Nomenclature 


Latin alphabetical symbols 


Qbpaagaa 
oops 


Ey 


Acceleration, m/s” 

or Speed of sound, m/s 

or Any parameter, appropriate unit 

Area, m? 

Callendar correction, °C 

or Linear damping coefficient, N -s/m 

or Gas concentration, m3 

or Speed of light, 3 x 10° m/s 

Specific heat, J/kg°C 

or Capacitance of a liquid system, m? 

or Capacitance of a gas system, m : s 

or Electrical capacitance, F 

Coefficient of discharge, no unit 

Drag coefficient, no unit 

Specific heat of a gas at constant pressure, J/kg°C 
Specific heat of a gas at constant volume, J/kg°C 
Diameter, m 

Diameter, m 

or Degrees of freedom 

or Piezoelectric constant, Coul/N 
Electromotive force (emf), V 

or Emissive power, W/m? 

or Young’s modulus, Pa 

Total emissive power of a black body, W/m? 


xiii 


xiv 


Esi Spectral emissive power of a black body, W/m? um 
Es Shear modulus, Pa 
E Enthalpy flux, W/m? 
f Frequency, s`! or Hz 
or Friction factor, no unit 
fo Doppler shift, Hz 
F Force, N 
FA Fuel air ratio, kg(fuel)/kg(air) 
g Acceleration due to gravity, standard value 9.804m/s? 
G Gain, Numerical factor or in dB 
or Gauge constant, appropriate units 
or Bulk modulus, Pa 


Gr Grashof number, no unit 
h Heat transfer coefficient, W/m?°C 
or Head, m 
or Enthalpy, J/kg 
h Overall heat transfer coefficient, W/m? C 


AV Heating value, J/kg 
HHV Higher Heating Value, J/kg 
LHV Lower Heating Value, J/kg 
I Electrical current, A 
or Influence coefficient, appropriate unit 
or Moment of inertia, m* 
In Spectral radiation intensity, W/m? - um - ste 
Polar moment of inertia, m* 
Boltzmann constant, 1.39 x 107°?,.J/K 
Number of factors in an experiment, no unit 
or Thermal conductivity, W/m°C 
kA Thermal conductivity area product, W -m/ C 


ey 


K Flow coefficient, no unit 
or Spring constant, N/m 
L Length, m 
m Fin parameter, mt 
or Mass, kg 


or Mean of a set of data, appropriate unit 
Mass flow rate, kg/s 
Mach number, no unit 
or Molecular weight, g/mol 
or Moment, N-m 
or Velocity of approach factor, no unit 
n Index in a polytropic process, no unit 
or Number of data in a sample, no unit 


zS 


ni Number of levels for the it” factor, no unit 
N Number of data in the population, no unit 

or Number count in analog to digital conversion, no unit 
Ns: Strouhal number, no unit 


Qp 
QT 


XV 


Nusselt number, no unit 

Pressure, Pa 

or Probability, no unit 

Gas concentration based on volume, m~? 
Pressure, Pa 

Perimeter, m 

Power, W 

Dissipation constant, W/m 
Stagnation pressure, Pa 

Peclet number = Re - Pr, no unit 
Prandtl number, v/a, no unit 
Electrical charge (Coulomb), Coul 

or Heat flux, W/m? 

Any derived quantity, appropriate unit 
or Heat transfer rate, W 

or Volume flow rate, m°/s etc. 

Peltier heat (power), W 

Thomson heat (power), W 

Electrical resistance, Q 

or Fluid friction resistance, 1/m-s 

or radius, m 

or Thermal resistance, m2°C/W 

Gas constant, J/kg-K 

Universal gas constant, J/mol -K 
Reynolds number 

Entropy, J/K or Entropy rate, W/K 
or Spacing, m 

Surface area, m? 

Stoke number, no unit 

Electrical sensitivity, appropriate unit 
Thermal sensitivity, appropriate unit 
Time, s 

or Temperature, °C or K 

or t - distribution 

or Thickness, m 

Platinum resistance temperature, °C 
Temperature according to ITS90, °C 
Period of a wave, s 

or Temperature, K 

or Torque, N-m 

Brightness temperature, K 

Color temperature, K 

Steam point temperature, K 

Total or Stagnation temperature, K or °C 
Triple point temperature, K 
Temperature according to ITS90, K 


xvi 


u Uncertainty in a measured quantity, Appropriate units 
or ratio or percentage 
V Potential difference(Volts) 


or Volume, m? 
or Velocity, m/s 


Vp Peltier voltage, uV 

Vs Seebeck voltage, uV 

Vr Thomson voltage, uV 

WwW Mass specific heat product, J/°C 


or Weight of an object, N 


x Displacement, m 
Xx Indicated mean or average value of any quantity X 
Xo Capacitive reactance, Q 
XL Inductive reactance, Q 
Y Expansion factor, no unit 
Z Electrical impedance, Q 
Acronyms 
ac Alternating current 
dc Direct currebt 
ADC Analog to Digital Converter 


APD Avalnche Photo Diode 
BSN Bosch Smoke Number 


DAC Digital to Analog Converter 
DAQ Data Acquisition 

DAS Data Acquisition System 
DIAL Differential Absorption LIDAR 
DOE Design Of Experiment 

DPM Digital panel meter 

FID Flame Ionization Detector 

GC Gas Chromatography 


GC IR GC with Infrared spectrometer 
GC MS GC with Mass spectrometer 


HC Hydro Carbon 

ISA Instrument Society of America 

IR Infra Red 

LASER Light Amplification by Stimulated Emission of Radiation 
LDV Laser Doppler Anemometer 


LIDAR Light Detection and Ranging 
LVDT Linear Voltage Differential Transformer 


MS Mass Spectrometer 
NDIR Non Dispersive Infrared Analyzer 
NO, Mixture of oxides of nitrogen 


Op Amp Operational Amplifier 
PC Personal Computer 


xvii 


PRT or PT Platinum Resistance Thermometer 


RTD Resistance Temperature Detector 
SRM Standard Reference Material 
USB Universal Serial Bus 
Greek symbols 
a Area (fractional) of the tail of the y? distribution 
or Coefficient of linear expansion, /°C 
or Pitch angle in a multi-hole probe, rad or ° 
or Seebeck coefficient, uV C 
or Shock angle in wedge flow, rad or ° 
or Temperature coefficient of resistance of RTD, °C 
B Constant in the temperature response of a thermistor, K 
or Diameter ratio in a variable area meter, no unit 
or Extinction coefficient, m7! 
or Isobaric coefficient of cubical expansion, 1/K 
or Yaw angle in a multi-hole probe, rad or ° 
Y Ratio of specific heats of a gas, Cp/Cy 
ô Thickness, mm or um 
or Displacement, m 
A Change or difference or error in the quantity that follows A 
€ Strain, m/m or more usually um/m 
E Emissivity, no unit 
Eah Spectral Hemispherical emissivity, no unit 
Eh Total Hemispherical emissivity, no unit 
n Similarity variable in one dimensional transient conduction 
O Non-dimensional temperature 
or Phase angle, rad or ° 
K Dielectric constant, F/m 
A Wavelength, um 
H Dynamic viscosity, kg/m -s 
or Mean of data 
or Micro (107°) 
v Kinematic viscosity, mĉlIs 
or Poisson ratio, no unit 
T Mathematical constant, 3.14159... 
or Peltier emf, uV 
p Density, kg/m? 
or Correlation coefficient (linear fit) 
or the index of correlation (non-linear fit) 
or Reflectivity, no unit 
o Stress, Pa (more commonly M pa or Gpa) 


or Stefan Boltzmann constant, 5.67 x 1078W/m? K4 
or Thomson coefficient, uV/°C 
or Standard deviation, appropriate unit 


xviii 


Oe Estimated standard distribution, appropriate unit 
Oa Absorption cross section, m? 
Os Scattering cross section, m? 
Ot Total cross section, m? 
Ox Standard deviation of the x’s 
oy Standard deviation of the y’s 
Oxy Covariance 
0 Temperature difference, °C 
T Shear stress, Pa 
or Time constant, s 
or Transmittance, no unit 
w Circular frequency, rad/s 
wn Natural circular frequency, rad/s 
Q Electrical resistance (Ohms) 
x Chi squared distribution, appropriate unit 
¢ Damping ratio for a second order system, no unit 
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Module I 


Measurements, Error Analysis and 
Design of Experiments 


Module I is a comprehensive introduction to any measurement including 
Mechanical Measurements - that are of interest to a mechanical engineer. 
This module consists of three chapters. Chapter 1 deals with basics 
of measurement along with the description of errors that almost always 
accompany any measurement. Chapter 2 considers a very important topic, viz. 
regression analysis. Regression helps in summarizing the measurements by 
evolving relationships between measured quantities that represent outcome of 
experiments. Chapter 3 discusses about design of experiments (DOE). Goal of 
DOE is to reduce the number of experiments that need to be performed and yet 
get the most amount of information about the outcome of the experiments. 
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Chapter 1 


Measurements and Errors in 
measurement 


This chapter introduces measurement errors and methods of describing 
them so that measured data is interpreted properly. Statistical principles 
involved in error analysis are discussed in sufficient detail. Concepts such 
as precision and accuracy are clearly explained. Different statistics useful in 
experimental studies are discussed. Tests of normality of error distribution 
and procedure for rejection of data are discussed. Results from sampling 
theory are discussed because of their use in the interpretation of sparse 
experimental data that is almost the rule. 
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4 Chapter.1 Measurements and Errors in measurement 


1.1 Introduction 


We recognize three reasons for making measurements as indicated in Figure 
1.1. From the point of view of the present book measurements for commerce is 
outside its scope. Engineers design physical systems in the form of machines to 
serve some specified functions. The behavior of the parts of the machine during the 
operation of the machine needs to be examined or analyzed or designed such that 
it functions reliably. Such an activity needs data regarding the machine parts in 
terms of material properties. These are obtained by performing measurements in 
the laboratory. 


Why Measure? 


D 
Generate Data Generate ata 
for Design to Validate or Propose 
a Theory 


For Commerce 


Figure 1.1: Why make measurements? 


The scientific method consists in the study of nature to understand the way it 
works. Science proposes hypotheses or theories based on observations and these need 
to be validated with carefully performed experiments that use many measurements. 
When once a theory has been established it may be used to make predictions which 
may themselves be confirmed by further experiments. 


1.1.1 Measurement categories 
Broadly measurements may be categorized as given below. 


e Primary quantity: It is possible that a single quantity that is directly 
measurable is of interest. An example is the measurement of the diameter 
of a cylindrical specimen. It is directly measured using an instrument such as 
vernier calipers. We shall refer to such a quantity as a primary quantity. 

¢ Derived quantity: There are occasions when a quantity of interest is not 
directly measurable by a single measurement process. The quantity of interest 
needs to be estimated by using an appropriate relation involving several 
measured primary quantities. The measured quantity is thus a derived 
quantity. An example of a derived quantity is the determination of acceleration 
due to gravity (g) by finding the period (T) of a simple pendulum of length (L). 
T and L are the measured primary quantities while g is the derived quantity. 

¢ Probe or intrusive method: It is common to place a probe inside a system to 
measure a physical quantity that is characteristic of the system. Since a probe 
invariably affects the measured quantity the measurement process is referred 
to as an intrusive type of measurement. 
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e Non-intrusive method: When the measurement process does not involve 
insertion of a probe into the system the method is referred to as being non- 
intrusive. Methods that use some naturally occurring process, like radiation 
emitted by a body to measure a desired quantity relating to the system, may 
be considered as non-intrusive. The measurement process may be assumed to 
be non-intrusive when the probe has negligible interaction with the system. 
A typical example for such a process is the use of Laser Doppler Velocimeter 
(LDV) to measure the velocity of a flowing fluid. 


1.1.2 General measurement scheme 


Figure 1.2 shows the schematic of a general measurement process. Not all the 
elements shown in Figure 1.2 may be present in a particular case. 


Measured 
Quantity 


Detector 
and Transducer 


Calibration 
or Reference signal 


Controller 


Signal COMPUTER 


Conditioner 


Figure 1.2: Schematic of a general measurement system with controller 


The measurement process requires invariably a detector that responds to the 
measured quantity by producing a measurable change in some property of the 
detector. The change in the property of the detector is converted to a measurable 
output that may be either mechanical movement of a pointer over a scale or an 
electrical output that may be measured using an appropriate electrical circuit. This 
action of converting the measured quantity to a different form of output is done by 
a transducer. The output may be manipulated by a signal conditioner before it is 
recorded or stored in a computer. If the measurement process is part of a control 
application the computer can be used to drive the controller. The relationship that 
exists between the measured quantity and the output of the transducer may be 
obtained by calibration or by comparison with a reference value. The measurement 
system requires external power for its operation. 


1.1.3 Some issues 


e Errors - Systematic or Random 
e Repeatability 

e Calibration and Standards 

e Linearity or Linearization 
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Any measurement, however carefully conducted, is subject to measurement errors. 
These errors make it difficult to ascertain the true value of the measured quantity. 
The nature of the error may be ascertained by repeating the measurement a number 
of times and looking at the spread of the values. If the spread in the data is small 
the measurement is repeatable and may be termed as being good. If we compare the 
measured quantity obtained by the use of any instrument and compare it with that 
obtained by a standardized instrument the two may show different performances as 
far as the repeatability is concerned. If we add or subtract a certain correction to 
make the two instruments give data with similar spread the correction is said to 
constitute a systematic error. Then the spread of data from each of the instruments 
will constitute random error. 


The response of 
a detector to the variation in the measured quantity may be linear or non-linear. 
In the past the tendency was to look for a linear response as the desired response. 
Even when the response of the detector was non-linear the practice was to make the 
response linear by suitable manipulation. With the advent of automatic recording of 
data using computers this practice is not necessary since software can take care of 
this aspect during the post-processing of the data. 


1.2 Errors in measurement 


Errors accompany any measurement, however well it has been conducted. The 
error may be inherent in the measurement process or it may be induced due to 
variations in the way the experiment is conducted. The errors may be classified 
as systematic errors and random errors. 


1.2.1 Systematic errors (Bias) 


Systematic error or bias is due to faulty or improperly calibrated instruments. 
These may be reduced or eliminated by careful choice and calibration of instruments. 
Sometimes bias may be linked to a specific cause and estimated by analysis. In such 
a case a correction may be applied to eliminate or reduce bias. 


Smaller the bias more 
accurate the data. 


1.2.2 Random errors 


Random errors are due to non-specific causes like natural disturbances that may 
occur during the measurement process. The magnitude 
of the spread in the data due to the presence of 

Smaller the random error more precise is the data. Random 
errors are statistical in nature. These may be characterized by statistical analysis. 


We shall explain these through the familiar example shown in Figure 1.3. Three 
different individuals with different skill levels are allowed to complete a round of 
target! practice. The outcome of the event is shown in the figure. 


Target shown in Figure 1.3 is non-standard and for purposes of illustration only. 
Standard targets are marked with 10 evenly spaced concentric rings. 
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© , 


Good Precision Good Precision Poor Precision 
Good Accuracy Poor Accuracy Poor Accuracy 


Figure 1.3: Precision and accuracy explained through a familiar example 


It is evident that the target at the left belongs to a highly skilled shooter. This is 
characterized by all the shots in the inner most circle or the ‘bull’s eye’. The result 
indicates good accuracy as well as good precision. A measurement made well must 
be like this! The individual in the middle is precise but not accurate. Maybe it is 
due to a faulty bore of the gun. The individual at the right is an unskilled person 
who is behind on both counts. Most beginners fall into this category. The analogy 
is quite realistic since most students performing a measurement in the laboratory 
may be put into one of the three categories. A good experimentalist has to work 
hard to excel at it! The results shown in Figure 1.4 compare the response of an 
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Figure 1.4: Illustration of 
presence of systematic and 
random errors in data 
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individual thermocouple (that measures temperature) and a standard thermocouple. 
The measurements are reported between room temperature (close to) 20°C and 
an upper limit of 500°C. That there is a systematic variation between the two is 
clear from the figure that shows the trend of the measured temperatures indicated 
by the individual thermocouple. The systematic error appears to vary with the 
temperature. The data points indicated by the full symbols appear also to hug the 
trend line (we look at in detail at trend lines while discussing regression analysis of 
data in Section 2.2), which is a linear fit to the data. However the data points do not 
lie on it. This is due to random errors that are always present in any measurement. 
Actually the standard thermocouple would also have random errors that are not 
indicated in the figure. We have deliberately shown only the trend line for the 
standard thermocouple to avoid cluttering up the graph. 
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1.3 Statistical analysis of experimental data 


1.3.1 Statistical analysis and best estimate from replicate 
data 


Let a certain quantity x be measured repeatedly to get 
xj, t=1,n (1.1) 


Because of random errors these will all be different. How do we find the best estimate 
xp for the true value of x? It is reasonable to assume that the best value be such that 
the measurements are as precise as they can be! In other words, the experimenter 
is confident that he has conducted the measurements with the best care and he is 
like the skilled shooter in the target practice example presented earlier! Thus, we 
minimize the variance with respect to the best estimate x, of x. Thus we minimize: 


n 
S=} Ixi- x (1.2) 
i=1 
This requires that 
os n 
— =2} lx; -xpK(-1)=0 (1.3) 
Oxy i=1 
or 
ree 
iis = Lizi (1.4) 
n 


The best estimate is thus nothing but the mean of all the individual measurements! 


1.3.2 Error distribution 


When a quantity is measured repeatedly it is expected that it will be randomly 
distributed around the best value. The random errors may be distributed as a normal 
distribution. If u and o are respectively the mean and the standard deviation,” then, 
the normal probability density is given by 


eae tw 
e 2o or f(z)= e 2 (1.5) 
oV2n f ov2n 


f(x)= 


The distribution is also represented some times as N(u, o). Normal distribution 
is also referred to as Gaussian distribution ° or “bell shaped curve”. The probability 
that the error around the mean is (x — u ) is the area under the probability density 


2The term standard deviation was first used by Karl Pearson, 1857-1936, an English 
mathematician, who has made outstanding contributions to the discipline of mathematical 
statistics 

3Named after Johann Carl Friedrich Gauss, 1777-1855, a German mathematician and 
physical scientist 
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d d 
function between (x — u) — 2 and (x-— u) + z represented by the product of the 


probability density and dx. The probability that the error is anywhere between —co 
and x is thus given by the following integral: 


fae f A dr or Pez- f ad (1.6) 
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Zz = (x-wlo 


This is referred to as the cumulative probability. It is noted that if x — co the 
integral tends to 1. Thus the probability that the error is of all possible magnitudes 
(between —oo and +oo) is unity! The integral is symmetric with respect to z = 0 


where z = as is easily verified. The above integral is in fact the error integral 


oO 
that is a tabulated function. A plot showing f(z) and F(z) with respect to z is given 
in Figure 1.5. 


Many times we are interested in finding out the chances of error lying between 
two values in the form +po around the mean or +z. This is referred to as the 
“confidence interval” and the corresponding cumulative probability specifies the 
chances of the error occurring within the confidence interval. ‘Table 1.1, gives the 
confidence intervals that are useful in practice. A more complete table of confidence 
intervals is given in Appendix B as Table B.4. 


Table 1.1: Confidence intervals according to normal distribution 
Dp 0 +1 +2 +1.96 3 +2.58 +3.30 


CP 0 0.6827 0.9545 0.95 0.9973 0.99 0.999 
CP = Cumulative Probability 


A certain measurement gave the value of C, the specific heat of water, as 
4200 J/kg°C. The precision of measurement is specified by the standard 
deviation given by 25 J/kg°C. If the measurement is repeated what is the 
probability that the value is within 4200+ 35 J/kg°C? You may assume that 
the error is normally distributed. 


Solution : 
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The maximum and minimum values that are expected for the specific heat of 
water are given by 


Cmin = 4200-35 = 4165, and Cmax =4200+35 = 4235 J/kg°C 


35 
Scaling the values in terms of ø the spread of the readings should be + —o = 


+1.40 with respect to the mean or z = +1.4. Cumulative probability required 
is nothing but the cumulative probability of N(0,1) between —1.4 and +1.4. 
This is obtained from Table B.4 of Appendix B as 0.8385 = 0.84. Thus roughly 
84% of the time we should get the value of specific heat of water between 4165 
and 4235 J/kg°C. 


Gaussian distribution: Consider an experiment where the outcome is either a 
success s = 1 or a failure f = 0. Assuming that probability of a success is p, we 
expect the value of successes in n trials to be nps +n(1-— p)f =np. For example, 
if the number of experiments is 8, it is likely that 4 experiments will show success 
as the outcome, assuming that the chances of success or failure are the same i.e. 
p=0.5. Since the outcome is countable in terms of number of successes or failures, 
the probability B(k) of a certain number k of successes (0 < k < n), when n number 
of experiments have been performed, is given by the product of binomial coefficient 


! 
ETT m: zT (this represents the number of combinations that yield k successes) and 
Aa 


p”(1- p)” *. For example, if n = 8 and p = 0.5 we have 0.5°(1—0.5)® * = 0.58 = 


where the denominator 256 represents total number of possible ways of getting all 
possible combinations of outcomes when 8 experiments are performed. Thus we 
have the binomial distribution function 


$ 5 —— n-k 
B(k;n,p)= Ein Tpl? k1- p) 


where n and p are indicated as parameters, by placing them after a semicolon 

following k. The expression given above is one of the terms in the binomial 
1 

[p +(1- p)”. In the special case p = 3 of interest to us (we are expecting equal 

likelihood of positive and negative errors in measurements) this becomes 


n! 


B(k;n,0.5)= 
e ER 


Binomial distribution is a function of a discrete variable k and satisfies the 


k=n 
requirement that ` B(k;n,0.5)= 1. Mean value of k can be obtained as 
k=0 


k=n 
k= DA kB(k;n,0.5)= 0.5n 
k=0 


The variance may be shown to be given by 


NID 


k=n 
o= Ze — k)’ B(k;n,0.5) = 0.25n = 
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For sufficiently large n the Binomial distribution is closely approximated by the 
Normal distribution or the Gaussian curve. Thus we have 


B(k;n,0.5) = N(u,0) =N 28 


For example, with n = 30 we have u= 15, o = 2.739, the Binomial distribution very 
closely resembles the Normal distribution as shown in Figure 1.6. Note that the 


k-k 
Normal distribution function is a function of continuous variable —— when n >> 1. 
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(k-p)/ox 


1.3.3 Principle of Least Squares 


Earlier we have dealt with the method of obtaining the best estimate from 
replicate data based on minimization of variance. No mathematical proof was given 
as a basis for this. We shall now look at the above afresh, in the light of the fact that 
the errors are distributed normally, as has been made out above. 


Consider a set of replicate data x;. Let the best estimate for the measured quantity 


dx; dxi 
be xy. The probability for a certain value x; within the interval x; — a) xi + = to 
occur in the measured data is given by the relation 

1 G? 
p(x) = e 22 dx; (1.7) 
ov2n 


The probability that the particular values of measured data are obtained in replicate 
measurements must be the compound probability given by the product of the 
individual probabilities. Thus 


1 | n _ (j-p)? 1 n -yr (x;-xp)? n 
p= e 22 dxj= | e “i=l 20? dx; (1.8) 
(= Qn) i=1 ‘ oVv2n I i 


The reason the set of data was obtained as replicate data is that it was the most 
probable! Since the intervals dx; are arbitrary, the above will have to be maximized 
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by the proper choice of x, and o such that the exponential factor is a maximum. Thus 
we have to choose x and o such that 


1 n _yn (xj-xp)? 
p= [=] eT Lisl 302 (1.9) 
oO 
__,. Op’ _ dp! 
has the largest possible value. As usual we set the derivatives. 7 a 0 to get 
Xb 
the values of the two parameters x, and a . We have: 
dp’ 1 ( uy _yn : (xj-xp)2 n 
a i132» Y 2x; — xp) -(-1) = 0 1.10 
m 2 xp): (—1) (1.10) 


The term shown with underline in Equation 1.10 should go to zero. Hence we should 
have 
n ea 
> (xi-x)=0 or xp = 21 g (1.11) 
i=1 n 
It is thus clear that the best value is nothing but the mean value! We also have: 

dp’ n 1 n Giz)? 


n 
ôo F gntl gnt3 (xi xp) oe 2 =0 (1.12) 
i=1 


or, again setting the underlined term to zero, we have 


2_ Eli- x)? 
os 
n 


(1.13) 


Equation1.13 indicates that the parameter ø? is nothing but the variance of the data 
with respect to the mean! 


shall be making use of this principle while considering regression. 


1.3.4 Error estimation - single sample 


In practice measurements are expensive in terms of cost and time. Hence it 
is seldom possible to record a large number of replicate data. In spite of this 
one would like to make generalizations regarding the parameters that describe 
the population from the parameters like mean and variance that characterize the 
sample. Population represents the totality of experiments that could have been 
conducted had we the resources to do it. For example, if we would like to study the 
characteristics of student performance under a schooling system, all the students 
in the schooling system would make up the population. In order to reduce the cost 
a statistician would draw a random sample of students, characterize this sample, 
and extrapolate by statistical theory to get parameters that describe the entire 
population. In engineering we may want to estimate a physical quantity based on a 
small number of experiments. The problem is not trivial and hence is discussed in 
some detail here. 
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Variance of the means 
The problem is posed as given below: 


¢ Replicate data is collected with n measurements in a set or a sample 
e Several (possibly) such sets of data are collected 

e Sample mean is ms and sample variance is o? 

e What is the mean and variance of the mean of all samples? 


Population mean: 


Let N be the total number of data in the entire population, if indeed, a large 
number of samples have been collected. Without loss of generality we assume that 
the population mean is zero, Hence we have 


m=} = =0 (1.14) 


Consider sample s whose members are identified as xg, with 1 < k <n. Mean of the 
sample then is 


x 
i 7 (1.15) 


The number of samples ns each comprising n data, drawn out of the population N is 
given by ns =N C,,.4 Mean of all sample means - 771, - is then given by 


ms= L xe (1.16) 


A particular data x; will occur in NiC n-i samples as may be easily seen. Hence the 
summation in the above equation may be written as 


N 
n-1%Xj Xi 
= =m=0 (1.17) 
i=1 nNC, LN 


N N-lo 


Population variance: 


since the population mean is zero. 


4This result is analogous to filling n bins with one object each, drawing objects from a 
container with N objects, without replacing them. Number of samples is just the number of 
ways the bins may be filled. 
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Variance of the means: 


Let the variance of the means be 0?,. By definition we then have 


Nc, No, 
NC,02,= È (m-n? = > m? (1.19) 
s=1 s=1 


Using Equation 1.15 we have, for the s” sample 


, (x1 + x2 +... + £n)? 
ms = 


2 
n Xk,s _ 


2 
k=1 ” i 


On expanding squares, the right hand will contain terms such as x? and 2x/xm 
with 14 m. Both l and m are bounded between 1 and n. Hence the summation 
over s indicated in Equation 1.19 will have ae appearing N-1C,-1 times and 2x1Xm 


appearin NERO g times. Hence we have 
pp 


MO ,a. = SEn One 240° 5 N-2 Cn—2Xix; f (1.20) 
n? i=l j=1 
———— amam 


ižj 


However, since the population mean is zero, we have 


bel -Fa +25.  xiay=0 


i=1j=1 
— 
iAj 


Hence we have 2 ` XX; = Se x;. Substitute this in Equation 1.20 and simplify 


i=1j=1 i=1 
to get 
aola St aa 
om = 73 | Nc, 1 Nig Le i= Nod)? (1.21) 
=Ñ =l- Ñ 


n 

W208 
er (1.22) 
6 O 


e Sample variance - how is it related to the population variance? 
e 


Estimate of variance: 
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The mean of all the sample variances may be calculated by summing all the sample 
variances and dividing it by the number of samples. Since the total number of 
samples is NG. 


3 1 [%-10,42% NG, 
ös =y La- I mi| Se Hs, (1.23) 
Cr nmo i=l j=l 
Combine this with Equation 1.21 and simplify to get 
N(n-1 
eure (1.24) 
nN — 1) 


If n <<N the above relation will be approximated as 


azea) (1.25) 
Error estimator oe: 


The last expression may be written down in the more explicit form 


(1.26) 


Essentially the experimenter has only one sample and the above formula tells him 
how the variance of the single sample is related to the variance of the population! 


Physical interpretation 


Resistance of a certain resistor is measured repeatedly to obtain the following 
data. 


Expt. No. 1 2 3 4 5 6 7 8 9 
R,kO 122 1.23 1.26 1.21 122 122 1.22 1.24 1.19 


What is the best estimate for the resistance? What is the error with 95% 
confidence? 
Solution : 
Best estimate is the mean of the data. 
4x 1.22 + 1.23 + 1.26 + 1.21 + 1.24 + 1.19 


R= r = 1.223 kQ = 1.22 kQ 
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Standard deviation of the error Ge: 


4x 1,227 + 1.237 + 1.267 


+1.21? + 1.24? + 1.19? 
Unbiased Variance oĉ = 3 1.223? = 3.75x 1074 kQ? 


Hence 


Oe = V 3.75 x 1075 = 0.0194 kQ 


The corresponding error estimate based on 95% confidence interval is 


Error = 1.96 x oe = 1.96 x 0.0194 = 0.038 kQ 


Example 1.3 
Thickness of a metal sheet (in mm) is measured repeatedly to obtain the 
following replicate data. What is the best estimate for the sheet thickness? 
What is the variance of the distribution of errors with respect to the best 
value? Specify an error estimate to the mean value based on 99% confidence. 


No. 1 2 3 4 5 6 


tmm 0.202 0.198 0.197 0.215 0.199 0.194 
No. 7 8 9 10 11 12 


tmm 0.204 0.198 0.194 0.195 0.201 0.202 


Solution : 
The best estimate for the metal sheet thickness is t, the mean of the 12 
measured values. This is given by 


7 +0.199+ 2 x 0.194 + 0.204 + 0.195 + 0.201 
t= T = 0.200 mm 


The variance with respect to the mean or the best value is then given by 


2 x 0.2027 + 2 x 0.1987 + 0.1977 + 0.2157 | 


2 x 0.202 + 2 x 0.198 + 0.1977 + 0.215 | 


+0.1997 + 2 x 0.194? + 0.204? + 0.195? + 0.201? 
11 


0.22 


on 


= 3.3174x10-° mm? 
The corresponding standard deviation is given by 


Oe = V 3.3174 x 10-5 = 0.0058 mm 


The corresponding error estimate based on 95% confidence is 


Error = 2.58 x oe = 2.58 x 0.0058 = 0.0149 mm 
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1.3.5 Student ¢ distribution 


We have seen above that, an estim r the variance of the population, based 
2 n(N-1) > 


<= Na- D” . We also know that 


on a single sample of n values is given by a 


2 
p p A A Oo ‘ 
the variance of the sample means is given by the expression ae = — . In practice 


n 
only one sample of n values may have been obtained experimentally. The population 


variance g? is, in fact, not known and hence we use o? for o? and hence we have 
2 


o o 
Om = — . Thus the standard deviation of the means is given by om = — . The 
n n 


advantage of doing this is that the standard deviation of the population may be 
calculated based on this expression even though the population variance is not 
known. Now we consider the following function given by 


T,= (1.27) 


Note that oe is a random variable and hence the function T given by Equation 1.27 is 
not standard normal. The distribution is referred to as the “Student t distribution” 
and is defined as Tn = tn-1. This distribution depends on n and is given by the 
following expression 


d+1 Tas 
t(y,d) = aa 1 i (1.28) 


Here d is the degrees of freedom given by d =n-1 and T is the Gamma function 


Figure 1.7: Comparison of t 
- distributions with the Normal 
distribution 


N(0,1) or t(y,6) or t(y,30) 


y 


also referred to as the Generalized Factorial function. The argument y = ms-m 
represents the difference between the sample mean and the population mean. This 
distribution was discovered by a British mathematician who published his work 
under the pseudonym “Student”.® For large n (or d) the t - distribution approaches 
the normal distribution with 0 mean and unit variance given by N(0,1). For small n 
the distribution is wider than the Normal distribution with larger areas in the tails 
of the distribution. Plots in Figure 1.7 show these trends. We see that for d = 30, 


5yeal name William Sealy Gosset, 1876-1937, well known statistician 
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the ¢ -distribution is quite close to the normal distribution. If the number of samples 
available is more than about 30 one may simply use the N distribution. 


In statistical analysis of data what are more important are the confidence intervals 
that are appropriate with the ¢ - distributions. These are, in deed, larger than the 
corresponding values for the Normal distribution. A short table useful for analysis 
is given as Table B.5. Notice that the 95% confidence interval tends asymptotically 
to +1.960, characteristic also of the Normal distribution. 


Example 1.4 


The temperature of a controlled space was measured at random intervals and 
the spot values are given by the following 10 values: 


Trial 1 2 3 4 5 


Temperature°C 45.3 442 45.5 43.5 46.2 
Trial 6 7 8 9 10 


Temperature°C 46.4 43.8 47 45.5 44.4 


The control was expected to maintain the temperature at 44.5°C. How would 
you describe the above observations? 


Solution : 
The number of data in the sample is n = 10. 
The number of degrees of freedom is d=n-1=9. 
Tabulation of data helps in pursuing the statistical analysis of data. Sample 
mean is the arithmetic mean of all the spot values of temperature while the 
estimated variance is based on d. 


Trial No. 1 2 3 4 5 


Temperature,” C 45.3 44.2 45.5 43.5 46.2 
Square of error 0.0144 0.9604 0.1024 2.8224 1.0404 
with respect to mean 

Trial No. 6 7 8 9 10 
Temperature,” C 46.4 43.8 47 45.5 44.4 
Square of error 1.4884 1.9044 3.3124 0.1024 0.6084 


with respect to mean 


Sample mean m,= 45.2°C 

Estimated variance 0?=1.373 

Estimated standard deviation 0,=1.172°C 

The population mean is specified to be m = 44.5°C. 

Hence the ¢ - value based on the data may now be calculated as 
_ņ_m-ms 45.2 — 44.5 


= 10=1. 
z, vn ina V10 = 1.835 


t 
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The 95% Confidence Interval for the t - distribution with d = 9 is read from 
Table B.5 in Appendix B as 2.262. Since the ¢ - value is less than the 
95% Confidence Interval we conclude that the sample indicates satisfactory 
functioning of the controller. 


Example 1.5 


A sample of 6 resistors is picked up from a lot during a manufacturing process. 
The resistances are measured in the laboratory and the values are found to 
be 1020, 1040, 995, 1066, 970 and 992 ©. The manufacturer will label all the 
resistors as being equal to a mean value of 1000 Q. Is this justified? Also 
specify a tolerance for the resistors from this lot. 


Solution : 
It is convenient to make a spreadsheet as in Table 1.2. 


The table shows the sample mean, the population mean, estimated standard 
error and finally the value of t calculated for the sample of 6 measured 
resistance values with degrees of freedom of d = 6—1=5. The 95% confidence 
interval for t with d = 5 is 2.571 (Table B.5). Since the t calculated from the 
sample is less than this the manufacturer is justified in labeling the resistors 
as having a mean value of 1000 QO. We may now use the 95% confidence 
interval to specify the tolerance. We thus have 


Tolerance = +2.571 x 35.2 = +90.5 Q 


The resistors from this lot may be labeled as 1000 Q nominal with 10% 
tolerance. 
Table 1.2: Spreadsheet for Example 1.5 


Resistor | Resistance | Square of 
Number Value Q Error 
1 1020 38.44 
2 1040 686.44 
3 995 353.44 
4 1066 2724.84 
5 970 1918.44 
6 992 475.24 
Ms = 1013.8 
TE 1239.368 
Oe = 35.2 
5 0.963 


1.3.6 Test for normality 


Distribution of random errors in measurements are obtained by repeated measure- 
ments of a physical quantity. These are done by keeping the conditions under which 


the experiments are conducted invariant. 


For example, in most measurements, 
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pressure and temperature may affect the outcome and hence these need to be kept 
fixed during the experiment. Once replicate data is collected we should like to 
ascertain the error distribution so that we may draw conclusions on the quality of 
the measurement based on the distribution of errors. Specifically we would like to 
ascertain whether random errors are distributed normally. 


Box and whisker plot 


Many methods are available for test of normality of a sample distribution. Shape 
of the histogram may indicate whether the distribution is close to being normal. 
Alternately, we look for symmetry, lower and upper quartile values and the minimum 
and maximum values to make a “box and whisker plot” to check for normality as 
shown in Figure 1.8. The box and whisker plot shown here is for a sample of data 
that follows closely a normal distribution. If the sample size is large the values on 


Min Qı M Q3 Max 


Figure 1.8: Box and whisker plot: M- Median, Qı - Lower quartile, 
Qs - Upper quartile, Min - Lower extreme, Max - Upper extreme 


the box and whisker plot are like those indicated here: Min = —2.33, Q1 = —0.67, 
Median = 0, Q3 = 0.67, Max = 2.33. The values shown are the z values for N(0,1). 


Box and whiskers plot is a construct introduced by Tukey® and gives a summary 
of the distribution. Obvious asymmetry, outliers and sharpness of the distribution 
may be gleaned by looking at the plot. 


Example 1.6 


A sample data consists of 15 values shown in the table. i is the serial number 
of data and v; is the corresponding value. Make a box and whisker plot and 
comment on the nature of the distribution. 


l 1 2 3 4 5 6 7 8 


vi -1.829 -1.259 -1.187 -0.884 -0.854 -0.745 -0.843 -0.130 
l 9 10 11 12 13 14 15 


vi 0.097 0.224 0.844 1.098 1.112 1.806 2.050 


Solution : 


6J, W. Tukey, “Box-and-Whisker Plots”, Section 2C in Exploratory Data Analysis, Reading, 
Mass, Addison-Wesley, pp. 39-43, 1977. 
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We note that the data is already arranged in the ascending order. Hence the 
minimum and maximum values are the first and last entries in the table. 
Thus Min = -1.829 and Max = 2.050. 


Since there are an odd number of data values, the median is the value 
corresponding to the eighth data point i.e. Median = —0.130. Lower quartile 


Qı may be calculated as the median of first eight data points and hence 


—0.884 — 0.854 
we have Qı = = —0.869. Similarly the upper quartile Q3 is 


2 
0.844 + 1.098 
obtained as the median of data points 8 through 15. Thus Q3 = ——————— = 


2 
0.971. The standard deviation may easily be calculated as oe = 1.171. It may 
be verified that the mean of all data is 0. With these values we make a box 
and whisker plot as shown in Figure 1.9. It is seen that the mean is slightly 


Mean=0.000 
Min= Qi= Q3= Max= 
-1.829 -0.869 ii 0.971 2.050 


Median=-0.130 


Figure 1.9: Box and whisker plot for Example 1.6 


larger than the median and hence the distribution is heavier to the right and 
marginally skewed. 


QtiPlot software has an option to make a menu driven Box and Whisker plot. To 
demonstrate its use we solve a typical problem below. 


Example 1.7 


Repeated measurement of a certain quantity gives replicate data. The deviate 
from mean is calculated to yield deviate data which has zero mean. Scaling 
the deviates with respect to the standard deviation gives the data shown 
rank ordered in the table. Use QtiPlot to make a Box and Whisker plot and 
comment on the quality of the data. 


Rank di Rank di Rank di Rank di 
Order o Order Pa Order o Order o 


1 -1.946 6 -0.442 11 0.275 16 0.520 
2 -1.057 7 -0.193 12 0.305 17 0.585 
3 -0.829 8 -0.164 13 0.316 18 1.102 
4 -0.675 9 -0.091 14 0.398 19 1.919 
5 -0.660 10 -0.028 15 0.489 20 2.520 
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Solution : 
Key in the given data in two columns of QtiPlot table. Invoke the option 
“Box plot” under “Statistical graphs” menu to obtain the Box and Whisker 
plot shown below (Figure 1.10). 
äi 


3] 


x 


Figure 1.10: Box and Whisker 
plot for Example 1.7 obtained 
using QtiPlot 


QtiPlot also gives the following statistics: 
28/04/14 9:12 PM Statistics for Table 1: 
Min = -1.95 D1 (Ast decile) = —0.85 

Q1 (1st quartile)=—-0.50 Median = 0.12 
Q3 (3rd quartile) = 0.50 D9 (9th decile) = 1.18 
Max = 2.52 Size = 20 


All the calculations required for the plot are automatically done by QtiPlot 
and the box plot is the output. In this plot the minimum and maximum are 
shown by ‘x’ and the median by LU. Other percentiles are as explained earlier. 


In the present example there is a slight amount of skewness in the 
distribution. However there is no indication that the distribution is not 
normal. 


Q-Q plot 


Another useful graphical method, that helps in identifying match or mismatch 
with a normal distribution, is a Quantile-Quantile plot or a Q-Q plot. This plot is 
made with z values for a normal distribution against the z values for the sample. 
The sample data is arranged in ascending order and the deviates with respect 
to the sample mean or divided by the unbiased estimate of the sample standard 
deviation. The rank order of the samples are used for calculating the probability as 


-0.5 
p(i)= as where i is the rank order and n is the number of data in the sample. The 
n 


corresponding z values for a normal distribution are calculated consulting a table. 
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If the sample is close to being normal the data points will lie close to a 45° line 
(called the parity line) assuming that the same scale is used along the two axes. 
Departures from linearity will be clear indication of non normal behavior of the 
sample. We consider the sample in Example 1.6 and demonstrate how a Q-Q plot 
is made and what conclusions we may draw from it. 


Example 1.8 


Consider the sample of data of Example 1.6 and make a Q-Q plot. Draw 
conclusions regarding the distribution underlying the sample. 


Solution : 
Since the data is already presented in ascending order rank order is the same 
as the number in column 1 (see table below). With the mean being zero and 
estimated standard deviation being o, = 1.171 the data is recalculated as 


z(i) = d 


vi—Ū 
Oe 
calculated based on the rank order and are in column 4. zy(i) is calculated 
using built in function NORMSINV(p(i)) in the spreadsheet program.” 


and is in the third column of the table. The probabilities are 


Q-Q plot is obtained by plotting zy along the abscissa and z along the 
ordinate. The parity line is obtained by plotting a 45° line passing through 
the origin. In the present case the Q-Q plot is as shown in Figure 1.11. 


The data points in the Q-Q plot lie close to the parity line. Also the data 
points are distributed evenly around the parity line and do not present any 
systematic variation. Hence it is safe to conclude that the sample of data is 
from a normal distribution. 


Median value of v(i) is calculated as -0.130. With the mean being 
zero, skewnwss in the sample distribution is represented by skewness = 


— j —0.1 
Smear median) = SS = 0.333 (Note that skewness is bounded 


Oe 
between -3 and +3). This is less than critical value of 0.863 and hence is 
considered to be not significant. Skewness in the sample is purely due to 
chance and not due to non normality of the distribution. 


v(i) z(i) pli) = zn(i) 
-1.829 -1.561 0.033 -1.834 
-1.259 -1.074 0.100 -1.282 
-1.187 -1.013 0.167 -0.967 
-0.884 -0.755 0.233 -0.728 
-0.854 -0.729 0.300 -0.524 

- Continued on next page 


oF WN HI a. 


™Most spreadsheet programs have built in functions useful for statistical analysis. The 
reader may familiarize herself/himself with these. 

8D.P. Doane and L.E. Seward, Measuring Skewness: A Forgotten Statistic?, Journal of 
Statistics Education, Vol. 19, No.2, 2011. Critical values are taken from this reference. 
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continued from previous page::- 

i v(i) z(i) pli) zN) 

6 -0.745 -0.636 0.367 -0.341 

7 -0.343 -0.293 0.433 -0.168 

8 -0.130 -0.111 0.500 0.000 

9 0.097 0.083 0.567 0.168 

10 0.224 0.192 0.633 0.341 

11 0.844 0.721 0.700 0.524 

12 1.098 0.937 0.767 0.728 

13 1.112 0.949 0.833 0.967 

14 1.806 1.541 0.900 1.282 

15 2.050 1.750 0.967 1.834 
v= 0.000 
oA 1.171 


e Data 
| — Parity line 


Figure 1.11: Q-Q plot for 
sample data in Example 1.8 


“2. LD ap 05 0. 0:5 L425. 2 


Zn (i) 


Jarque-Bera test for normality 


It is well known that the normal distribution is symmetric with respect to the 
mean. In other words the distribution is not skewed and hence the third moment 
defined as 


n 


2 EN 3 n Xi — UL 3 
a=)( Z ) or g1 a 2 ) (1.29) 


i=1\ Ce 


Unbiased estimator, small sample 


is zero. The fourth moment, known as the Kurtosis, is defined by the relation 
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-7 n(n+1) 3(n — 1)? 


me 
oF 82 n- Dmn-2n-3) l oe 


Unbiased estimator, small sample 


(n —2)(n - 3) 


also has a value of zero. 
would mean that these two quantities are non-zero. 


(1.30) 


Any departure of the sample data from normality 
Note that gı and gg are 


available as functions in spreadsheet programs invoked by SKEW(Sample Data) and 
KURT(Sample Data) where the sample data is a column of numbers invoked as with 


the other functions. In case of Jarque-Bera test the statistic JB is defined as 


2 
n 8&9 
JIB= —|g2+=2 
els 4 


(1.31) 


The critical values for JB are obtained by simulations and useful critical value tables 


are available from references.’ 


Example 1.9 


Fifteen deviates arranged in ascending order forms a sample (second column 
of the spreadsheet). The sample is expected to follow a normal distribution. 


Test it using JB test. 


Solution : 


Extract of spreadsheet used is shown below as a table. The first two columns 
show the deviates in ascending order. The appropriate statistical parameters 
have been calculated using the functions available in the spreadsheet program 
and presented in the last column. The JB value that characterizes the sample 
and the critical value taken from the cited reference is also shown in the last 


column. 


Data Data Parameters 
No. Deviate | No. Deviate u= 0.000 
1 -1.829 9 0.097 Oe= 1.171 
2 -1.259 | 10 0.224 g1= 0.321 
3 -1.187 | 11 0.844 g2= -0.916 
4 -0.884 | 12 1.098 JB= 0.781 
5 -0.854 | 13 1.112 a= 0.05 
6 -0.745 | 14 1.806 | JBerit= 3.768 
7 -0.343 | 15 2.050 
8 -0.130 


Since JB < JBerit the hypothesis that the deviates are normally distributed 


is valid. 


°Thadewald T., and Büning H, Working Paper - 
its competitors for testing normality: A power comparison”, 
www.econstor.eu/bitstream/10419/49919/1/668828234.pdf 


“Jarque-Bera test and 
accessed 


at 
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x test for normality 


Another useful test for normality is the y? test that is recommended to be used 
for large samples with n = 50. We work with the frequencies of occurrence rather 
than the magnitude of the data values. Essentially, the test compares the observed 
frequencies with the expected frequencies according to normal distribution, to test 
for normality. We work with “binned” data such that each bin contains at least five 
values. 


Let the data consist of n values v; arranged in ascending order. We create bins by 
defining lower and upper bound values for the data to group the data. Each group 
fills a bin of certain width. The number of data values which are within a particular 
bin is the observed frequency fo for that particular bin. Let there be k bins. The sum 

k 


of frequencies in all the bins is thus equal to n i.e. ye foi=n. 
i=1 


vi- U 
Arrange the data now by calculating the z values defined, as usual as, z; = ——. 


Oe 
Compute the z values that bound a particular bin and calculate the cumulative 
probability that the chosen values are within the particular bin. Multiply this 
probability with the number of data n to get the expected frequency fg. We see 


k 
that we fE, =n. 
i=1 


The statistic y? (refer Chapter 2 for a more detailed discussion about the y? 
distribution) defined as 


k LEAN 
p- yý oi fr,i) 


7 (1.32) 
pel Ei 


follows the y? distribution which is one sided and has a range of 0 < y? < œo. The 
critical y? value is calculated based on the chosen a for a particular number of 
degrees of freedom v. In the case of normality test of a sample there are c columns 
and n rows of data. Hence v = (n—1)x(c-1). Tables of x is available in the Appendix 
as Table B.6 in Appendix B. 


Example 1.10 


A set of 50 deviates arranged in ascending order has been obtained and shown 
in Table 1.4. Perform x? test of normality on this sample. 


Solution : 


Step 1 We calculate the mean and variance of the sample and hence order 
the data according the z values. The bounds are rephrased in terms of z 
values. We create bins using the lower and upper bounds as shown in Table 
1.5. The corresponding observed frequencies are also shown. 

Step 2 The cumulative probabilities are obtained by subtracting the cumu- 
lative probabilities between z = —oo to z = left bound from the cumulative 
probability between z = —oo to z = right bound for each bin. In the spreadsheet 
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Table 1.4: Deviates data for Example 1.10 
d; i di i di i di 


~. 


1 -2.803 | 14 -0.972 | 27 -0.084 | 40 0.660 
2 -1.781 | 15 -0.928 | 28 -0.020 | 41 0.677 
3 -1.571 | 16 -0.815 | 29 0.070 | 42 0.749 
4 -1.555 | 17 -0.701 | 30 0.132 | 43 0.753 
5 -1.512 | 18 -0.605 | 31 0.151 | 44 0.868 
6 -1.422 | 19 -0.576 | 32 0.156 | 45 0.967 
7 -1.388 | 20 -0.562 | 33 0.236 | 46 1.070 
8 -1.213 | 21 -0.556 | 34 0.375 | 47 1.255 
9 -1.204 | 22 -0.393 | 35 0.398 | 48 1.335 


10 -1.128 | 23 -0.3858 | 36 0.405 | 49 1.552 
11 -1.049 | 24 -0.8346 | 37 0.543 | 50 1.841 
12 -0.987 | 25 -0.277 | 38 0.547 
13 -0.982 | 26 -0.249 | 39 0.654 


we use the function NORMSDIST(z) for this purpose. The expected frequen- 
cies are then obtained by multiplying the probability of occurrence within each 
bin and the total number of data n. The expected frequencies are indicated in 
the 5” column of the table. 


Step 3 We calculate the value of y? as y? = 5.877 from the observed and 
expected frequencies from the binned data as shown by the sum of entries 
in the last column of the table. Calculations have been performed using a 
spreadsheet program. The critical y? for v = (9 — 1) x (2-1) = 8 and a=0.1 
is calculated using the function CHISQINV(0.9,8)!° as 13.362. Since the 
calculated y? is less than the critical value there is no reason to doubt the 
normality of the sample data. 


Table 1.5: Expected frequencies and evaluation of x? for data in Example 1.10 


PE p2 
Bin No. i Bin bounds foi fri Foi- fei) 
i ‘ fri 
1 —oo to -1.2 5 5.753 0.099 
2 -1.2 to -1 4 2.179 1.521 
3 -1 to -0.7 5 4.165 0.167 
4 -0.7 to -0.2 vi 8.939 0.421 
5 -0.2 to 0.2 6 7.926 0.468 
6 0.2 to 0.4 7 3.808 2.675 
7 0.4 to 0.7 4 5.131 0.249 
8 0.7 to 1 5 4.165 0.167 
9 1 to œo 7 7.933 0.110 
Total number of data = 50 y= 5.877 


10 Argument 0.9 is the probability which is nothing but 1- «æ with a = 0.1. 
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Example 1.11 
5 machines are used to produce identical parts in a factory setting. Number 
of parts made by each machine and the number rejected during inspection are 
shown in the table. Test the hypothesis that all machines are of equal quality. 


Machine No. i 1 2 3 4 5 
No. of parts made n; 300 400 250 150 200 
No. of parts rejected, O; 24 13 10 16 8 


Solution : 
The hypothesis that all the machines are of similar quality requires that the 
number of parts rejected be the same proportion of the number of parts made 
by each machine. Thus the expected number of parts rejected are given by 
o hix VTO 
i YPM 


We round the E; to whole numbers and have the following: 


7 .)2 
= lie E, (O; = i) 
1 | 24 16 4.0000 
2 | 13 22 3.6818 
3 | 10 14 1.1429 
4| 16 8 8.0000 
5| 8 11 0.8182 
v= 17.643 
v= 4 
x(a = 0.05, v) = 9.4877 


Since y? > Yra cal the hypothesis is not sustained. The machines are not all 
of the same quality. 


1.3.7 Nonparametric tests 


In experimental studies, we often need to compare samples of data and decide 
whether they follow the same distribution. What the distribution itself is, as long 
as it is continuous, may be secondary and hence the parameters that characterize 
the distributions are not important for the proposed test. We essentially devise a 
nonparametric test for comparing two samples of data. For example, if two samples 
of data have been collected at different times, we would like to know whether there 
are significant changes between them. 


A commonly used nonparametric test is the Kolmogorov Smirnov'! or KS two 
sample test. 


H Andrey Nikolaevich Kolmogorov 1903 - 1987, Russian mathematician; Nikolai 
Vasilyevich Smirnov 1900 - 1966, Russian mathematician 
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Kolmogorov Smirnov two sample test 


Let the first sample consist of nı data and the second sample ng data. Order both 
the data in ascending order. We assume that each data is independent and identically 
distributed. Assume that an empirical distribution function (EDF) is assumed such 
that the probability is defined by a uniform distribution. Hence the cumulative 


1 
empirical probability distribution (CEDF) jumps by — at each data point for the 
ni 


1 

first sample and by — for the second sample. We make a plot of CEDF vs data value 
n2 

for the two samples on the same graph. The supremum of the difference between the 


two cumulative probabilities D max is the statistic of interest to us. Critical value of 
Derit(n1, n2, a) depends on the number of data and the significance level a.!? The null 
hypothesis Ho is that the two samples follow the same distribution. If Dmax < Derit 
the hypothesis is accepted. Otherwise it is concluded that the two samples do not 
follow the same distribution. 


An example is presented below to demonstrate the KS two sample test. 


Example 1.12 
Two samples of data were collected by two batches of students taking part in 
a laboratory class. Each batch had 20 students (i.e. nı = n2 = 20) and the 
task consisted of measuring a physical quantity d using the same method. 
The data has been arranged in ascending order and presented in the table 
below. Perform a KS test to determine whether the two samples follow the 
same distribution. 


Data Batch1 Batch 2 Data Batch1 Batch 2 

No.i di di No.i di di 
1 4.541 4.543 11 5.040 4.930 
2 4.611 4.586 12 5.053 4.940 
3 4.708 4.781 13 5.099 4.965 
4 4.737 4.808 14 5.122 5.031 
5 4.739 4.817 15 5.164 5.033 
6 4.777 4.835 16 5.171 5.096 
7 4.912 4.836 17 5.215 5.181 
8 4.939 4.865 18 5.249 5.345 
9 4.939 4.882 19 5.266 5.431 
10 5.031 4.905 20 5.311 5.489 


Solution : 
Step 1 Since both samples have the same number of data the CEDF is the 
same for the two samples. As we pass each data point the CEDF increases by 


1 
— = 0.05. We make a plot of CEDF versus the data value as shown in Figure 
1.12. 


12Table of critical values may be downloaded from 
“www.soest.hawaii.edu/wessel/courses/gg313/Critical_KS.pdf” 
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Step 2 The maximum value of D is equal to 0.2 as shown in Figure 1.12. 
Step 3 Critical value (based on reference cited) is obtained for nj = n2 = 20 
20+ 20 
20 x 20 

Step 4 Since Dmax < Dcrit the hypothesis that the two samples are from the 
same distribution holds. This means that the observed differences between 
the two samples are solely due to chance. 


and a = 0.05 as Depjz = 1.36 = 0.480. 


Kolmogorov-Smirnov test for normality 


The KS two sample test has to be modified to use it as a test for normality of a 
single sample. In that case the test is also known as Kolmogoroy-Smirnov goodness 
of fit test. We assume that the mean of the sample u is known and calculate the 
standard deviation with respect to the mean ce, the usual way, based on an unbiased 
estimator. We compare the ECDF with the normal distribution function based on 


raa 
kg The cumulative normal probability is then calculated, after transforming 


Z= 
E 

the measured values to corresponding z values. The maximum difference between 

the two cumulative probabilities is the statistic that is used to test Ho. 


Since the standard deviation has been calculated by using the sample data the 
critical values need a correction as given by Lilliefors!*. 


Example 1.13 
Consider the first sample data in Example 1.12. Test whether it is distributed 
normally using KS test for normality. 


Solution : 


131 jlliefors, H., “On the Kolmogorov-Smirnov test for normality with mean and variance 
unknown”, Journal of the American Statistical Association, Vol. 62. pp. 399-402, 1967 
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Step 1 Calculations are best performed using a spreadsheet as shown below. 
The mean u and standard deviation ce of the sample are calculated using 
the data d; for 1 < i < 20. Based on these the z values are obtained. The 
corresponding cumulative normal probabilities P; are then calculated. The D; 
and D; are obtained as indicated. The maximum of the last two columns is 
the D max required to perform the KS normality test (shown as bold entry). 


z= Pi= ip,” Dj = D;= 
i e SEEE e IPi- pil | IP;- p} 

Oe n n 
1 4.541 | -1.914 | 0.028 0 | 0.05 0.028 0.022 
2 4.611 | -1.611 | 0.054 0.05 0.1 0.004 0.046 
3 4.708 | -1.188 | 0.117 0.1 | 0.15 0.017 0.033 
4 4.737 | -1.063 | 0.144 0.15 0.2 0.006 0.056 
5 4.739 | -1.055 | 0.146 0.2 | 0.25 0.054 0.104 
6 4.777 | -0.890 | 0.187 0.25 0.3 0.063 0.113 
7 4.912 | -0.301 | 0.382 0.3 | 0.35 0.082 0.032 
8 4.939 | -0.184 | 0.427 0.35 0.4 0.077 0.027 
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Step 2 A plot is made, with sample values along the abscissa and the 
cumulative probabilities along the ordinate, as shown in Figure 1.13. The 
maximum D max is identified on the figure. 

Step 3 We note that the maximum deviate is 0.136. The critical value for 
comparison is obtained from a recent paper! as 0.192 for a = 0.05. 

Step 4 Since Dmax < Derit the hypothesis that the sample data is from a 
normal distribution is valid. 


l4Hervé Abdi ansd Paul Molin, Lilliefors/Van Soest’s test of normality, In: Neil Salkind 
(Ed.), Encyclopedia of Measurement and Statistics, Thousand Oaks (CA): Sage, 2007 
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Figure 1.13: Cumulative 
probability plot for sample data 
in Example 1.13 


Cumulative probability 


1.3.8 Outliers and their rejection 


We have seen that most data should lie within the bracket +30 (if a large number 
of data has been collected) around the mean granting that the error distribution is 
normal. Those data that lie outside this range are called outliers. Even though there 
may be special cases where an outlier may be physically meaningful it is unusual 
to get such errors in normal practice. Since the outlier will change the mean and 
standard deviation it is best to reject such outliers unless there is a reason to believe 
them to be important. There are a large number of statistical tests that may be used 
to determine or reject outliers. From the point of view of the present book we shall 
discuss a few of the more useful ones. 


Chauvenet’s criterion for discarding outliers 


Chauvenet’s !° criterion states that outliers (one or more than one) may be 
discarded as spurious or suspicious data if the data is outside a range on either side of 


1 
the mean with probability less than F where n is the number of data. For example, 
n 


= 0.025 and 


this corresponds to the region outside the cumulative probability interval 0.025 to 
0.975 of the standard normal distribution N(0,1). The corresponding critical value 
of the confidence interval is +2.24. Similarly we may evaluate critical values for 
different number of data as shown in Table 1.7. This table is useful in applying the 
Chauvenet criterion for data sets with different number of data points. Chauvenet’s 
test is recommended to be used only once. After rejection of data the statistical 
parameters calculated using the rest of the sample is accepted. 


if the number of data is 20, the probability we are looking for is 


An example is given below to show the effect of outliers and also the improvement 
in the deduced results when outliers are discarded. 


Example 1.14 


A certain experiment has been conducted by 12 students using the same 


1 after William Chauvenet, 1820-1870, American mathematician 
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Table 1.7: Critical value for outlier according to Chauvenet's criterion 


| dmax | | dmax | | dmax | 
n =, n as, n = 
Oo Oo oO 

3 1.38 14 2.10 80 2.74 

4 1.54 16 2.15 100 2.81 

5 1.65 18 2.20 150 2.93 

6 1.73 20 2.24 200 3.02 

7 1.81 25 2.33 300 3.14 

8 1.86 30 2.39 400 3.23 

9 1.91 40 2.49 500 3.29 

10 1.96 50 2.57 1000 3.48 

12 2.04 60 2.64 


Note: dmax = maximum deviation in the data set 


experimental set up, to determine the acceleration due to gravity g in m/s”. 
The value of g estimated by various students is given in the following table. 
What is the best estimate for the value of the measured quantity? Specify a 
suitable error bar. Would you like to discard any data? If so which ones and 
why? What are the mean and error bar when you discard spurious data? 


Student No. 1 2 3 4 5 6 


Value g 9.628 9.813 9.729 9.81 9.836 9.718 
Student No. 7 8 9 10 11 12 
Value g 9.666 9.725 9.615 9.999 9.701 8.245 
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Solution : 


Step 1 Calculate first with all data included Calculation has been made, us- 
ing a spreadsheet program which calculated the mean and the variance using 
in-built functions, AVERAGE(number 1,number 2,...) or AVERAGE(B1:B12) 
to calculate the mean, VAR(number 1,number2,...) or VAR(B1:B12) to 
calculate the variance or STDEV(number 1,number2,...) or STDEV(B1:B12) 
to calculate the standard deviation 1 assuming that the data is entered in 
column B and occupies rows 1 to 12. Error with respect to the mean may be 
calculated for each entry as shown in column C. Absolute value of the error 
divided by the standard deviation is shown in column D. It is seen from Table 
1.7 that this ratio is more than the critical value 2.04 for the data collected by 
student number 12. It represents an outlier which is suspect data. We may 
delete this data and recalculate the statistical parameters. 


Step 2 Calculate next after discarding data number 12 


The calculations after dropping the data point 12 are shown in the columns 
E - H. The entries are self explanatory. We see that the mean has changed 


16 Spreadsheet uses the unbiased estimate for the variance and the standard deviation 
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significantly and is more representative of the data. The standard deviation 
or the spread with respect to the mean has also changed significantly. 
The revised calculations paint a much better picture of the data collected by 
the students in the class. 

Step 3 It is interesting to make Q-Q plots for the two samples - (a) before 
rejecting outlier and (b) after rejecting outlier. 
The single outlier has the effect of introducing a pattern to the departure from 
the parity line. The single outlier indicated by the arrow in Figure 1.14, of 
course, is far away from the parity line. However when the outlier is removed 
all the data points move close to the parity line and do not show any specific 
pattern of variation. Hence one may conclude that errors in the experimental 
data are normally distributed. 


Column identifier 
A B Cc D E F G H 
Value | Error Value | Error 
No g g-ē | a8 | No g g-ē | ZE | 
o o 
1 9.628 | 0.004 | 0.010 1 9.628 | -0.121 | 1.098 
2 9.813 | 0.189 0.424 2 9.813 | 0.064 0.580 
3 9.729 | 0.105 0.236 3 9.729 | -0.020 | 0.182 
4 9.81 0.186 0.417 4 9.81 0.061 0.552 
5 9.836 | 0.212 0.475 5 9.836 | 0.087 0.788 
6 9.718 | 0.094 0.211 6 9.718 | -0.031 0.282 
7 9.666 | 0.042 0.095 7 9.666 | -0.083 | 0.753 
8 9.725 | 0.101 0.227 8 9.725 | -0.024 0.218 
9 9.615 | -0.009 | 0.020 9 9.615 | -0.134 | 1.216 
10 | 9.999 | 0.375 0.840 10 | 9.999 | 0.250 | 2.266 
11 | 9.701 | 0.077 0.173 11 9.701 | -0.048 0.436 
12 | 8.245 | -1.379 | 3.086 
Z 9.624 Z 9.749 
Oe 0.447 Oe 0.110 
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Pierce’s criterion for discarding outliers 


Pierce’s!” criterion is useful if we have to discard more than one outlier. Rejection 
of data is based on the principle - to quote the author - 


“that the proposed observations should be rejected when the probability 
of the system of errors obtained by retaining them is less than that of the 
system of errors obtained by their rejection multiplied by the probability 
of making so many, and no more, abnormal observations” 


In a recent publication Ross!® has discussed in detail the use of Pierce’s criterion 
for rejection of abnormal data. He has also provided a table of critical values 
that correspond to the probabilities of obtaining “so many, and no more, abnormal 
observations”. The detailed method given in this paper (the reader should read this 
paper) is summarized below: 


Number of data = n. Calculate m, and o, 

Assume one data is suspect 

Read off R from table in paper by Ross 

If any deviate (absolute value) > Ro, discard the corresponding data. 
Assume a second data may be suspect. 

Read off R from table in paper by Ross. No change in n for now. 

If any deviate (absolute value) > Ro, discard the corresponding data. 
Continue till no more data needs to be rejected. 

Use the reduced number of data after rejection of all suspect data. Let number 
of data equal to n1. 

10. Calculate m, and os with nı. 

11. Repeat 2 - 9 with new parameters. 

12. Break the loop whenever there is no scope for rejecting any more data. 


OWoONATPwON Ee 


An example is worked out now to demonstrate the above method. 


Example 1.15 


In a laboratory class students were asked to measure a certain physical 
quantity and came up with the readings given in the table. Use Pierce’s test 
to discard abnormal data. How would you summarize the data after rejecting 
the abnormal data points? 

Is it reasonable to assume that the deviates are normally distributed? Base 
your decision making a box and whisker plot. 


17 after Benjamin Peirce, 1809 - 1880, an American mathematician who authored the paper 
“Criterion for rejection of doubtful observations”, The Astronomical Journal, Vol. II, No.21, pp. 
161-163, 1852. 

18Stephen M. Ross, Peirce’s criterion for the elimination of suspect experimental data, 
Journal of Engineering Technology, Fall 2003, pp. 38-41 


36 


Chapter.1 Measurements and Errors in measurement 


Uj i Uj i v 
4.590 | 8 4.952 | 15 5.062 
4.764 | 9 4.78 16 5.129 
4.854 | 10 5.106 | 17 4.452 
5.254 | 11 5.039 | 18 4.959 
4.894 | 12 5.148 | 19 4.903 
4.998 | 13 5.442 
5.114 | 14 4.813 


~. 


NMP WNH 


Solution : 


Step 1 Consider all the data in the sample i.e. n = 19. We calculate the 
mean and standard deviation of the sample as m, = 4.960 and ce = 0.230. 

Step 2 We would like to check if a single data is abnormal. From table 
critical value is R = 2.185 for n = 19 and one abnormal data. We calculate 
the maximum possible deviate as R x oe = 2.185 x 0.230 = 0.502. We calculate 
absolute values of all the 19 deviates and pick the maximum value. The 
maximum value is found to correspond to student No. 17 and is 0.508. Since 
this value is greater than the critical value of 0.502 we discard this data. 

Step 3 Now assume that there may be a second data that is abnormal. From 
table critical value is R = 1.890 for n = 19 and two abnormal data. We calculate 
the maximum possible deviate as R x ge = 1.890 x 0.230 = 0.434. The second 
largest value is found to correspond to student No. 13 and is 0.482. Since this 
value is greater than the critical value of 0.434 we discard this data also. 

Step 4 Now assume that there may be a third data that is abnormal. From 
table critical value is R = 1.707 for n = 19 and three abnormal data. We 
calculate the maximum possible deviate as R x g, = 1.707 x 0.230 = 0.392. The 
third largest value is found to correspond to student No. 1 and is 0.370. Since 
this value is less than the critical value of 0.392 we conclude that there are no 
more abnormal data. 

Step 5 We discard the two abnormal data found above and end up with a 
sample containing 17 data points. The mean and standard deviation of this 
data set are given by m, = 4.962 and o, = 0.170. 

Step 6 We would like to check if a single data is abnormal in the reduced set 
obtained by discarding the outliers found previously. From table critical value 
is R = 2.134 for n = 17 and one abnormal data. We calculate the maximum 
possible deviate as R xo, = 2.134 0.170 = 0.3862. We calculate absolute values 
of all the 17 deviates and pick the maximum value. The maximum value is 
found to correspond to student No. 1 and is 0.372. Since this value is greater 
than the critical value of 0.362 we discard this data. 

Step 7 We would like to check if a second data is abnormal in the reduced set 
obtained by discarding the outliers found previously. From table critical value 
is R = 1.836 for n = 17 and one abnormal data. We calculate the maximum 
possible deviate as R x o, = 1.836 x 0.170 = 0.3811. The second largest deviate 
is found to correspond to student No. 4 and is 0.292. Since this value is less 
than the critical value of 0.311 we conclude that there are no more abnormal 
data. 
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Step 8 We break the loop and accept three data as abnormal and hence have 
a sample containing 16 values. A repeat of the Pierce’s test for these data 
shows that no more abnormal data are present in the sample. The pruned 
sample is shown in the following table. 


i Uj i Uj i v 


2 4.764 | 8 4.952 | 15 5.062 
3 4.854 | 9 4.78 16 5.129 
4 5.254 | 10 5.106 | 18 4.959 
5 4.894 | 11 5.039 | 19 4.903 
6 4.998 | 12 5.143 
7 5.114 | 14 4.813 


The mean and standard deviation values characterizing the pruned sample 
are m, = 4.985 cm and o, = 0.144 cm. 


Step 9 We now calculate the parameters required for nmaking a Box and 
Whisker plot. 


Mean = 4.985 || Median = 4.979 
Sigma = 0.144 || Quartile 3 = | 5.108 
Minimum = | 4.764 || Maximum = | 5.254 
Quartile 1 = | 4.884 


We make a Box and Whisker plot as Figure 1.15. We have also included the 
three discarded data points in this plot. The plot shows good symmetry and 
spread close to a normal distribution. Hence it is reasonable to assume that 
the data is distributed normally. Also, it seems the three outliers that were 
discarded, had some calculation errors! 


Mean=4.985 
e e e 
Min= Q1= A Q3= Max= 
4.764 4.884 5.108 5.254 


Median=4.979 


Figure 1.15: Box and whisker plot for pruned data of Example 1.15. 
Discarded outliers are shown by e in the plot. 
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Thompson 7 for discarding outliers 


Another test useful for discarding abnormal data from a sample is the Thompson 
T test. Consider a data of n samples in which we would like to discard abnormal 
data. Calculate the mean and the standard deviation of the sample, the usual 
way. Calculate the absolute value of the difference between data and the mean i.e. 
calculate d; = |v; — 0l. Determine the largest, dij max among these. The Thomson 
statistic T is given by 


ye eS (1.33) 


vny/n-2+t? 


The Student ¢ value is calculated based on a chosen qa and the number of data 
n. For example, if a = 0.1, we calculate t as TINV(0.05,n), a function available in 
spreadsheet programs. Corresponding critical tT value may be calculated based on 
the definition given above. If di max > CeT discard the data. 


If a data has been discarded as abnormal, redo the above steps with n — 1 data to 
discard a second outlier, if it exists. 


Continue the process till no more outliers are found. 
Example 1.16 


The period of a simple pendulum was repeatedly measured and the replicate 
data is tabulated below. 


i T; i Its i the i Ths 
1 2.013 6 1.987 | 11 1.992 | 16 1.998 
2 2.000 7 2.012 | 12 1.786 | 17 2.008 
3 2.225 8 1.997 | 13 2.003 | 18 1.981 
4 2.000 9 1.994] 14 1.983 | 19 1.989 
5 1.991 | 10 1.998 | 15 2.016 | 20 2.004 


Bold entries represent likely outliers 


Discard outliers using Thompson T test. Calculate the mean and standard 
deviation of pruned data. 


Solution : 


Step 1 We calculate a few critical values of t making use of function 
available in spreadsheet. We take n = 20 to n = 17 expecting no more than 
4 abnormal data. The critical values are tabulated below. 


n 17 18 19 20 
t(0.1,n) 1.871 1.876 1.881 1.885 


We note in passing that as n — co the critical value of t tends to 1.96. Note 
also that all calculations have been rounded to 3 digits after decimals. 
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Step 2 The mean and standard deviation of the given sample consisting 
of 20 replicate data is calculated as T = 1.999 and o, = 0.072. The biggest 
absolute deviate is identified as data No. 3 of T3 = 2.225 and d3 = |2.225 — 
1.999| = 0.226. With n = 20, we have, T x Ge = 1.885 x 0.072 = 0.136. Since 
d3 > 0.136 we discard this data as an outlier. 

Step 3 After discarding T3 perform the above calculations with the rest of 
the 19 data points. The mean and standard deviation are given by T = 1.987 
and o, = 0.050. Identify the maximum deviation (absolute value) as that 
corresponding to T12 in the original sample (or T11 in the pruned sample). The 
maximum deviate of 0.201 is compared with critical value of 1(0.1,19) x oe = 
0.093 . Discard T12 in the original sample. 

Step 4 Repeat the calculations with 18 data and show that no more data is 
to be rejected. 

Step 5 The statistical parameters that represent the pruned data are 
calculated with n = 18 and are given by T = 1.998 and o, = 0.010. 


Dixon’s Q test 


Ordered sample data is characterized by the difference between the extreme 
values, also known as the range. If abnormal data is present, it may be at either end 
of the table. We may identify such an outlier by comparing the difference between the 
suspected outlier and its nearest neighbor to the range and decide whether to retain 
or reject data. In the Dixon’s Q (Rejection Quotient) test we calculate the ratio of 
the difference alluded to above with the range and compare this ratio with a critical 
Dixon Q value to make a decision. Table of critical Q values are presented in a paper 
by Rorabacher.!? 


Several Q values are defined as given in the cited reference. Correspondingly 
different Q’s are used to make a decision regarding retention or rejection of data. We 
shall demonstrate the method by taking a simple example. 


Example 1.17 


A certain experiment has been conducted by 12 students using the same 
experimental set up. The value of a measured quantity estimated by various 
students is given in the following table. Would you like to discard any data? 
If so which ones and why? Base your decision on Dixon’s test. What are the 
mean and error estimator for the pruned data. 


Vi i 
7.962 7 8.000 
8.147 8 8.059 


i Uj 
1 
2 
3 8.063 9 7.949 
4 
5 


8.144 | 10 8.664 
8.170 | 11 8.035 
6 8.052 | 12 6.579 


19D, B. Rorabacher, Statistical Treatment for Rejection of Deviant Values: Critical Values of 
Dixon’s “Q” Parameter and Related Subrange Ratios at the 95% Confidence Level, Analytical 
Chemistry, Vol. 63, NO. 2, pp. 139-146, 1991 
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Solution : 


Step 1 Arrnage the data in ascending order as shown below. 


~. 


Uji i Uji 
6.579 7 8.059 
7.949 8 8.063 
7.962 9 8.144 
8.000 | 10 8.147 
8.035 | 11 8.170 
8.052 | 12 8.664 


aOokrwnre 


Supected outliers are shown bold. The difference between adjacent readings 
in ordered data is the basis for this suspicion. Thus we suspect v1 or v12. 


Step 2 We use Dixon’s ratio defined as rio = ca or rio = ee 
12—01 v12—V1 
following the cited reference. 
7.949 — 6.579 8.664 — 8.170 
= ——___ = 0,657 = ——_—_ = 0.237 
"10 = 8 664—6.579 oF roS 8 664—6.579 


Step 3 Critical value for r1ọ with n = 12 is read from the table as 710 critical = 
0.426. At once we see that v1 is to be discarded. 

Step 4 The pruned data at this stage will consist of 11 values from i = 2 to 
i = 12 from the original set. The data may be renumbered so that i spans from 
1 to 11. The last data point is the next suspect data. 

Step 5 The reader may redo the test with the 11 data and show that the last 
data point is also to be discarded. 


Step 6 Finally the following data set with 10 data points is obtained. 


i Uj i Uj 
1 7.949 6 8.059 
2 7.962 7 8.063 
3 8.000 8 8.144 
4 8.035 9 8.147 
5 8.052 | 10 8.170 


Step 7 We report the mean and standard deviation for the pruned data as 
0 = 8.058 and o, = 0.077. 


1.4 Propagation of errors 


Replicate data collected by measuring a single quantity, enables us to calculate the 
best value and characterize the spread by the variance with respect to the best value, 
using the principle of least squares. Now we look at the case of a derived quantity 
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that is estimated from the measurement of several primary quantities. The question 
that needs to be answered is the following: 


“A derived quantity D is estimated using a formula that involves the primary 
quantities a1,a2...dm. Each one of these is available in terms of the respective best 
values @1,@2...dm and the respective variances Tee 02...02, . What is the best estimate 
for D and what is the corresponding variance op?” 


We have, by definition 
D=D(aj,@9...dm) (1.34) 


It is obvious that the best value of D should correspond to that obtained by using the 
best values for the a’s. Thus, the best estimate for D is given by D as 


D = D(G1,G2...dm) (1.35) 


Again, by definition, we should have: 
(1.36) 


In the above expression n represents the number of measurements that have been 
made and subscript i stands for the experiment number. The it estimate of D is 
given by 

D; = D(aj4j,09;...dmi) (1.37) 


If we assume that the spread in values are small compared to the mean or the 
best values (this is what one would expect from a good experiment), the difference 
between the i’” estimate and the best value may be written using a Taylor expansion 
around the best value as 

1 &jôD ôD ôD 2 


Ađ1i +4 Aag; +... Aa mi 1.38 
are Jär ali TE A2i Ami ( ) 


2 
07, = H 
D 0am 


where the partial derivatives are all evaluated at the best values for the aj. 


hus Equation 1.38 may be rewritten as 


2 
Noting that L 4 = o? we may recast Equation 1.39in the form 
i=1” 7 


ôD \? (aD \? ôD 2 
} t...4 i 1.4 
(52) (san?) (san? | wea) 


2 


D 
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‘Equation 1.40 is the error propagation formula, It may also be recast in the form 


ôD X (aD \? ôD 2 
ap- $ 01} + 02} +...4 Om (1.41) 
0a, dag 0am 


or 


op = +y (Ia,01)? + (a02)? +++ Tay Om)? (1.42) 


A derived quantity D follows the relation D = 0.023a9 8a}? where a, and 
a2 are measured quantities. In a certain case it has been determined that 
a; = 20000 + 125 and ag = 5.5+0.2. Determine the nominal value of D and 
specify a suitable uncertainty for the same. Which of the two quantities a, or 
ag has a bigger influence on the uncertainty in D? 


Solution : 


Step 1 Using the mean values we first estimate the best value for D. 
D = 0.023 x 20000°8 x 5.5°? = 105.8 


Step 2 In this case it is possible to perform logarithmic differentiation to get 
the error propagation formula. Taking logarithms on both sides of the defining 
relation between D and the a’s we have 


In(D) = 1n(0.028) + 0.81n(a1)+ 0.3ln(a2) 
Differentiating the above we get 


D d d Dd 
aD ag OTe tpg or pg yt +0 3P% 
D ay ag aj a2 


0.8D 0.8D 
We recognize the influence coefficients as Ig, = and I,, = ——. These 
a ag 


1 
may be used in Equation 1.42 to obtain the desired result. 
Step 3 Calculate the influence coefficients now. 


_ 0.8 x 105.8 
“~~ 20000 


Step 4 Set oa, = 125 and o,, = 0.2, use Equation 1.42 to get 


0.3 x 105.8 
=4.234x 10; Igy = — = 5.778 


Op= V (4.234 x 10-5 x 125)? + (5.778 x 0.2)? = 1.270 
Step 5 We also have the following: 
Ta, Oa, = 4.234 x 10% x 125 = 0.529; Iq,0a, = 5.773 x 0.2 = 1.155 
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Role of variances: In Example 1.18 we have seen that uncertainty in the 
measured quantity ag had a larger influence on the uncertainty in the derived 
quantity D. The error propagation formula simply states that the variance in 
the derived quantity is weighted sum of variances of the measured quantities. 
The weights are the respective squares of influence coefficients. The fractional 
contribution of the respective weighted variances to the variance of the derived 
quantity gives us the relative influences of the variances in the measured quantities. 


Toon 
In Example 1.18 the fractional contributions to variance in D from a is Ya Pa” a = 
o 
D 
0.5292? 0.280 (Maga)? 1.155? 1.333 
—— = — =0.174 while that fi i 0.826. 
1.2702 1.618 Aa a e 


Example 1.19 


Two resistances R; and Rg are given as 1000+25 Q and 500+10 Q. Determine 
the equivalent resistance when these two are connected in a) parallel and b) 
series. Also determine the uncertainties in these two cases. 

Solution : 
Given Data: R; = 1000 Q, R2 = 500 Q, o1 = 25 Q, o2 = 10 O, 


Case a) Resistances connected in parallel: 


Equivalent resistance is 
_ Ri-Rz _ 1000x500 


=333.3 Q 
P Ri+Rə 1000+500 
The influence coefficients are 
p- 2r__ R RıxRə 500 1000x500 _ 9 444 
1- OR, R,+R2 (Ri +Ro)2 1000+500 (100045002 ` 
1,2 Oke Ra RixRz 1000 1000x500 _ 9 444 
2 OR, Ri+R2 (Rı+Rə2 1000+500 (1000+500)2 ` 


Hence the uncertainty in the equivalent resistance is 


Os = + /(I101)? + Iga)? 


= +V(0.111 x 25)? + (0.444 x 10)? = +5.240 


Case b) Resistances connected in series: 
Equivalent resistance is 
Rs = Rı + R2 = 1000 + 500 = 15000 
The influence coefficients are 
an? = aR 


Hence the uncertainty in the equivalent resistance is 


os = +1/ (1101)? + 202)? = +v (1x 25)? + (1 x 10)? = +26.93 Q 


I 
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1.5 Specifications of instruments and their 
performance 


In this section we look at the limitations introduced by the instruments used 
for making measurements. In the past measuring instruments were mostly of the 
analog type with the reading displayed by a pointer moving past a scale. Resolution 
of such instruments were basically limited to the smallest scale division. Of course, 
in addition, the manufacturer would also specify the accuracy as a percentage of the 
full scale reading, based on calibration with reference to a standard. 


In recent times most measuring instruments are digital in nature and the 
performance figures are specified somewhat differently. Take the example of meter 


1 
that displays f digits??. The reading of the instrument may be anywhere between 


0.0000 and 1.9999. The number of counts?! is 20000. Accuracy specification 
is usually represented in the form +(%of reading + counts). For example, typical 
specification of a DMM (Digital Multi Meter)) is of form +(0.5 %of reading + 5 counts) 
when DC voltage is being measured. In a typical example, we may be measuring 
the voltage of a DC source whose nominal value is 1.5 V. This DMM would give a 
reading in between 1.492 and 1.508 V. We take an example below to show how the 
instrument specification affects the measurement. 


A resistor is picked up from a lot labeled 150 Q with a precision of 1%. Its 
value is measured using a DMM which has a range of 0 — 600.0 Q, accuracy 
of +(0.9 %of reading + 2 counts). What would be the expected outcome of the 
measurement? 


Solution : 


Step 1 The nominal value of the resistor is R = 150 Q. Precision of 1% would 
mean that it may have a minimum value of R; = 148.5 Q and a maximum 
value of Rm = 151.5. 

Step 2 Let us assume that the actual value of the resistor is R;. The meter 
will then give either of the readings shown in the last row below: 


R= 148.5 Q 
0.9% of R; = 13 Q 
Error due to count = 02 Q 


Reading is either 147.0 Q or 150.0 Q 


Step 3 Let us assume that the actual value of the resistor is Rm. The meter 
will then give either of the readings shown in the last row below: 


20 Most significant digit can be either 0 or 1 while all other digits may have any value 
between 0 and 9. 
21Number of levels equals the number of counts. 
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Ra- 151.5 Q 
0.9% of Rm = 14 Q 
Error due to count = 0.2 Q 


Reading is either 149.9 Q or 153.1Q 


Step 4 Thus the actual value of the resistance indicated by the instrument 
may be anywhere between 147.0 and 153.1 Q. 


Example 1.21 


In a wind tunnel air flow is maintained steady at a nominal speed of 
15 m/s. A vane anemometer is used to measure the wind speed. Specify 
an error bar for the measurement if the resolution (4 digit display) of the 
anemometer is 0.01 m/s and the accuracy specification by the manufacturer of 
the anemometer is +(3% reading + 0.20) m/s. 


Solution : 
The nominal value of the wind speed is V = 15 m/s. We assume that the 
reading of the anemometer is this value i.e. 15.00 m/s. Using the accuracy 
specification the uncertainty is calculated as follows: 


3 x 15.00 
1. 3%of reading = a = 0.45 m/s 


2. Total uncertainty is equal to 0.45 + 0.2 = 0.65 m/s. 
Hence the measured velocity is specified as V = 15+0.65 m/s. In terms of 


percentages the uncertainty in the wind speed is 4.33%. 


Concluding remarks 


This chapter has set the tone for the rest of the book by presenting statistical 
principles that play important role in analysis and interpretation of experimental 
results. Properties of normal distribution are relevant in most measurements and 
hence have been discussed in detail. Test for normality and data rejection based 
on sound statistical principles have been presented. Other topics considered 
include sampling theory and error propagation. 
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Chapter 2 


Regression analysis 


This chapter deals with the presentation of experimental results or 
experimental data in the form of an algebraic expression relating the effect 
to cause or causes. Such an expression is useful as an aid for the designer 
who may use the experimental results in design of a complex engineering 
system. In a simple bivariate case (one cause and one effect) it is possible to 
use tabulated data, along with a suitable local interpolation function 
(linear, quadratic or polynomial), to derive the desired value of the effect at 
an arbitrary value of the cause, within the measurement range. For example, 
it is possible to use this procedure in evaluating the temperature when the 
measured output of a thermocouple is known. However, in multivariate case 
i.e. when there are many causes and one effect, interpolation of tabulated 
data is not easy. In such a case a global function representation of the data 
is useful. Regression analysis aims to determine the best global 
representation of experimental data using a chosen functional form. 
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2.1 Introduction to regression analysis 


Regression analysis or curve fitting consists in arriving at a relationship that 
may exist between two or more variables. In the context of experiments, the 
variables represent cause(s) effect relationship, with a particular measured quantity 
depending on other measured quantities. For example, the height of an individual 
may be related to the age of the individual. Height may be measured using a scale 
while the age may be ascertained from the date of birth. We may treat age as the 
“cause” and height as the “effect” and look for a relationship between these two. 
Variability in the measured height may be due either to measurement errors or due 
to natural variations. These random fluctuations will affect the type of relationship 
as well as the quality of relationship. 


Suitable plot of data will indicate the nature of the trend of data and hence will 
indicate the nature of the relation between the independent and the dependent 
variables. A few examples are shown in Figures 2.1(a),(b) and 2.2 where we have 
a single cause (x) and an effect (y). 
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Figure 2.1: (a) Linear relation between y and x (b)Linear relation between log(y) 
and log(x) 
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The linear graph shown in Figure 2.1(a) follows a relationship of the form y =ax+b 
where a and b are parameters describing the fit. The linear relationship on the log- 
log plot shown in Figure 2.1(b) follows a relation of the form y = ax° (which may be 
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recast in the linear form log(y) = log(a)+ bx. The non-linear relationship shown in 
Figure 2.2 follows a polynomial relationship of the form y = ax? + bx? +cx+d. 


The polynomial form is treated as a linear regression noting 
that it may be written in the linear form y = axı + bx2+ cx+d where x; = xè and 


x2 =x. 


Linear fit is possible in all the cases shown in Table 2.1. 


Table 2.1: Regression laws covered by linear regression model 


Regression 


ee Type of fit Comment 


Plots as a straight line 
on a linear graph sheet 
Plots as a straight line 
on a linear graph sheet 
Plots as a straight line 
on a log-log graph 

y = ax’ + | Quadratic (poly- | Multiple linear regres- 
bx+c nomial) fit sion 


y=ax+b | Linear fit 


y=ax? Power law fit 


y=ae Exponential fit 


2.2 Linear regression 


2.2.1 Linear fit by least squares 


Let (x1, y1), (x2, y2),...(Xn,¥n) be a set of ordered pairs of data. It is expected that 
there is a linear relation between y and x, as for example, by looking at a plot of 
the data using suitable graph paper. Thus, in the most obvious case, if we plot the 
data on a linear graph sheet as in Figure 2.1(a) the trend of the data should be well 
represented by a straight line. We notice that the straight line shown in Figure 
2.1(a) does not pass through any of the data points shown by full symbols. There is 
a deviation between the data and the line and this deviation is sometimes positive, 
sometimes negative, sometimes large and sometimes small. If we look at the value 
given by the straight line as a local mean then the deviations are assumed to be 
normally distributed around the local mean. If all data have been obtained with 
equal care, one may expect the deviations at the various locations along the line to 
follow the same distribution with variance ee = g? for all i. The deviate data is said 
to be homoscedastic. ‘The least square principle may be applied as under.’ 
Minimise-88D=So-ynP=S-neoh eD 

We see that SSD is the sum of 
squares of deviations between the data and the fit and minimization of SSD will 


Least squares may also be interpreted as minimizing the square of the error vector 
n 
(iy pi)” 


i=1 
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yield the proper choice of the mean line represented by the proper values of the 
parameters a and b. The minimization requires that 


ae Ly; -axi — b\(—x;) =0 (2.2) 
da i=l 

aSSD 2 

—— =} [yj -ax;- b(-1)=0 (2.3) 
ôb i=1 


These equations may be rearranged as two simultaneous equations for a, b as given 
below: 


($ ejar ($ n)b= X ziyi (2.4) 


(È sija+nb 7 S (2.5) 
5 i=1 


These are known as normal equations. The summation from i = 1 to n will not be 
indicated explicitly in what follows. These equations may be solved simultaneously 
to obtain a and b as: 

_n}xiyi—-} xi} yi 


= 2.6 
OT WER- (Lai? Se 


_ Lyla -bxi Lay 
pe ees OE a 


We introduce the following definitions: 


b (2.7) 


_ 1 ae i 1 = 
#=4) x, J= Dy o8=2Da2-2*, 
ME B 1 T 
a= > LLY -“y; Oxy = =) midi -Xy 


Alternately o, o? are also represented as 0x, and oyy, respectively. These are the 
variances that are familiar to us. 
With these definitions the slope of the line fit given by 


Equation 2.6 may be rewritten, after some manipulations as 


a=% or a= (2.8) 


Oo 2 Oxy 


We get the intercept parameter b by the use of Equation 2.5 as 


b=y-ax (2.9) 
The fit 
line may hence be represented in the alternate form 
Yr =axX (2.10) 
where 
Yp = y-7 (2.11) 


X = x-x (2.12) 
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2.2.2 Uncertainties in the fit parameters 


We have seen that the fit parameters a and b depend on measured y values that 
are subject to measurement errors. Hence it is clear that the parameters a and b 
should also have uncertainties due to the uncertainties in the measured y values. 
These uncertainties may be obtained by the use of the familiar error propagation 
formula. Differentiating expression 2.8 with respect to y; we have 


da _ 1 ÔO zy 
Oy; o2 OY; 
n 1 = Oxy _ xj xX ; : 
With oxy = 5 > xy: xy = LY siyi x Ey we have Jy; a a With this we 
L 
get 
ða č l1/xj x I xi- 
dy; oln n| o n 


ôa 
OY; 
of y; and hence the variance of slope parameter a is 


=\2 
1 (==) 
2 i 2 
oO =—) o 
a ot n 


=o” in the present case. Using the definition of variance it is easy to show 


x)\? a2 
= —*. Hence the variance of a is given by 


2 
According to error propagation formula o? = 3 oy) where o? is the variance 


2 
since 0 yi 


that >(* = 


25 ree 


Now consider the intercept parameter b which is aa | b=y-ax. 


eae fens — (2.14) 


Example 2.1 


A temperature sensor is used to measure temperature between 20°C and 
90°C. The output of the sensor is conditioned by a suitable electronic circuit 
to yield output E in V. The following data has been collected in the laboratory 
by exposing the sensor to a suitable thermal environment whose temperature 
has been systematically varied and monitored by a standard sensor. Consider 
fitting the data to a linear relationship between E and temperature t. Obtain 
also the uncertainties associated with the slope and intercept parameters. 
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EO | BLY [eo | av ee | 2, Vv 
20 1.73 || 45 3.05 || 70 4.23 
25 2.10 || 50 3.25 || 75 4.58 
30 2.24 || 55 3.56 || 80 4.85 
35 2.46 || 60 3.81 || 85 5.12 
40 2.72 || 65 3.98 || 90 5.41 


Solution : 


Step 1 It is convenient to make a spreadsheet table as shown below. First 
column identifies the data number. The given temperature - sensor response 
data is in columns 2 and 3. The other quantities needed to calculate the fit 
parameters are in columns 4 - 6. Means are calculated column-wise and are 
shown in row 16. 


# eC E,V P E? tE 
1 20 1.73 400 2.9929 34.6 
2 25 2.10 625 4.4100 52.5 
3 30 2.24 900 5.0176 67.2 
4 35 2.46 1225 6.0516 86.1 
5 40 2.72 1600 7.3984 108.8 
6 45 3.05 2025 9.3025 137.25 
7 50 3.25 2500 10.5625 162.5 
8 55 3.56 3025 12.6736 195.8 
9 60 3.81 3600 14.5161 228.6 
10 65 3.98 4225 15.8404 258.7 
11 70 4.23 4900 17.8929 296.1 
12 75 4.58 5625 20.9764 343.5 
13 80 4.85 6400 23.5225 388 
14 85 5.12 7225 26.2144 435.2 
15 90 5.41 8100 29.2681 486.9 
Mean = 55 3.5393 | 3491.6667 | 13.7760 218.783 


Step 2 We calculate the statistical parameters for the given data as follows. 


o? = 12-7? =3491.6667 -55° = 466.7 
o% = E-E = 13.7760 - 3.5393? = 1.249 
Om = tE -tE =218.783—55 x 3.5393 = 24.12 


Step 3 Slope and intercept parameters are obtained (using Equations 2.8 
and 2.9) as 
24,12 
a = 


— z0. 17; =ð. =U; 17 EN 
166.7 0.0517; b =3.5393- 0.0517 x 55 = 0.6966 
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Step 4 The regression line is thus given by Ef = 0.0517¢ + 0.6966. The data 
and the fit are compared in the following table. 


°C | E,V | Ef, V | (E-E? || £C | E, V | Ey, V | ŒE-E;? 
20 | 1.73 | 1.73 | 0.0000 || 60 | 3.81] 3.80] 0.0001 
25 | 2.10 | 199] 0.0121 || 65 | 3.98] 4.06 | 0.0064 
30 | 2.24] 225] 0.0001 || 70 | 4.23 | 4.32 | 0.0081 
35 | 2.46 | 251 | 0.0025 || 75 | 4.58 | 4.57 | 0.0001 
40 | 2.72 | 2.76 | 0.0016 || 80 | 4.85 | 483 | 0.0004 
45 | 3.05 | 3.02] 0.0009 || 85 | 5.12 | 5.09 | 0.0009 
50 | 3.25 | 3.28 | 0.0009 || 90 | 5.41] 5.35 | 0.0036 
55 | 3.56 | 3.54 | 0.0004 o? =| 0.00254 


That the fit is a good representation of the data is indicated by the proximity 
of the respective values in the second and third columns. The plot shown in 
Figure 2.3 is further proof of this. 
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Figure 2.3: Comparison of 
data with the linear fit 
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Step 5 Uncertainties in the fit parameters are evaluated now. We need an 


estimate for the variance of the deviates between the data and the fit. This 
n (HE; -E Fi) 

is obtained as g? = ps aaa SL which is indicated as 0.00254 in the table 
1=1 n 

above. 


Step 6 Uncertainty in the slope parameter is calculated using Equation 2.13 


as 
0.00254 
°o= Vi5x4667 °° 


Step 7 Uncertainty in the intercept parameter is calculated using Equation 
2.14 as 


i5 dexacey ` 005S 


Step 8 Using the uncertainties in the parameters calculated above we may 
specify the fit line as 


y 0.00254 0.00254 x 552 
0b = t 


Er = (0.0517 + 0.0006)¢ + (0.6966 + 0.0356) 
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2.2.3 Goodness of fit and the correlation coefficient 


A measure of how good the regression line as a representation of the data is 
deduced now. In fact it is possible to fit two lines to data by (a) treating x as the 
independent variable and y as the dependent variable or by (b) treating y as the 
independent variable and x as the dependent variable. The former has been done 
above. The latter is described by a relation of the form x = a'y +b'. The procedure 
given earlier can be followed through to get the following (the reader is expected to 


show these results): 
f Oxy n 


=> 
Oy 


b' =x-a'y (2.15) 


The second fit line may be recast in the form 


1 b! 
y' = a at (2.16) 


1 
The slope of this line is — which is not the same, in general, as a, the slope of the 


a 
first regression line. If the two slopes are the same the two regression lines coincide. 
Otherwise the two lines are distinct. The ratio of the slopes of the two lines is a 
measure of how good the form of the fit is to the data. In view of this we introduce 


Oo 
Gap = sp (2.17) 
OxOy 


The sign of the correlation coefficient is determined by the sign of the covariance. If 
the regression line has a negative slope the correlation coefficient is negative while 
it is positive if the regression line has a positive slope. 


In Example 2.1 the correlation coefficient is positive. The pertinent parameters are 


o? = 466.7,0% = 1.249 and o;g = 24.12 . With these the correlation coefficient is 


24.12 
= —————. = 0.9990. Since the correlation coefficient is close to unity the fit 


v 466.7 x 1.249 
represents the data very closely (Figure 2.3 has already indicated this). 


23 Polynomial regression 


2.3.1 Method of least squares and normal equations 


Sometimes the data may show a non-linear behavior that may be modeled by a 
polynomial relation. Consider a quadratic fit as an example. Let the fit equation 
be given by yf = ax? +bx+c.2 The variance of the data with respect to the fit is 
again minimized with respect to the three fit parameters a,b,c to get three normal 
equations. These are solved for the fit parameters. Thus we have 


1 
s?=—) (yi -ax -bxi - c) (2.18) 
n 


2Polynomial fit is linear in the fit parameters and hence the regression model is linear. 
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Setting the partial derivatives of s2 with respect to a,b,c to zero we get the following 
three normal equations. 


2.3.2 Goodness of fit and the index of correlation or R? 


In the case of a non-linear fit we define a quantity known as the index of correlation 
to determine the goodness of fit. The fit is termed good if the variance of the deviates 
is much less than the variance of the y’s. Thus we require the index of correlation R 
(spreadsheet programs usually display R? rather than R) defined below to be close 
to +1 for the fit to be considered good. 


s* L(y—ye)” 


2.22 
oo Lyx De 


Note that the subscript i has also been dropped in writing the above equation. The 
reader will realize that the summation is over i and it refers to the data point index. 
It can be shown that the R? is identical to the square of the correlation coefficient p? 
for a linear fit 


In practice we use the adjusted value of RŽ aj instead, taking into account the loss of 
degrees of freedom when regression is employed to represent the data. The degrees 
of freedom for calculating the variance of the y's with respect to its own mean is 
n-— [1 as has been shown earlier. The degrees of df for calculating the variance with 
respect to the regression curve is df = n-— p -— 1 where p is the number of variables in 
the regression model. The —1 here accounts for the constant in the regression model. 
Thus we modify Equation 2.22 as 
(n-1) 


(n-DX(y- ye? 5 
=1-(1-R 2.23 
(n-p-1)}(y-y)}? ‘ Ea Ge 


AS 
T= 


Example 2.2 
The friction factor D i: number product fRe for laminar flow in a 


rectangular duct is a function of the aspect ratio A = — where A is the height 


w 
and w is the width of the rectangle. Use the following tabulated data to obtain 
a suitable fit. 


A 0 0.05 0.1 0.125 0.167 


fRe 96 89.81 8468 82.34 78.81 
A 0.25 0.4 0.5 0.75 1 


fRe 72.93 65.47 62.19 57.87 56.91 
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Solution : 
A plot of the given data indicates that a polynomial fit may be appropriate. For 
the purpose of the following we represent the aspect ratio as x and the fRe 
product as y. We seek a fit to data of the form yf = ao +a1x + agx? +a3x°. The 
following tabulation helps in the regression analysis. 


No. x y x x? xt 
0.000 96.00 0.0000 0.0000 0.0000 
2 0.050 89.81 0.0025 0.0001 0.0000 
3 0.100 84.68 0.0100 0.0010 0.0001 
4 0.125 82.34 0.0156 0.0020 0.0002 
5 0.167 78.81 0.0279 0.0047 0.0008 
6 0.250 72.93 0.0625 0.0156 0.0039 
7 0.400 65.47 0.1600 0.0640 0.0256 
8 0.500 62.19 0.2500 0.1250 0.0625 
9 0.750 57.89 0.5625 0.4219 0.3164 
10 1.000 56.91 1.0000 1.0000 1.0000 
Sum = | 3.3420 | 747.0300 | 2.0910 1.6342 1.4095 

No. x5 x8 xy xy xy 
1 0.0000 0.0000 0.0000 0.0000 0.0000 
2 0.0000 0.0000 4.4905 0.2245 0.0112 
3 0.0000 0.0000 8.4680 0.8468 0.0847 
4 0.0000 0.0000 10.2925 1.2866 0.1608 
5 0.0001 0.0000 13.1613 2.1979 0.3671 
6 0.0010 0.0002 18.2325 4.5581 1.1395 
7 0.0102 0.0041 26.1880 10.4752 4.1901 
8 0.0313 0.0156 31.0950 15.5475 7.7738 
9 0.2373 0.1780 43.4175 32.5631 | 24.4223 
10 1.0000 1.0000 56.9100 56.9100 | 56.9100 
Sum = | 1.2799 1.1980 | 212.2553 | 124.6098 | 95.0595 


Note: Entries are rounded to 4 digits. However the calculations 
use available precision of the computer. 


The column sums required for generating the normal equations are shown 
in italics. The four normal equations are then given in matrix form as 


3.3420 2.0910 1.6342 1.4095 ay 212.2553 
1.6342 1.4095 1.2799 1.1980 ag 124.6098 


10 3.3420 2.0910 1.6342 3 e 
2.0910 1.6342 1.4095 1.2799 a3 95.0595 


The normal equations are solved (use Gauss elimination method) to get the fit 
parameters: 


ao = 95.67, a1 = — 121.00, a2 = 132.38, a3 = -50.23 


The following table helps in comparing the data with the fit. 
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Z 
2 
8 


y yf (y—ye | G9 
0 96 95.6688 0.1097 453.5622 
0.05 89.81 89.9434 0.0178 228.2214 
0.1 84.68 84.8422 0.0263 99.5405 
0.125 82.34 82.5139 0.0303 58.3238 
78.81 78.9196 0.0120 16.8674 
0.25 72.93 72.9074 0.0005 3.1435 
0.4 65.47 65.2346 0.0554 85.2483 
0.5 62.19 61.9850 0.0420 156.5752 
0.75 57.89 58.1928 0.0917 282.6770 
10 1 56.91 56.8223 0.0077 316.5908 
Sum = | 3.342 | 747.03 | 747.0300 0.3934 1700.7502 


o| ol wa} >} ol A] co] DO] = 
> 
Z 
a 
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The column sums required for calculating the index of correlation are given 
in the last row of the table. The index of correlation uses the mean values 
of columns 5 and 6 given by sê = 0.03934 and o? = 170.0750. The index 


of correlation is thus equa to R — | - —____ = —0.9999. Negat ve sign 
1 j 1 7 0.0 7 50 5 i 


indicates that y decreases when x increases. The index of correlation is close 
to —1 and hence the fit represents the data very well. The adjusted R? is given 
by 
9 x 0.3934 
6 x 1700.7502 


R dj also indicates a good fit. A plot of the data along with the fit given 
in Figure 2.4 also indicates this. The standard error of the fit is given by 
100 irilbirircilrirdl rirli 


= 0.9997 
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Figure 2.4: Comparison of 
data with cubic fit 


Friction Factor Reynolds 
Number Product, f -Re 


oa 
oO 


LL BLL LL 
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Aspect Ratio, A 


0.3934 
oO = 


= +0.26, rounded to two digits after decimals. Note that the 


number of degrees of freedom is used rather than the number of data points 
in calculating the error estimate. 


2.3.3 Multiple linear regression 


In the above we have considered cases that involved one independent variable 
and one dependent variable. Sometimes the dependent variable may be a function 
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of more than one independent variable. For example, the relation of the form 
Nu = aRe®Pr° is a common type of relationship between the Nusselt number 
(Nu, dependent variable) and Reynolds (Re) and Prandtl (Pr) numbers both of 
which are independent variables. By taking logarithms, we see that logNu = 
loga+blogRe+clogPr. It is thus seen that the relationship is linear when logarithms 
of the dependent and independent variables are used to describe the fit. Hence the 
relationship may be expressed in the form z = ax+by+c, where z is the dependent 
variable, x and y are independent variables and a,b,c are the fit parameters. The 
least square method may be used to determine the fit parameters. 


Let the data be available in the form of a set of n - (x,y,z) values. The quantity to 
be minimized is given by 
s= $ Iz; —axi— byi- cÊ (2.24) 
i 


The normal equations are obtained by the usual process of setting the first partial 
derivatives with respect to the fit parameters to zero. 


Example 2.3 


The following table gives the variation of z with x and y. Obtain a multiple 
linear fit to the data and comment on the goodness of the fit. 


i X y z i 7 y z 
1 1.40 0.21 6.3 |11 1.27 0.86 54.0 
2 1.39 0.26 9.2 |12 1.26 0.89 59.3 
3 1.87 0.36 19.1 | 13 1.25 1.00 63.5 
4 1.36 0.39 23.6 | 14 1.23 1.04 68.7 
5 1.35 0.46 26.7 | 15 1.22 1.11 72.5 
6 1.33 0.52 29.4 | 16 1.21 1.14 79.1 
7 1.32 0.57 36.5 | 17 1.20 1.22 80.9 
8 1.31 0.64 41.9 | 18 1.19 1.26 85.1 
9 1.29 0.73 45.5 | 19 1.18 1.27 89.5 
10 1.28 0.77 50.4 | 20 1.17 1.39 94.5 


Solution : 
The calculation procedure follows that given previously. Several sums are 
required and these are tabulated below. We omit the columns corresponding 
to x, y and z in this table. 


2.3. Polynomial regression 


x" xy y? xz yz 


1.9698 | 0.2898 | 0.0426 8.9119 1.3112 
1.9290 | 0.3627 | 0.0682 12.7514 2.3973 
1.8894 | 0.4886 | 0.1263 26.1931 6.7729 
1.8511 0.5299 | 0.1517 32.1264 9.1962 
1.8139 | 0.6238 | 0.2146 35.9415 12.3612 
1.7778 | 0.6889 | 0.2669 39.2469 15.2082 
1.7427 | 0.7523 | 0.3247 48.1429 20.7821 
1.7087 | 0.8403 | 0.4132 54.8098 26.9527 
1.6757 | 0.9392 | 0.5264 58.9557 33.0417 
1.6437 | 0.9845 | 0.5897 64.6679 38.7361 
1.6125 1.0923 | 0.7399 68.5852 46.4579 
1.5822 1.1222 | 0.7959 74.5665 52.8863 
1.5528 1.2510 1.0078 79.1782 63.7879 
1.5242 1.2783 1.0721 84.8415 71.1566 
1.4963 1.3538 1.2249 88.7040 80.2571 
1.4692 1.3792 1.2948 95.8877 90.0146 
1.4429 1.4640 1.4855 97.1927 98.6166 
1.4172 1.4994 1.5864 101.3602 107.2391 
1.3923 1.4986 1.6130 105.6190 113.6856 
1.3679 1.6262 1.9332 110.4861 131.3459 
32.8594 | 20.0650 | 15.4779 | 1288.1686 | 1022.2070 


The last row contains all the sums required (along with ae: = 25.5965, z y= 
16.0735, and e = 1035.9123)) and the normal equations are easily written 
down as under. In the table only four significant digits after the decimal point 
have been retained even though calculations have been made using available 


computer precision. 
a 1288.1686 
b |= | 1022.2070 
c 


1035.9123 


32.8594 20.0650 25.5965 
20.0650 5.4779 16.0735 
25.5965 16.0735 20 


These equations are solved to get the fit parameters a = —308.1596, b = 


13.1425 and c = 435.6232. The data and the fit may be compared by making 
100 =} ff 
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Figure 2.5: Parity plot 
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a parity plot as shown in Figure 2.5. The parity plot is a plot of the fit (zf) 
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along the abscissa and the given data (z) along the ordinate. The parity line is 
a line of equality between the two. The amount of departure of the data from 
the parity line is an indication of the quality of the fit. Figure 2.5 indicates 
that the fit is indeed very good. When the data is a function of more than one 
independent variable it is not possible to make plots between independent 
and dependent variables to evaluate the goodness of the fit. In such a case the 
parity plot is a way out. 


We may also calculate the index of correlation as an indicator of the quality 
of the fit. This calculation is left to the reader! g 


2.4 General non-linear fit 


The fit equation may sometimes have to be chosen as a non-linear relation 
that is not either a polynomial or in a form that may be reduced to the linear 
form. Parameter estimation problem becomes an optimization problem, generally 
involving the minimization of sum of squares of the residuals. Optimization 
(specifically multivariate optimization - of interest here), in general, is not amenable 
to calculus methods and requires the use of a search method to determine the best 
parameter set. 


Following are some of the search methods that are available for parameter 
estimation. 


e Steepest descent method 
e Conjugate gradient or CG method 
e Levenberg-Marquardt or LM method 


Both SD and CG methods have been discussed in a companion book by the author. 
The Levenberg-Marquardt method is described in the book by Rao.* The reader may 
consult more advanced texts on optimization to learn about other better parameter 
estimation methods. 


Luckily for the interested user, it is possible to use software to make a non-linear 
fit. For example, “QtiPlot” is a plot program that is capable of doing non-linear fit 
using the Levenberg-Marquardt algorithm. We give below an example that has been 
solved using QtiPlot. 


Example 2.4 


Bivariate data shown in the table is expected to follow the law y = ag +a ,x™. 
Obtain the fit parameters using non-linear fit procedure available in software 
such as QtiPlot.® Test the deviates for normality. 


3S.P. Venkateshan and Swaminathan Prasanna, “Computational Methods in Engineer- 
ing”, Ane Books, New Delhi, 2013 

48.5, Rao, “Optimization - Theory and Applications” (Second Edition), Wiley Eastern 
Limited, New Delhi, 1984 

5Non-linear fit may also be made using other readily available software resources or by 
writing a program that uses library routines. 


2.4. General non-linear fit 


x 0.4 0.64 0.84 1.02 1.25 1.42 
ya 0.388 0.443 0.508 0.557 0.61 0.646 
x 1.61 1.83 2.03 2.23 2.42 2.61 
ya 0.695 0.726 0.776 0.815 0.876 0.896 
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Solution : 


Step 1 We enter the given data into two columns of table in QtiPlot 
environment. 

Step 2 Choose these two columns and invoke FitWizard from drop down 
menu Analyze. 

Step 3 Choose user defined fit law. In this case we enter A1+A2*x^A3 as 
the fit law. Choose initial parameters as A1=0.2, A2=0.5 and A3=1 to start the 
iteration process. 

Step 4 Choose Fitting Session. Choose Fit. This action initiates the 
Levenberg-Marquardt search method to get the fit parameters. The following 
appears in the Results log window. 


[24/05/13 4:53 PM Plot: “Graph2”] 

Non-linear Fit of dataset: Table2, using function: A1+A2*x*A3 
Weighting Method: No weighting 

Scaled Levenberg-Marquardt algorithm with tolerance = 0.0001 
From x = 4.0000000000000e-01 to x = 2.6100000000000e+00 
Al = 2.3170515212420e-01 +/- 2.9696319192181e-02 

A2 = 3.1450537350840e-01 +/- 3.1119948578227e-02 

A3 = 7.8495407088813e-01 +/- 6.2320813097002e-02 


R42 = 0.997926741301 

Adjusted R42 = 0.9971492692889 

RMSE (Root Mean Squared Error) = 0.008352893958729 
RSS (Residual Sum of Squares) = 0.000627937537372 


Iterations = 5 
Status = success 


Thus the fit is given by yp = 0.2317 +0.3145x°**9, The data was devised by 
perturbing the relation y = 0.25 +0.3x%8 by adding random errors to it. Figure 
2.6(a) shows that the fit represents the data very well. 
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Figure 2.6: (a) Non-linear fit to data obtained using QtiPlot 
(b) Test for normality of deviates in Example 2.4 


Step 5 In order to check for normality of the deviates we may use any of the 
normality tests presented in Chapter 1.° The required data is generated and 
tabulated for the purpose of making a Q-Q plot. 


i di d CP Norm | Ż — 
1 -0.011 | -1.456 0.073 0.042 
2 -0.010 | -1.323 0.093 0.125 
3 -0.007 | -0.926 0.177 0.208 
4 -0.004 | -0.529 0.298 0.292 
5 -0.004 | -0.529 0.298 0.375 
6 0.000 | 0.000 0.500 0.458 
7 0.002 | 0.265 0.604 0.542 
8 0.003 0.397 0.654 0.625 
9 0.004 | 0.529 0.702 0.708 
10 0.006 | 0.794 0.786 0.792 
11 0.006 | 0.794 0.786 0.875 
12 0.015 1.985 0.976 0.958 
p= 0 
n= 0.008 


Step 6 We make a plot of last two columns in the table as given in Figure 
2.6(b). The deviates are close to the parity line and show no definite trend. 
Hence we conclude that the deviates follow a normal distribution with zero 
mean. 


2.5 x test of goodness of fit 


We have seen earlier that goodness of fit of a model to data may be judged by 
looking at either the correlation coefficient or the index of correlation. Another test 
that is usually made consists of the y? test. This test is based on the following. 


6The reader is encouraged to use other normality tests 
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Regression analysis is based on the argument that the errors with respect to 
the regression line are normally distributed. This is the basis for the least square 
analysis that is employed to estimate the fit parameters. Several examples have 
already been presented. The test statistic for comparing observed (yg, data) and 
expected values (yp, fit) is defined as x? given by 


n, [¥a,i- YF F 
e=} = (2.28) 
i=1 or 


In the above n represents the number of x values for which the y values have been 
measured or obtained. o? represents the variance of the measurement error at the 
data point i, obtained by repeated measurement. The number of degrees of freedom 
v is given by n- p where p is the number of parameters. The Chi Square (77) 
distribution is a one sided distribution that varies between 0 and oo. The distribution 
also depends on v. The distribution is given by 


a See 
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Figure 2.7 shows the shape of the x? distribution for three cases with different 
v values. We notice that the distribution becomes wider as v increases. In an 
application we are interested in finding the critical value of x, say that which has 
only a chance of being exceeded 5% of the time (a = 0.05). a is the area of the tail of 
the y? distribution as indicated in Figure 2.8. 


The y? value is, in fact, determined by integrating Equation 2.29 and determining 
the “x” value that gives 


foe) x(x GD 
e SEED (2.30) 
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Figure 2.8: a as fraction of area 
under the x? distribution 
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x’ 
These values are available in the form of a table in most texts on Statistics. In 
spreadsheet program we invoke this by the function CHIINV(1-a,v). Table B.6 in 
Appendix B gives the critical 77 values for various degrees of freedom. In performing 
the y? test one determines the y? value using the tabulated experimental data for 
the appropriate v. This value is compared with the critical value given in Table 
B.6. If the calculated y? value is less than the critical value one concludes that the 
differences between the data and the fit are purely due to chance and that the fit is 
an acceptable representation of the data. 


Example 2.5 


The following table gives the (x, y) data pairs obtained in an experiment. The 
relationship between y and x is expected to be linear. Obtain the fit by least 
squares and perform a x? test to comment on the goodness of the fit. Assume 
that the expected variance of measured values is g? = 8. 


x 8.25 4.22 4.85 5.5 6.11 
y 16.56 21.82 18.55 22.33 28.98 
x 678 7.32 856 9.82 10.42 
y 26.98 35.02 388.88 36.45 44.45 


Solution : 


Step 1 We make use of a spreadsheet program to obtain the linear fit using 
the appropriate “trend line” option. Extract of spreadsheet is shown in Figure 
2.9. The extract also shows the plot of data and the trend line using the plot 
routine available in the spreadsheet program. 


Step 2 The trend line follows the law yr = 3.7633x + 3.1858 and is shown 
plotted in Figure 2.9. The trend line has an R? value of 0.9062. 

Step 3 We use the equation of the trend line to make the table given below, 
useful for calculating the Ma value. It is actually an extract of a spreadsheet 
redone in the form of a table. The entries in the second and third columns are 
the given data. The numbers in the fourth column represents the fit calculated 
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using the previously given expression. Entries in the fifth column assists in 
the calculation of the y? value. 


zZ 
No. x Ya yf a (ya- yp? 
1 3.25 | 16.56 16.08 0.02850 0.22798 
2 4.22 | 21.82 19.73 0.54448 4.35588 
3 4.85 | 18.55 22.10 1.57869 | 12.62953 
4 5.5 | 22.33 24.55 0.61602 4.92818 
5 6.11 | 28.98 26.85 0.56948 4.55582 
6 6.78 | 26.98 29.37 0.71221 5.69764 
7 7.32 | 35.02 31.40 1.63881 | 13.11051 
8 8.56 | 38.88 36.07 0.99007 7.92058 
9 9.82 | 36.45 40.81 2.37337 | 18.98699 
10 10.42 | 44.45 43.07 0.23964 1.91716 
n= 10 SUM = 9.2913 | 74.33027 
p= 2 v= 9.2913 
y= 8 C= 3.05 


Extract of spreadsheet for Example 2.5 

Step 4 The number of degrees of freedom is v = 8 in this case. The x? value 
is obtained by the fifth column sum and is equal to 9.2913. The critical value 
of y” with a = 0.05 and v = 8 is 15.5073 as read off Table B.6. Since the y” 
value for the fit is less than the critical value we may conclude that the linear 
fit is a good representation of the data and the departures from the fit are 
purely accidental. 

Step 5 The error estimate uses the number of degrees of freedom as v = 
n—-p—1=10-—1-1=8 (n=number of data, p=number of parameters excluding 
the constant) and yields 


Last column sum 74.33027 
Oe =+ ` =+ 8 = +3.05 


Step 6 The “R?” value indicated in Figure 2.9 is internally calculated by the 
spreadsheet program and represents the square of the correlation coefficient. 
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The corresponding correlation coefficient is the square root of R? and is equal 
to 0.952. This again indicates that the fit is good. Thus two different tests of 
goodness of fit, viz. the x? test and the correlation coefficient, indicate that 
the fit is a good representation of the data. 


2.6 General discussion on regression analysis 
including special cases 


2.6.1 Alternate procedures of obtaining fit parameters 


We have been discussing regression of experimental data using the least square 
principle as the back bone. Even though it is based on the maximum likelihood 
principle when the errors are normally distributed, in general, least squares may 
be interpreted as indicating the shortest length of the error vector in n dimensions, 
where n represents the number of data points. The latter interpretation is the one 
that is the basis for least square regression using linearization of the data by taking 
logarithms, either of x or y alone or both x and y. We take a particular example to 
look at such a case here. 


Example 2.6 


Consider the data in Table below. It is expected to be represented well by a 
power law of form y = ax?. Obtain the regression parameters using a power 
fit directly and compare with those obtained by linear fit to log(x) vs. log(y). 


x y x y a y 
10000 | 2.656 || 410000 | 7.601 810000 | 8.718 
35000 | 3.982 || 485000 | 7.788 835000 | 9.506 
60000 | 4.599 || 460000 | 7.828 860000 | 8.983 
85000 | 5.364 || 485000 | 8.085 885000 | 9.153 

110000 | 5.193 || 510000 | 8.252 910000 | 9.539 

135000 | 6.075 || 535000 | 8.003 935000 | 9.354 

160000 | 5.847 || 560000 | 8.155 960000 | 9.727 

185000 | 6.214 || 585000 8.33 985000 | 9.525 

210000 | 6.594 || 610000 8.58 || 1010000 | 9.164 

235000 | 6.632 || 635000 | 8.283 || 1040000 | 9.573 

260000 | 6.835 || 660000 | 8.455 || 1060000 | 9.598 

285000 | 7.179 || 685000 | 8.689 || 1090000 | 9.796 

310000 | 7.137 || 710000 | 8.538 || 1110000 | 9.781 

335000 | 6.834 || 735000 | 9.018 || 1140000 | 9.911 

360000 | 7.162 || 760000 | 9.029 || 1160000 | 10.08 

385000 | 7.214 || 785000 | 8.765 


2.6. General discussion on regression analysis including special cases 
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Solution : 
We make use of QtiPlot to obtain regression parameters in both cases. The 
data is entered as two columns in the spreadsheet program. Power law is 
specified in the form f(x) = Aox”!, Starting values for the parameters are 
specified as Ag = 0.4 and A; = 0.3. Output from the program is as shown 
below. 


[10/07/13 8:35 AM Plot: ”Graph 5”] 

Non-linear Fit of dataset: Table 1 y-Data, using function: A0*x^2A1 
Weighting Method: No weighting 

Scaled Levenberg-Marquardt algorithm with tolerance = 0.0001 
From x = 1.0000000000000e+04 to x = 1.1600000000000e+06 
AO = 2.7698615691929e-01 +/- 1.9480131413622e-02 

Al = 2.5617382492432e-01 +/- 5.2763957766413e-03 

R42 = 0.9870283845753 

Adjusted R42 = 0.9864387656923 

RMSE (Root Mean Squared Error) = 0.1945613017335 

RSS (Residual Sum of Squares) = 1.703434505951 


Iterations = 5 
Status = success 


Next we calculate the logarithms of each column of data and enter these in 
the columns of QtiPlot. The fit equation is specified as linear and the output 
of the program is as given below. 


[10/07/13 8:48 AM Plot: ”Graph 6”] 

Linear Regression of dataset: Table2 LOGy-Data, using function: A*x+B 
Weighting Method: No weighting 

From x = 4.0000000000000e+00 to x = 6.0640000000000e+00 

B (y-intercept) = -5.9526297891447e-01 +/- 2.3858716353470e-02 

A (slope) = 2.6276386164443e-01 +/- 4.2231554363695e-03 


R42 = 0.9885095707425 

Adjusted R^2 = 0.9879872785035 

RMSE (Root Mean Squared Error) = 0.01241934251538 
RSS (Residual Sum of Squares) = 0.006940803083143 


In the latter case the power law parameters are given by 
Ao = 0.26276386164443, A, = 10~0°9°26297891447 _ 0 9539434533 


Rounding the fit parameters to 3 digits after decimals, we have the following: 


Ao Aj 
Power Fit 0.277 0.256 
Linear Fit to log-log data 0.263 0.254 
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The two fits are now calculated using the regression parameters from the 
above table. The two fits are compared in Figure 2.10 by making a parity 
plot. 
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The two methods of fitting the data essentially give the same results. When 
it comes to determining the goodness of fit and the estimated errors of fit the 
calculations are done by using the data and the fits shown in the above figure. 
Appropriate quantities of interest are shown below: 


2 
Oe Radj 


Power Fit 0.193 0.9867 
Linear Fit to log-log data 0.197 0.9861 


It is thus clear that both procedures yield fits of comparable merit. 


2.6.2 Segmented or piecewise regression 


In all cases treated till now it was assumed that a single regression curve fit the 
data end to end. Many times this may not hold and we have different regression 
curves fitting the data in segments i.e. in different ranges of the independent 
variable. Such situations are common in heat transfer and fluid flow problems 
where different regimes of flow may occur. For example, when flow changes from 
laminar to turbulent, the data may show changes in the way it behaves and it may 
be necessary to divide the data into segments and perform regression individually, 
in these subranges. 


When this is the case, we have to determine the parameters that represent the 
first segment, the parameters that represent the second segment and also the break 
point - the point at which the first segment ends and the second segment starts. It 
is normal to choose the segmental fits such that the function is continuous at the 
break point. This gives an additional condition that is to be satisfied. Thus, if the 
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break point is at x» we require that yr 1(xy) = y¢,2(xy) where ye 1 and yr 9 are the fit 
functions, respectively to the left and right of the break point. 


A simple example with a single break point is presented below to demonstrate the 
procedure of segmented fit to data. 


Example 2.7 


Consider the bivariate data shown in the following table. Explore different 
possibilities of regressing the data. What is the best regression for this data? 
Base your answer on graphical representations and statistical parameters. If 
the standard deviation of data is uniform and equal to 0.4 perform y” test and 
comment on the quality of the fits. 


yi i| xi Yi i| xi Yi 
1 | 1.80 || 10 | 37 | 12.52 || 19 | 85 | 34.04 
5 2.72 || 11 | 41 | 13.31 || 20 | 91 | 36.80 
9 4.52 || 12 | 45 | 14.41 || 21 97 | 39.22 
13 5.22 || 13 | 49 | 15.71 || 22 | 103 | 42.48 
5.91 || 14 | 55 | 19.81 || 23 | 109 | 45.48 
21 7.58 || 15 | 61 | 22.15 || 24 | 115 | 47.68 
25 8.63 || 16 | 67 | 25.41 || 25 | 121 | 51.14 
29 9.62 || 17 | 73 | 27.91 || 26 | 127 | 54.21 
33 | 11.07 || 18 | 79 | 30.78 || 27 | 133 | 56.78 
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Solution : 
Step 1 A plot of the data will show the options we should explore. A simple 
linear - linear plot is made as shown in Figure 2.11. 
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Figure 2.11: Linear-Linear 
plot of data in Example 2.7 
showing unsuitable linear fit 
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Step 2 An examination of Figure 2.11 shows that the data is not linear, 
representable by a single line of regression. Two possibilities are explored. 
First one is a non-linear power fit to the data, end to end. Alternately we 
explore piecewise regression using two regression lines, with a break point 
around x = 45. 

Step 3 Power fit to data is accomplished by using QtiPlot, choosing a 
regression model of form y = Ao +Ayx4?, We obtain the fit shown in Figure 
2.12(a). Even though the fit seems to be much better than the linear fit shown 
in Figure 2.11, the data appears to show a recognizable pattern of deviations 
near the break point alluded to earlier. 
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Figure 2.12: (a) Linear-Linear plot of data in Example 2.7 showing a single power 
fit to data (b) Plot of difference between data and yf ı 


Step 4 At this stage we are ready to look at the third alternative of fitting 
the data by two different linear segments with break point around x = 45. As 
a prelude to this we fit a regression line to the data between x = 1 and x = 45 
using QtiPlot and label it as yf,ı. Make a plot of the difference between the 
given data and yf as shown in Figure 2.12(b). Up to x = 45 only the random 
noise in the data survives and the data beyond shows a linear trend. 

Step 5 Fit a second line of regression to y— yr to the right from the break 
point and call it yf, 2. The data is then represented by yp, till the break point 
and by yf,ı + yf,2 beyond it. The line yf» is represented by the equation yr 2 = 
m(x— xp) as it passes through x = xp. Since xp is unknown we may search 
for the best value of x, by requiring the sum of squares of errors between the 
segmented fit and the data to be the smallest. This may be accomplished as 
given below. 


Assume an x, value and obtain yf by fitting a straight line to the data up 
to x =x». Now obtain y- yf, for the entire data. Beyond x = x, the data is 
expected to be given by yf 2. In QtiPlot use the option “fit slope” to obtain 
the slope of yf 2, viz. s. With this slope obtain ys» for x > xp. Then obtain 
yf = yp till x = xp and yf = yf, + yf,2 beyond it. Using this fit calculate the 
sum of squares of errors. For example, we obtain the following when three 
different values of x, are used. 
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27 7 
xo } Wi-yfi) 
E 


41 4.7737 
45 2.1093 
49 4.4466 


It is apparent that the optimum value of x, is close to 45. We may fit a 
quadratic to the above data, differentiate it with respect to x, and set it equal 
to zero to obtain the optimum value. The reader may easily show that the 
optimum value is x opt = 45.18. 

We then obtain the fit with this value of x, to obtain the best segmented fit to 
data. Figure 2.13 shows the data and the segmented fit that is continuous at 


x = 45.13. 
{| o Data F 
so H — Segmented Fit 
| | with xp=45.13 


40 
1 Figure 2.13: Linear-Linear 
plot of data in Example 2.7 
showing segmented fit to 
data with break point at 
xp = 45.13. 
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Step 6 Statistical parameters are now calculated to compare the three fits 
that have been presented above. In the case of single line of regression the 
number of parameters is 2 and hence the degrees of freedom is vj = 27—2 = 25. 
In the case of single power fit the number of degrees of freedom is vg = 27 — 
3 = 24. In the case of the segmented fit there are five parameters, slope and 
intercept of first line segment, slope and intercept of the second line segment 
and the break point. However we have an extra condition that the regression 
be continuous at the break point. Hence the degrees of freedom is v3 = 27-—5+ 
1 = 23. Standard deviations are estimated for the three fits. We also calculate 
RG dj for each of the fits. 

1. Single line fit end to end: 
yp = 0.4272x — 2.0054; oe = 1.76; R44; = 0.9903 
2. Single non-linear fit end to end: 
yf = 1.9716 + 0.1006x'*°™*; oe = 0.66; R44; = 0.9953 
3. Optimum segmented fit: 
yp = 0.2897x + 1.4449; yf 2 = 0.1924(x— x»); Te = 0.30; Riaj = 0.9997 
with x, = 45.13. 

Step 4 Improvement in the standard deviation as well as the R? value 
indicates that the segmented fit is the best bet. 

Step 5 Using the various fits presented above, setting o = 0.4 we may 
easily calculate the y? for each of the fits. Critical values corresponding 
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to the respective degrees of freedom may then be obtained by invoking the 
spreadsheet function CHISQINV(0.9, v) corresponding to a = 0.1. The results 
are tabulated and the appropriate comment in the last row speaks for the 
quality of the fit. 


Fit Single line Single power fit Segmented fit 
v 25 24 23 

r 481.811 59.257 13.199 

lem 34.382 33.196 32.007 


Remark Unacceptable Unacceptable Acceptable 


Concluding remarks 


This chapter has considered in detail the representation of data by a regression 
line or curve. Such a representation is useful in presenting experimental data for 
applications in design and analysis. Linear regression, polynomial regression, 
non-linear regression, multiple linear regression and segmented regression have 
been presented in detail. Test of goodness has been introduced through various 
statistical parameters and also via the x° test. 


Chapter 3 


Design of experiments 


This is a short chapter that deals with the concepts involved in the design of 
experiments (DOE). Goal of DOE is to obtain as much information as 
possible about a certain system using the smallest number of experiments. In 
this chapter we consider process related DOE as well as those that involve 
general physical systems that need to be characterized using experimental 


data. 
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3.1 Design of experiments 


3.1.1 Goal of experiments 


e Experiments help us in understanding the behavior of a (mechanical) system 
e Data collected by systematic variation of influencing factors helps us to 
quantitatively describe the underlying phenomenon or phenomena 


The goal of any experimental activity is to get the maximum information about a 
system with the minimum number of well designed experiments. An experimental 
program recognizes the major “factors” that affect the outcome of the experiment. 
The factors may be identified by looking at all the quantities that may affect the 
outcome of the experiment. The most important among these may be identified using 
a few exploratory experiments or from past experience or based on some underlying 
theory or hypothesis. The next thing one has to do is to choose the number of levels 
for each of the factors. The data will be gathered for these values of the factors by 
performing the experiments by maintaining the levels at these values. 


Suppose we know that the phenomena being studied is affected by the pressure 
maintained within the apparatus during the experiment. We may identify the 
smallest and the largest possible values for the pressure based on experience, 
capability of the apparatus to withstand the pressure and so on. Even though the 
pressure may be varied “continuously” between these limits, it is seldom necessary 
to do so. One may choose a few discrete values within the identified range of the 
pressure. These will then be referred to as the levels. 


Experiments repeated with a particular set of levels for all the factors consti- 
tute replicate experiments. Statistical validation and repeatability concerns are 
answered by such replicate data. 


In summary an experimental program should address the following issues: 


e Is it a single quantity that is being estimated or is it a trend involving more 
than one quantity that is being investigated? 

e Is the trend linear or non-linear? 

e How different are the influence coefficients? 

e What does dimensional analysis indicate? 

e Can we identify dimensionless groups that influence the quantity or quantities 
being measured? 

e How many experiments do we need to perform? 

e Do the factors have independent effect on the outcome of the experiment? 

¢ Do the factors interact to produce a net effect on the behavior of the system? 


3.1.2 Full factorial design 
A full factorial design of experiments consists of the following: 


e Vary one factor at a time 
e Perform experiments for all levels of all factors 
e Hence perform the large number of experiments that are needed! 
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e All interactions are captured (as will be shown later) 
Consider a simple case: 
Let the number of factors = k 
Let the number of levels for the if? factor = n; 


The total number of experiments (n) that need to be performed is given by 
k 
n= I] ni (3.1) 


If k = 5 and number of levels is 3 for each of the factors the total number of 
experiments to be performed in a full factorial design is n = 3° = 243! The goal 
of design of experiments (DOE) is to explore the possibility of reducing this large 
number of experiments to a smaller number and yet obtain all the information that 
we desire from the experiment. 


3.1.3 2” factorial design 


Consider a simple example of a 2" factorial design. Each of the k factors is assigned 
only two levels. The levels are usually designated as High = 1 and Low = —1. Such 
a scheme is useful as a preliminary experimental program before a more ambitious 
experimental study is undertaken. The outcome of the 2" factorial experiment will 
help identify the relative importance of factors and also will offer some knowledge 
about the interaction effects. Let us take a simple case where the number of factors 
is also 2. Let these factors be x4 and xg. The number of experiments that may be 
performed is 4 corresponding to the following combinations: 


Experiment 
Number “A xe 
1 1 1 
2 -1 1 
3 1 -1 
4 -1 -1 


Let us represent the outcome of each experiment to be a quantity y. Thus yı will 
represent the outcome of experiment number 1 with both factors having their “High” 
values, y2 will represent the outcome of the experiment number 2 with the factor 
A having the “Low” value and the factor B having the “High” value and so on. The 
outcome of the experiments may be represented as the following “outcome” matrix: 


xalxp— | +1 | -1 
+1 yı | y3 
-1 y2 | y4 
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A simple regression model that may be used to describe the relationship between y 
and the x’s is one that can have up to four parameters. Thus we may represent the 
regression equation as 


y =Po + PAXA + PBXB + PABXAXB (3.2) 


where the p’s are the regression parameters. In Equation 3.2 parameters paandpg 
account for the “main” effects and the parameter pg accounts for the “interaction” 
effect due to the simultaneous effects of the two x’s on the outcome of the experiment. 
The p’s are the parameters that are determined by using the “outcome” matrix by 
the simultaneous solution of the following four equations: 


Pot+PAt+PBt+PAB=)1 (3.3) 
Po-PA+PB-PAB= Y2 (3.4) 
Po+PA-PB-PAB=Y3 (3.5) 
Po-PA-~PBt+PAB=Y4 (3.6) 


The four Equations 3.3-3.6 are to be solved simultaneously to get the four param- 
eters. If we add all the equations we get the value of parameter po given by 


+ y2 + y3 + 
Po= vite 18 4 which is nothing but the mean of the y’s. This is also obtained 


by the substitution of mean values for x4 and xg given by the set 0,0. In Example 
3.1 we shall look at how the other parameters are obtained. 


Equations 3.3-3.6 express the fact that the outcome may be interpreted as shown 
in Figure 3.1. It is seen that the values of y— po at the corners of the square 
indicate the deviations from the mean value and hence the mean of the square of 
these deviations (we may divide the sum of the squares with the number of degrees 
of freedom = 3) is the variance of the sample data collected in the experiment. The 
influence of the factors may then be gaged by the contribution of each term to the 
variance, indicated by the magnitude of the p’s. These ideas will be brought out by 
Example 3.1. 


Spread 
< > 
-1,+1 +1,+1 
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Mean © J , 2 
= Figure 3.1: Interpretation of 2 
0,0 g factorial experiment 
v 
+1,-1 
Example 3.1 


A certain process of finishing a surface involves a machine. The machine has 
two speed levels x4 and the depth of cut xg may also take on two values. The 
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two values are assigned +1 and -1 as explained in the case of the 2? factorial 
experiment. The outcome of the process is the surface finish y that may have 
a value between 1 (the worst) to 10 (the best). A 2? factorial experiment was 
performed and the following matrix gives the results of the experiments: 


xa | xg—> | +1 ail 
+1 2 | 82 
=il 1.5 | 3.5 


Determine the regression parameters and comment on the results. 


TT 


Solution : 
The regression model given in Equation 3.2 is made use of. The four 
simultaneous equations for the regression parameters are given by 


Po+tpA+tpB+PpAB=2 (3.7) 
Po-PA+PB-PaBp=1.5 (3.8) 
Po+PA-PB- Pap =8.2 (3.9) 
Po-PA~PBt PAB =3.5 (3.10) 


As mentioned earlier, the parameter po is obtained as the mean of the y’s 


given by 
— 24+154+8.24+3.5 15.2 _ 


3.8 
Po 4 4 
Equation 3.7-3.8+3.9-3.10 gives 
2-1.5+8.2-3.5 5.2 
= = =1.3 
PA 4 4 
Equation 3.7+3.8-3.9-3.10 gives 
2+1.5- 8.2-3.5 8.2 
PB 1 A 05 
Equation 3.7-3.8-3.9+3.10 gives 
2-1. .2+3. 4.2 
PAB= 8 3 3 = = 1.05 


4 4 


Thus the regression equation based on the experiments is (based on Equation 
3.2) 
y = 3.8 + 1.3x4 — 2.05xg — 1.05x4 xB 


The deviation d with respect to the mean is obviously given by 
d = y -3.8 = 1.3x4 —2.05xp — 1.05x4 xB 


It may be verified by the reader that the total sum of squares (SST) of the 
deviations is given by 


SST = 4[p? + ph + p4p] = 411.3? +2.05? + 1.05°] = 27.98 
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The sample variance is thus given by 


2_ SST _ 27.98 


es Eas x9. 
Gea aT S 


Contributions to the sample variance are given by 4 times the square of the 
respective parameters and hence we also have 


SSA = 4x1.3?=6.76 


SSB 4x 2.057 = 16.81 
SSAB 4x 1.057 = 4.41 


Here SSA means the sum of squares due to variation in level of x4 and so 
on. The relative contributions to the sample variance are represented as 
percentage contributions in the following table: 


Contribution % Contribution 


SST 27.98 100 

SSA 6.76 24.16 
SSB 16.81 60.08 
SSAB 4.41 15.76 


Thus the dominant factor is the depth of cut followed by the machine speed 
and lastly the interaction effect. In this example all these have significant 
effects and hence a full factorial experiment is justified. 


3.1.4 More on full factorial design 


We would like to generalize the ideas described above in what follows. Extension 
to larger number of factors as well as larger number of levels would then be straight 
forward. Let the High and Low levels be represented by + and - respectively (we have 
just dropped the numeral 1, assuming that that is what is implied). In the case of 22 
factorial experiment design the following will hold: 


XA | XB | XAXB 


Row vector1 | + + + 
Row vector 2 | + - - 
Row vector 3 - + - 


Row vector 4 - - + 
Column sum 0 0 
Column sum | 4 4 4 
of squares 


© 
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We note that the product of any two columns is zero. Also the column sums are 
zero. Hence the three columns may be considered as vectors that form an orthogonal 
set. In fact while calculating the sample variance earlier these properties were used 
without being explicitly spelt out! 


Most of the time it is not possible to conduct a large number of experiments! 
Experiments consume time and money. The question that is asked is: “Can we 
reduce the number of experiments and yet get an adequate representation of the 
relationship between the outcome of the experiment and the variation of the factors?” 
The answer is in general “yes”. We replace the full factorial design with a fractional 
factorial design. In the fractional factorial design only certain combinations of the 
levels of the factors are used to conduct the experiments. This ploy helps to reduce 
the number of experiments. The price to be paid is that all interactions will not be 
resolved. 


Consider again the case of 2? factorial experiment. If the interaction term is 
small or assumed to be small only three regression coefficients po, pa,andppg will be 
important. We require only three experiments such that the four equations reduce 
to only three equations corresponding to the three experimental data that will be 
available. They may be either: 


Pot+tPAt+PB=Y1 (3.11) 

Po-PA+PB=y2 (3.12) 

Pot+PA-~PB=Y3 (3.13) 
or 

PotPAt+PB=Y1 (3.14) 

Po-PA+PB= y2 (3.15) 

Po-PA~PB=%4 (3.16) 


depending on the choice of the row vectors in conducting the experiments. 


In this simple case of two factors the economy of reducing the number of 
experiments by one may not be all that important. However it is very useful to go 
in for a fractional factorial design when the number of factors is large and when we 
expect some factors or interactions between some factors to be unimportant. Thus 
fractional factorial experiment design is useful when main effects dominate and 
interaction effects are of lower order. Also we may at any time do more experiments 
if necessitated by the observations made with a smaller set of experiments. 


3.1.5 One half factorial design 


For a system with k factors and 2 levels the number of experiments in a full 
factorial design will be 2k. For example, if k = 3, this number works out to be 
23 = 8. The eight values of the levels would correspond to the corners of a cube as 
represented by Figure 3.2. A half factorial design would use gk-1 experiments. With 
k =8 this works out to be 2? = 4. The half factorial design would cut the number of 
experiments by half. In the half factorial design we would have to choose half the 
number of experiments and they should correspond to four of the eight corners of the 
cube. We may choose the corners corresponding to a,b,c and abc as one possible set. 
This set will correspond to the following: 
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Point | xa | xg | xc 
a + - - 
b - + - 
c - - + 
abc + + + 


Spread 


Figure 3.2: Interpretation of 2° 
factorial experiment with k = 3 


Spread 
We notice at once that the three column vectors are orthogonal. Also the points are 
obtained by requiring that the projection on to the left face of the cube gives a full 
factorial design of type 2? or 2-1 Tt is easily seen that we may also use the corners 
a',b',c' and a’b’c' to get a second possible half factorial design. This is represented 


by the following: 


Point | x4 | xB | xc 
a’ El a|s 
b' +] -|+ 
A - | + f+ 

alb'c | - - - 


In each of these cases we need to perform only 4 experiments. Let us look at the 
consequence of this. For this purpose we make the following table corresponding to 


a,b,c,abc case. 


Point xa | xg | xc | xaxp | xaxc | xBxc | XAxBxXC 
a + - - - - + + 
b - + - - + - + 
c - - + + - Š + 
abc + + + + + + + 
Column No. | 1 2 3 4 5 6 7 


Notice that Column vector 1 is identical to the Column vector 6. We say that these 
two are “aliases”. Similarly the column vectors 2-5 and column vectors 3-4 form 
aliases. Let us look at the consequence of these. 
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The most general regression model that can be used to represent the outcome of 
the full factorial experiment would be 


v= Po +t PAXA + PBXB + PCXC + PABXAXB 
+PacxAaxc + PBCXBXC + PABCXAXBXC (3.17) 


There are eight regression coefficients and the eight experiments in the full factorial 
design would yield all these coefficients. However we now have only four experiments 
and hence only four regression coefficients may be resolved. By looking at the 
procedure used earlier in solving the equations for the regression coefficients, it 
is clear that it is not possible to obtain the coefficients that form an alias pair. 
For example, it is not possible to resolve pa and pgc. These two are said to be 
“confounded”. The student should verify that the following are also confounded: 
PB;PAC3PC>PAB;P0;PABC: The consequence of this is that the best regression we 
may propose is 


Y= Pot PAXA + PBXB+ PcxXC (3.18) 


All interaction effects are unresolved and we have only the primary effects being 
accounted for. The regression model is a multiple linear model. The student may 
perform a similar analysis with the second possible half factorial design and arrive 
at a similar conclusion. 


Generalization 
The above ideas may be generalized as under: 


Consider a 2” full factorial design. The number of experiments will be 2°. 
These experiments will resolve k main effects, kO; - 2 factor interactions, k C3 -3 
factor interactions.,......, kO zi - (k-1) factor interactions and 1 - k interactions. For 
example,if k = 5, these will be 5 main effects, 10 - 2 factor interactions, 10 - 3 factor 
interactions, 5 - 4 factor interactions and 1 - 5 factor interaction. The total of all 
these is equal to 2% — 1 = 31). 


In summary: 


e The 2? experiments will account for the intercept (or the mean) and all 
interaction effects and is referred to as Resolution k design. (With k = 5, we 
have full factorial design having resolution 5. Number of experiments is 32). 

e Semi or half factorial design 2'-1 will be resolution (k — 1) design. (With k = 5, 
we have half factorial design having resolution 4. Number of experiments is 
16). 

e Quarter factorial design will have a resolution of (k — 2). (With k = 5, we have 
quarter factorial design having resolution 3. Number of experiments is 8). And 
so on... 


The reader may determine all the aliases in these cases. 
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3.1.6 Other simple design 


We now look at other ways of economizing on the number of experimental runs 
required to understand the behavior of systems. We take a simple example of 
characterizing the frictional pressure drop in a tube. A typical experimental set up 
will look like the one shown in Figure 3.3. 


The factors that influence the pressure drop (measured with a differential pressure 
gage) between stations 1 and 2 may be written down as: 


1. Properties of the fluid flowing in the tube: Density p , the fluid viscosity u (2 
factors) 

2. Geometric parameters: Pipe diameter D, distance between the two stations 
L and the surface roughness parameter (zero for smooth pipe but non-zero 
positive number for a rough pipe). (2 or 3 factors) 

3. Fluid velocity V (1 factor) 


The total number of factors that may influence the pressure drop p is thus equal to 
5 factors in the case of a smooth pipe and 6 factors in the case of a rough pipe. The 
reader may verify that a full factorial design with just two levels would require a total 
of 32 (smooth pipe) or 64 (rough pipe) experiments. In practice the velocity of the fluid 
in the pipe may vary over a wide range of values. The fluid properties may be varied 
by changing the fluid or by conducting the experiment at different pressure and 
temperature levels! The diameter and length of the pipe may indeed vary over a very 
wide range. If one were to go for a design of experiment based on several levels the 
number of experiments to be performed would be prohibitively large. The question 


Ap 


Station 1 
Station 2 


Flow 
velocity V 


Pipe inner surface qualifier 
- smooth/rough 


Figure 3.3: Schematic of an experimental set up for friction 
factor measurement in pipe flow 


now is: “How are we going to design the experimental scheme?” How do we conduct 
a finite number of experiments and yet get enough information to understand the 
outcome of the measurement? We look for the answer in “dimensional analysis” 
(the student would have learnt this from his/her course in Fluid Mechanics), for this 
purpose. Dimensional analysis, in fact, indicates that the outcome of the experiment 
may be represented by a simple relationship of the form 


(3.19) 
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The reader may verify that both the left hand side quantity and the quantities 
within the bracket on the right hand side are dimensionless. This means both 
are pure numbers! The “f” outside the bracketed term on the right hand side 


A 
indicates a functional relationship. In Fluid Mechanics parlance a is known as 
p 


the Euler number, PVD 


€ 
is known as the Reynolds number and D is non-dimensional 
H 

roughness parameter, the ratio of pipe wall roughness to the pipe diameter. The 


fourth non-dimensional parameter that appears above is the ratio D Essentially 


the Euler number is a function of only three factors, the Reynolds number, roughness 
parameter and the length to diameter ratio! The number of factors has been reduced 
from 6 to just 3! We may conduct the experiments with just a couple of fluids, a few 
values of the velocity, a couple of different diameter pipes of different lengths and 
wall roughnesses to identify the nature of the functional relationship indicated in 
Equation 3.19. 


Friction factor for flow in a smooth pipe: 


It is intended to verify the applicability of Blasius formula for friction factor 
0.316 


Re?.25° 
It is known from the literature that this formula is valid in the range 4 x 10° < Re < 
10° and agrees with data with an error band of +5 %. Device a suitable experimental 
program for this verification exercise. 


variation with Reynolds number Re, for flow in a smooth pipe, given by f = 


Several decisions need to be taken while devising an experimental program for 
performing the verification exercise. These are listed below along with the decision. 


1. Fluid with which to perform the experiments: Common fluids, with 
ready availability in any laboratory, are air and water. Pressure and 
temperature effects may be severe with air while they are mild in the case 
of water. Air may also require drying, especially on humid days. Hence we 
choose water as the working fluid. 

2. Selection of tube material: Common tube materials used in the laboratory 
are PVC and drawn copper or brass tubes. Effect of corrosion is mild with 
these materials. Tubes made of mild steel is not suitable. In the present case 
we choose copper tubes. These have roughness value of ¢ = 1.5 um. For most 
purposes we may treat the pipe as smooth. 

3. Diameter and lengths of tubes to be used in the experiments: Diameter 
and lengths need to be chosen keeping in mind the range of Reynolds numbers 
to be realized in the experiments. Length is determined by requiring the 
pressure drop to be large enough to be measured accurately. Length also 
should be such that entrance effects are not important and the flow is fully 
developed.” Choice of diameter and lengths will be made using a preliminary 
analysis to be given later. 


1 Obtained from http://www.enggcyclopedia.com/2011/09/absolute-roughness 
?Refer to a book on Fluid Mechanics such as Frank M. White, Fluid Mechanics (SI units), 
7” edition, McGraw-Hill, NY 2011 
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4. Range of fluid velocities to be used in the experiments: Velocity range 
may be selected based on the chosen pipe diameters and the required range of 
Reynolds number. 

5. Choice of instruments: Calculations based on the Blasius formula for 
friction factor may be used to calculate the expected pressure drop over the 
range of velocities intended to be used in the experiments. Suitable differential 
pressure measuring device has to be chosen based on the expected pressure 
drop. Flow velocity needs to be measured using an instrument that is accurate 
in the chosen velocity range. 

6. Layout of the experimental setup: Layout will have to be worked out to 
realize the goals of the experiment. 


Selection of parameters: 

Having decided on the tube material (drawn copper), diameters, velocities and 
lengths are chosen using preliminary analysis. Four different diameter tubes are 
chosen to cover the range of Reynolds numbers. They are 15.875, 19.05 22.225 
and 41.275 mm OD tubes. The corresponding ID’s are 14.453, 17.526, 20.599 
and 38.786 mm. For the calculations we assume water to be available at a 
temperature of 27°C. Corresponding water properties of interest are T = 300 K; 
Dynamic Viscosity u = 0.000852 kg/ms; Density p = 996.59 kg/m? and Kinematic 
Viscosity v = 8.549 x 10°’ m?/s. We choose the flow velocity range of 0.25 < V < 
2.25 m/s and tabulate the relevant data as a table. 


D,mm_ V,m/s Re 


14.453 0.25 4226 11 
14.453 0.80 13525 15 
17.526 0.50 10250 14 
17.526 1.00 22550 17 
20.599 0.75 18071 16 
20.599 2.00 48190 20 
38.786 1.00 45368 20 
38.786 2.25 102079 24 


Thus we are able to cover the entire Reynolds number range over which the Blasius 
relation is valid. The flow is turbulent over the range of Reynolds number given 


L 
in the exercise. Entry length for turbulent flow is approximately given by D z 


1.359Re°*°, Required entry lengths are shown in the last column of the table given 
above. We may choose an entry length of some 25 tube diameters in all cases. 
Pressure drop data is obtained by measuring the pressure drop down stream of the 
entry length. We may calculate the expected pressure drop per meter length of tube 
in each case and make another table as given below. Note that the Blasius formula 
for f has been used in these estimates. 
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D,mm_ V, m/s Re fBlasius Ap, Pa prea 
14.453 0.25 4226 0.0392 84.5 8.6 
14.453 0.80 18525 0.0293 646.6 66.1 
17.526 0.50 10250 0.0314 223.2 22.8 
17.526 1.10 22550 0.0258 887.1 90.7 
20.599 0.75 18071 0.0273 370.9 37.9 
20.599 2.00 48190 0.0213 2063.7 211.1 
38.786 1.00 45368 0.0217 278.2 28.5 
38.786 2.25 102079 0.0177 1149.8 117.6 


Choice of instruments 

Diaphragm type differential pressure instruments with different ranges may 
be used to measure the pressure drop. In order to increase the pressure differential 
we may choose different lengths of pipes over which the pressure drop is measured. 
For example, in the case of the smallest diameter tube and the smallest velocity we 
may use L = 2.5 m to get the minimum pressure differential of 2.5 x 84.5 = 211.1 Pa. 
We may employ one differential pressure instrument with a range of 0— 1000 Pa and 
another of range 0— 2500 Pa. 


Flow velocity V is the mean velocity with which the fluid flows through the tube. 
It is convenient to estimate the flow velocity, by measuring the volumetric flow rate, 
using a suitable devise and divide it by the cross sectional area of the tube. Several 
options for measuring the volume flow rate are possible as will be discussed in a later 
chapter. 


Control valves are used as necessary. A centrifugal pump of suitable capacity 
may be used for maintaining the flow in the apparatus. Choice of the pump is 
based on specifications of the manufacturer that match the requirements of flow and 
required head. Schematic of the apparatus 


We are now ready to show a schematic of the test set up. It consists of the four tubes 
arranged horizontally between two headers as indicated in Figure 3.4. Headers are 
boxes to which the tubes may be attached, as indicated. Flow through each tube may 
be controlled by a suitable control valve as shown. During the experiments only one 
tube will be operational. Length between the outlet of the control valve and the first 
pressure tap is such that disturbances due to the valve are damped out and the flow 
has become fully developed. Differential pressure transmitter is connected between 
two static pressure taps. Water is drawn from a sump by a pump and passes through 
a flow meter before entering the test section. Water then flows through one of the 
four tubes and is sent back to the sump. The distance between the pressure taps are 
adjusted as previously discussed. Data is collected in the form of the mean velocity 
versus the pressure drop. The data thus collected may be analyzed to yield data in 
the form of friction factor vs Reynolds number. 


The pressure gage attached to the header reads the mean pressure in the test 
section. A thermometer may also be inserted in to the header to measure the 
temperature of water. 
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Pressure gage 


Q —Control valve 
N — Static pressure tap 


DPT- Differential pressure transmitter 


Figure 3.4: Schematic of friction factor measure- 
ment apparatus 


Measurements have been made in an apparatus similar to that shown schemati- 
cally here. Data was collected to cover the range of Re mentioned earlier. The data 
is compared with the Blasius friction factor in Figure 3.5. 


0.04 4 
J = Data 
0.035 7 — Blasius 
0.034 
= ] 
0:9237 Figure 3.5: Experimental verifi- 
| cation of the Blasius friction factor 
0.02 | formula for flow through a smooth 
| tube 
0.015 4 r r r r 
0 5x104 10° 
Re 


The RMS error between the data and the Blasius friction factor formula obtained 
by taking the square root of the average of the sum of squares of the differences 
between the two is RMS Error = 0.0009. Hence the data may be expressed as f = 
fBlasius + 0.0009. 


It appears that the DOE schemes are rarely used in areas such as fluid mechanics 
and heat transfer. A possible reason for this is the inherently nonlinear nature of 
phenomena that involve fluid flow and heat transfer. We consider a simple example 
from convection heat transfer to discuss a few of the issues that impinge on how 
experiments are planned. 
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Consider turbulent flow of a fluid in a tube of circular cross section. Heat transfer 
from the fluid to the tube wall or vice versa is usually related by a relation of the 
form 

Nu =aRe?Pr° (3.20) 


where Nu is the Nusselt number, Re is the Reynolds number and Pr is the Prandtl 
number of the fluid. The parameters a through c depend on the range of Reynolds 
and Prandtl numbers. Parameter c depends on whether the fluid or the wall is 
the hotter. We have two factors in this problem viz. the Reynolds number and the 
Prandtl number. It appears that the interaction effect alone is important and the 
main effects are not important. However, if we take logarithms on both sides of 
Equation 3.20, we get 


log(N uw) = log(a)+blog(Re)+clog(Pr) (3.21) 
Y A X X: 
ni 2 


It appears that the main effects are now important and the interaction effects are 
not! 


Concluding remarks 


This chapter has dealt with design of experiments - a task which every 
experimentalist needs to do before performing any measurements. Apart from 
deciding on the factors and levels, design of experiments involves the design of a 
suitable test set up and the choice of appropriate instruments for performing the 
measurements. When the reader is conversant with the material of the rest of the 
book this task will be easy to accomplish. 
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Exercise | 


I.1 Errors and error distributions 


Ex I.1: Find the mean and variance of the first ten terms of a geometric progression 
with 2 the first term and 1.05 the common ratio. 


Ex I.2: Find the mean and variance of the first ten terms of an arithmetic 
progression with 2 the first term and 1.05 the common difference. 


Ex I.3: A certain measurement gave the value of g, the acceleration due to gravity, 
as 9.804 m/s?. The precision of measurement is specified by the standard 
deviation given by 0.00055 m/s”. If the measurement is repeated what is the 
probability that the value is within 9.804 + 0.001 m/s”? You may assume that 
the probability distribution is normal. 


Ex I.4: A certain measurement gave the value of specific heat of air as 1006 J/kg K. 
The precision of measurement is specified by the standard deviation given 
by 35 J/kg K. If the measurement is repeated what is the probability that 
the value is within 1006+ 45 J/kg K? You may assume that the probability 
distribution is normal. 


Ex I.5: Diameter of 360 shafts, in a production unit, were measured with a 
micrometer and the mean diameter was found to be 5.028 mm. The standard 
deviation was determined as +0.002 mm. How many of the measured values 
will lie within +0.002 mm, +0.006 mm, +0.009 mm of the mean value? 

Is there a justification for assuming that the data is normally distributed? 
Explain. 


Ex I.6: A certain length measurement is made 300 times and the mean of these is 
2.253 m. The standard deviation is determined as +2.3 mm. How many of the 
measured values will lie within +0.0023 m of the mean value? 


Ex I.7: A certain length measurement is made 100 times and the mean of these is 
2.508 m. The standard deviation is determined as + 0.003 m. How many of the 
measured values will lie within + 0.0015 m, + 0.006 m, +0.009 m of the mean 
value? Is it reasonable to assume that the errors are distributed normally? 
Explain. 
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Ex I.8: Diameter of the spindle of a machine has been measured repeatedly and the 
data is given below: 


Trial # 1 2 3 4 5 
Diameterinmm 6.755 6.746 6.562 6.558 6.716 


Determine the mean diameter of the spindle and the variance of the sample. 
Use t - statistics to specify an error bar with 95% confidence. 


Ex I.9: In carefully collected data it is alright to discard data that are beyond 3 
standard deviations of the mean. The following data has been obtained by 
repeated measurements of the melting point of an alloy: 


Trial Temperature Trial Temperature 


No. 5E No. 2G 
1 454.69 6 453.63 
2 454.62 7 453.71 
3 453.56 8 455.51 
4 454.31 9 453.79 
5 454.49 10 453.74 


It is known that the experiment has been carried out carefully and the 
standard deviation of the measured temperature is expected to be no more 
than +0.25K. Obtain the best value of the melting point of the alloy and its 
standard deviation after discarding any data based on the criterion spelt out 
at the beginning of the exercise. 


Ex I.10: An experimenter monitors the temperature of a constant temperture bath 
over a period of 30 minutes. Manufacturer has guaranteed that the the 
temperature of the bath will be stable with a standard deviation of 0.2°C. 
The data collected by the researcher gave the following values for the deviate 
i.e. the actual reading minus the set point value in °C. 

No. 1 2 3 4 5 6 7 8 9 
Deviate -0.07 0.34 -0.02 -0.02 0.03 0.26 0.17 0.84 -0.36 
No. 10 11 12 13 14 15 16 17 18 


Deviate 0.26 -0.01 0.45 0.17 0.03 -0.16 0.14 -0.02 0.18 


Test the data for normality. Verify whether the manufacturer’s claim is 
sustained. 


Ex I.11: Two stes of data were collected by two researchers working in the same 
laboratory using the same experimental set up. The quantity being measured 
was the same, viz. the speed of sound in air at 298 K. From the measured data 
the deviates were calculated, with respect to the mean value and the deviates 
are tabulated below. 


I.1. Errors and error distributions 
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l 1 2 3 4 5 6 7 

di1 90.567 0.369 0.292 0.147 0.461 -0.632 0.153 
di2 -0.579 1.725 0.924 0.472 0.413 -0.099 0.052 
i 8 9 10 11 12 13 14 
di1 0.778 -0.208 -0.258 -0.090 0.359 0.092 0.096 
di2 -0.213 -0.065 -0.662 -0.776 -0.160 0.357 -1.050 


Verify whether the two sets of deviations are normally distributed. Is it 
necessary to discard any data treating them as outliers? Comment on the 
two sets of data based on their respective standard deviations. 


Ex I.12: Specification given below is typical of a pressure transmitter. 


Output 4 to 20 mA DC (2-wire) 

Supply Voltage 12 to 32 V DC with Vmin = 12V + 
(0.022A x loop resistance 

Insulation Resistance > 100 MQ 

Adjustments Zero: -10 to 110% FS 

Rangeability Span: -10 to 110% FS 

Accuracy +0.25% FS URL 


Response Time 


30 ms (adjustable) 


Output Resolution 


0.1% FS (URL) 


Display 4 digit, 10 mm LCD with Red backlight 


Display Accuracy 


+0.25% FS (URL) + 1 digit 


FS is Full Scale; URL is Upper Range Limit 


Discuss accuracy and precision issues of this transmitter if the URL is 10 bar 


gauge. 


Ex 1.13: Repeated measurement of diameter of a shaft yields the following data. 
How would you specify the diameter and the corresponding uncertainty? Is 
the claim that the diameter has an uncertainty of less than +0.05 cm valid? 


No. Diameter, No. Diameter, 

cm cm 
1 2.37 9 2.46 
2 2.48 10 2.38 
3 2.42 11 2.42 
4 2.37 12 2.40 
5 2.87 13 2.46 
6 2.42 14 2.39 
7 2.48 15 2.38 
8 2.41 16 2.55 


Verify whether the deviates from the mean are normally distributed. Is it 


necesary to discard any data? 


Ex I.14: It is claimed that the temperature is given by a certain thermometer with 
a standard deviation of 0.2°C. The following replicate data has been recorded 
by that thermometer. Does the data validate the claim? Is the deviation 
distribution normal? Verify using different tests discussed in the text. 
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No. £C No. tC 
1 34.92 9 34.82 
2 35.13 10 34.78 
3 35.00 11 34.93 
4 34.91 12 35.00 
5 34.78 13 34.96 
6 35.09 14 35.19 
7 35.00 15 35.07 


Exercise I 


Ex I.15: Replicate data obtained in a certain experiment is given as a table. The 
deviates have been calculated with respect to the mean so that the mean of the 
deviates is zero. Data is tabulated in ascending order. Make a box and whisker 
plot. Discard any data which you consider to be outliers. After discarding 
outliers make a fresh box and whisker plot. Comment based on the two box 
and whisker plots. Use a suitable test of normality on raw data and the data 


after discarding outliers. 


pane Deviate fone Deviate are Deviate 
1 -1.004 13 -0.269 25 0.174 
2 -0.969 14 -0.131 26 0.190 
3 -0.853 15 -0.129 27 0.319 
4 -0.809 16 -0.124 28 0.338 
5 -0.539 17 -0.037 29 0.438 
6 -0.467 18 0.040 30 0.552 
7 -0.456 19 0.095 31 0.570 
8 -0.393 20 0.096 32 0.571 
9 -0.387 21 0.102 33 0.629 
10 -0.330 22 0.104 34 0.886 
11 -0.327 23 0.140 35 0.987 
12 -0.322 24 0.150 36 1.167 


I.2 Propagation of errors 


Ex I.16: The radius of a circle and the radius of a sphere are measured subject to 
the same error. Which will have a larger fractional error, the area of the circle 
or the volume of the sphere? Explain. 


Ex I.17: Ifboth the radius and the height of a cylinder are measured with the same 
precision of 1% what is the specification for the precision of the estimated 
volume of the cylinder? What would you suggest to improve the precision of 
the estimated value of the volume of the cylinder? 


Ex 1.18: Volume of a cylinder is to be determined by using the measured values 
of its diameter and length. The measurements show that the diameter is 
12.55+0.02 mm and the length is 199.5+0.05 mm. Determine the volume of 
the cylinder and specify an error bar for the same. Express the error bar also 


as a percentage. 
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Ex 1.19: Two resistances R; and Rə are given as 1000041250 and 5000+75Q. 
Determine the equivalent resistance when these two are connected in a) series 
and b) parallel. Also determine the uncertainties in these two cases. 


Ex 1.20: The diameter of a pipe is measured repeatedly and it is estimated to be 
D = 0.025 +0.001mm. Air at 300K is flowing in the pipe with a velocity that 
has been measured as V = 1.03+0.005m/s. The viscosity of air obtained from 
the table may be expected to have an error of +1%. The Reynolds number 
Re is calculated based on this data. What is the best value of Re and the 
uncertainty in it? 


Ex I.21: Two resistances are connected in series and parallel. The values of the 
resistances are:R; = 100.0 + 0.3Q, R2 = 50 + 0.20. Calculate the equivalent 
resistance and its uncertainty in each of these cases. 

A 9 V battery is connected across the two resistance arrangements. What are 
the currents and the uncertainties in each case. 


Ex I.22: The diameter of a pipe is measured repeatedly and it is estimated to be 
0.025m. Helium at 305 K is flowing in the pipe with a velocity that has 
been measured as 1.55m/s. Estimate the Reynolds number based on this 
data. If the measured quantities are susceptible to respective uncertainties 
of 1%, 0.3% and 0.2% what is the error in the estimated value of the Reynolds 
number? 


Ex I.23: A certain water heater operates at 110 V and draws a current of 9.2 A. It 
is known that the voltage and current measurements are susceptible to errors 
of +5 V and +0.15 A. What is the nominal power drawn by the heater and 
what is its uncertainty? 


Ex 1.24: The formula y = Ae?* relates the derived quantity y to the measured 
quantity x. If the values of A,b and x respectively are 10+0.5, 0.5+0.02 and 
2+0.05 what is the fractional error in the derived quantity y? 


Ex I.25: Heat transfer from the walls of a tube to a flowing fluid is related by the 
formula Nu = 0.023Re°®pr?? where Nu is the Nusselt number based on 
diameter, Re is the Reynolds number based on diameter and Pr is the fluid 
Prandtl number. We are given the parameter values of Re=50000+500, Pr = 
4.71+0.25. Find the nominal value of Nusselt number and specify a suitable 
uncertainty for the same. Express the uncertainty also as a percentage. 


Ex 1.26: The inner and outer diameters of a cylindrical shell are measured and 
are found to be ID = 550.3 mm, OD = 8540.3 mm. The thickness of the 
shell is independently measured and is found to be t = 15 +0.83 mm. What is 
the fractional error in the thickness determined from the first measurement 
involving the measurement of diameters and the second measurement that 
measures the shell thickness directly? The shell volume is determined from 
the measurements reported above. Estimate the shell volume and specify a 
suitable uncertainty on it. 


tanh(mL) 


Ex 1.27: The efficiency of a uniform-area circular pin fin is given by, ņ = L 
m 


| 4h 
where m = ED’ In the above, A is the heat transfer coefficient in W/m? C, k 
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is the thermal conductivity of the fin material in W/m°C, D is the diameter of 
the pin fin in m and L is the fin length in m. In a certain case h= 6743; k = 
45+2; D= 0.01+0.0001 and L = 0.12+0.002. Determine the fin efficiency along 
with its uncertainty. 


Ex 1.28: The temperature difference across a slab is estimated using the measured 
temperatures at its two boundaries. The two temperatures are Tı = 38°C 
and Tə = 24 °C. Each of these is subject to an error of + 0.2°C. What is the 
expected error in T1 — Tə in °C and in %? Do you think it is better to measure 
the temperature difference directly? Explain. 


Ex I.29: The area of a rectangle is estimated by measuring its length and breadth. 
These measurements are each subject to an uncertainty of +0.5%. What is the 
% uncertainty in the estimated area of the rectangle? 


Ex I.30: A triangle ABC has the following specifications: 


Length of side AB is c = 0.2 0.002 m 
Angle B = 45 + 0.2° Angle A = 59 + 0.3° 


Estimate the area of the triangle and also its uncertainty. 


Ex I.31: Grashof Number is a non-dimensional parameter that occurs in free 
convection problems. It is given by Gr = (gBATL)/v, where g is the 
acceleration due to gravity, p is the isobaric compressibility of the medium, AT 
is a characteristic temperature difference in the problem, L is a characteristic 
length dimension and v is the kinematic viscosity of the medium. In a 
certain situation the following data is given: g = 9.81 m/s2, B = 0.00065K oe 
AT = 298+0.5K, L = 0.05+0.001m, v = (14.1+0.3)10-°m?/s. Determine the 
nominal value of Gr and its uncertainty. 


Ex 1.32: The length of a simple pendulum is measured as 23 + 0.2 cm. The local 
acceleration due to gravity has been estimated as 9.65+0.03 m/s”. What is the 
period of oscillation of the pendulum and its uncertainty? 


Ex 1.33: The relation between distance traveled s in time t by a particle subjected 
to constant acceleration a is given by the well known formula s = ut + at?/2 
where u is the velocity at t = 0. From an observation the following data is 
given: u = 1+ 0.01 m/s, a = 2.340.014 m/s? and t = 15+0.005 s. What is the 
nominal distance traveled by the particle after 15 s and its uncertainty? 


Ex 1.34: The volume of a sphere is estimated by measuring its diameter by vernier 
calipers. In a certain case the diameter has been measured as D = 0.0502 + 
0.00005 m. Determine the volume and specify a suitable uncertainty for the 
same. 


I.3 Regression analysis 


Ex I.35: The following data is expected to follow the linear law y =mx+c where m 
and c are respectively the slope and intercept parameters. 
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y 5 12 11 14 20 
x 6 7 8 9 10 
y 24 27 26 32 33 


Calculate the correlation coefficient. Based on this comment on the goodness 
of fit. Determine the fit parameters. Specify an error bar for the fit. 


Ex 1.36: The following data are expected to follow a linear relation of the form y = 
ax+b. Obtain the best fit by least squares. Estimate the value of y at x = 3 
and specify an error bar for the same. 


x 09 23 33 45 5.7 7.7 

y 11 16 26 32 4 6 
Make a plot to compare the data and the fit. Determine the correlation 
coefficient. Perform the y? test and comment on the quality of the fit. 


Ex 1.37: Heat transfer data given below has been collected in an experiment 
involving turbulent tube flow of a fluid with a constant Prandtl number of 
Pr = 4. The data is expected to follow a law of form Nu = aRe®Pr°?, where a 
and b are constants to be determined by the method of least squares. 


Re(in thousands) 1 1.2 1.8 2.2 3 


Nu 56.1 59.8 91.9 102.7 142.2 
Re(in thousands) 4.2 5.1 6.3 7 9.4 
Nu 185 192.9 236.1 271.3 390.6 


Make suitable plots to assess the goodness of fit. 
Ex I.38: Saturation temperature and saturation pressure of water are given in the 
following table: 
AG 0 20 40 60 80 100 120 
p,kPa 0.6108 2.337 17.875 19.92 47.36 101.33 198.54 
Fit a curve of form /n(p) = A+ B/T (Arrhenius type relation), where T is in K, 


by the least square method and using EXCEL. Comment on the goodness of 
the fit 


Ex I.39: The following data are expected to follow a linear relation of the form y = 
ax+b. Obtain the best fit by least squares. . Estimate the value of y at x = 1.5 
and specify an error bar for the same. 


x 0.4 0.6 0.8 1.0 1.2 1.4 
y -0.174 0.058 0.312 0.532 0.740 1.07 
1.6 1.8 2.0 2.2 2.4 
y 1.306 1.584 1.91 2.084 2.337 


R 
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Ex 1.40: The following data are expected to follow a linear relation of the form 
y=ax+b. Obtain the best fit by least squares. Calculate also the standard 
deviation of the predicted straight line variation from the data. 

x 09 23 33 45 5.7 7.7 
y 11 16 26 3.2 40 6.0 


Make a plot to compare the data and the fit. Determine the correlation 
coefficient. 


Ex 1.41: The following data are expected to follow a functional form Nu = 0.53Re°*!. 


Re 12 20 30 40 100 300 400 1000 3000 
Nu 18 2.7 30 35 5.1 105 109 18 32 


Determine the index of correlation and comment on the goodness of the fit. 
Make two suitable plots showing the data and the fit. What is the expected 
error when the fit is made use of to estimate the Nusselt number Nu at a given 
Reynolds number Re? 


Ex 1.42: The following data follows a linear relation of form z = ax +by+ c. 


x 0.21 0389 0.56 0.78 1.02 1.24 1.34 1.56 1.82 
y 0.41 0.78 1.22 1.62 190 244 288 3.22 3.46 
z 1462 1.808 1.979 2.192 2.479 2.616 2.989 3.106 3.466 


Make such a fit using the method of least squares. Determine the index of 
correlation and also make a parity plot. Can you specify a suitable error bar 
on z? 


Ex I.43: The following data is expected to follow the law y = ax®. Determine a and 
b by least squares and discuss the goodness of the fit by: 
a. calculating the index of correlation and b. performing a y? test. 
x 1.21 1.85 2.4 2.75 4.5 5.1 7.1 8.1 
y 1.18 1.65 4.90 890 20.10 31.30 56.00 81 
Make different types of plots. Estimate the value of y when x= 3, 7.5. Specify 
errors for these. 


Ex 1.44: Thermal conductivity of Titanium varies with temperature as indicated 
below: 


T,K 100 200 400 600 800 1000 1200 1500 
k,W/mK 30.5 245 204 19.4 19.7 20.7 22.0 24.5 
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Use spreadsheet program of your choice and various possible trend line options 
to arrive at what you consider is the best one. Calculate the index of 
correlation and comment on the quality of the fit. Perform a Chi square test. 
Show the results by making different types of plots. 


Ex I.45: Speed of sound in atmospheric air varies with temperature as shown in 
the table. Fit a suitable curve to the data after justifying the choice. 
i. -40 0 20 40 60 80 
a,m/s 306.0 320.3 334.1 340.5 346.9 353.3 


Ex I.46: x and y are expected to obey the law y = a+cx?. Makea plot to see whether 
this is a reasonable expectation. Then determine a and c by the method of 
least squares. Discuss the goodness of fit by performing different tests. Do 
you think it is possible to use linear regression in this case? If yes use this to 
simplify your problem. 

x -1.0 -0.8 -0.6 -0.4 0 04 06 08 1.0 
y 0.01 0.35 0.65 0.82 0.99 0.83 0.64 0.34 0.01 

Ex I.47: The response of a thermocouple is represented by the relation E = at + 
bt?/2 + ct?/3 where E is in mV and t is in °C and the reference junction is at 
the ice point. The data for Chromel-Alumel or K type thermocouple is given in 
the form of a table. What are the values of a,b and c for this thermocouple? 

tE 37.8 93.3 148.9 204.4 260 
E,mV 1.520 3.819 6.092 8.314 10.560 
tC 371.1 537.8 815.6 1093.5 1371.1 
E,mV 15.178 22.251 33.913 44.856 54.845 


How good is the fit compared to the data? What will be the thermocouple 
output when t = 300°C? Use spreadsheet program of your choice for the curve 
fit using the built in “trend line" option. 


Ex I.48: The following data is expected to follow the law y = 1.439 + 0.0826x + 
0.046x”. 
x 1 2 3 4 5 6 
y 157 1.79 210 2.52 3.02 3.61 


Calculate the index of correlation. How good is the fit? What is the number 
of degrees of freedom? What is the standard error of fit with respect to data? 
What would be the correlation coefficient if the data were to be fit using a 
linear law? Compare this with the index of correlation calculated above and 
make a suitable comment. 
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Ex I.49: The variation of Prandtl number of Ethylene glycol with temperature is 
given in the table below: 
T,K 273 280 290 300 310 320 
Pr 617 400 286 151 108 = 73.5 
T,K 330 340 350 360 370 373 
Pr 55 42.8 346 286 23.7 22.4 


It is observed that the logarithm of the Prandtl number is close to being a 
linear function of temperature. Fit a quadratic to log(Pr) vs. T using EXCEL. 
Determine the error between the fit and the data. Calculate the index of 
correlation and comment on the fit. Make suitable plots using EXCEL. What 
would be the goodness of fit if linear relationship is assumed to exist between 
log(Pr) and T? 


Ex 1.50: Density of water varies with temperature as shown in the table. 


TRE 0 20 40 60 80 100 
p,kgim® 999.8 998.3 992.3 983.2 971.6 958.1 
WE! 120 140 160 180 200 


p,kgim® 942.9 925.8 907.3 886.9 864.7 


Make a plot to determine what will be a reasonably good fit to data. Determine 
the fit you propose. Discuss its merits. 


Ex 1.51: Following data consists of two sets of data obtained in a certain experiment 
in which the cause is x and the effect is y. The set yı was taken with 
instruments that were considered later to be not of good quality. The second 
set of data was taken after replacing the measuring instruments with those of 


good quality. 
x yı y2 x yı %2 
0.20 1.16 0.55 2.12 3.67 4.25 
0.50 1.99 1.24 2.56 5.17 4.86 
0.85 1.40 1.94 2.86 6.31 5.69 
1.23 2.29 2.83 3.15 5.55 6.46 
1.75 3.27 3.31 3.46 6.29 6.27 


Is it reasonable to believe that the second set of data is a better representation 
of the relationship between the cause and the effect? Comment based on 
statistical parameters, assuming that the cause effect relationship is linear. 


Ex I.52: Transient data of a first order system was taken in an experiment 
performed in the laboratory. Temperature readings have been converted by 
taking logarithm to base 10. Time ¢ has units of s. It is believed that the 
system time constant might have changed at an intermediate time which 
remains unknown. 
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t log(y) t log(y) t log(y) 


0 1.4783 40 1.7562 80 1.9095 

5 1.5243 45 1.7884 85 1.9161 
10 1.5640 50 1.8146 90 = 1.9282 
15 1.5976 55 1.83860 95 1.9321 
20 1.6297 60 1.8546 100 1.9392 
25 1.6590 65 1.8698 105 1.9475 
30 1.6823 70 1.8866 110 1.9524 
35 1.7231 75 1.8965 115 1.9572 


Obtain the best estimates for the time constant before and after the time 
constant changed and also the best estimate for the time at which the time 
constant change took place. Use a spreadsheet program for solving this 
problem. 
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Ex 1.53: A certain quantity y depends on three factors A, B and C. Four 
experiments were conducted as given in the table below, using two levels for 
each factor. 


0.90 
0.35 
0.24 

- = = 005 


What would be a possible way of ralating the outcome to the factors? Obtain 
the parameters in such a relation. Compare the three factors based on their 
relative effects on the outsome. 


Ex I.54: Friction factor for flow in a pipe is known to follow a relation of the type 
f= aRe® where Re is the Reynolds number and a,b are constants. The 
relation is valid only when the flow is fully turbulent, with the Reynolds 
number exceeding 10000. You are to design a suitable experimental scheme 
so that the values of a,b can be determined. Make use of the concepts of 
DOE for this purpose. Identify suitable instruments also for conducting the 
experiments. 


Ex 1.55: A certain physical system is governed by four factors. Discuss how you 
would use DOE principles to set up a fractional factorial scheme. What would 
be the deficiencies in your proposed scheme. Discuss how non-linear effects 
may be taken in to account using DOE. 
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Module II 


Measurements of Temperature, Heat 
Flux and Heat Transfer Coefficient 


This module consists of three chapters (4, 5 and 6) that deal with the 
measurement respectively of temperature, systematic errors in temperature 
measurement and heat flux. Measurement of temperature is common to 
all branches of science and engineering. It has also matured over a long 
period of more than two centuries. Several instruments based on different 
principles are available to measure temperature under various conditions. Since 
thermometry is a vast subject several books are available that deal primarily 
with thermometry. Keeping the needs of the reader in mind Chapter 4 
presents the basic principles and also deals with issues such as measurement 
of temperature transients. Thermometric errors and their estimation is the 
topic considered in detail in Chapter 5. This is the longest chapter in this book. 
Even then the coverage is by no means complete. The reader should refer to the 
current literature for additional information. Typical applications of interest to 
the mechanical engineer have guided the choice and the order of presentation 
of the topics that fall under temperature measurement. Heat flux and heat 
transfer coefficient are quantities that are of primary interest in all thermal 
engineering applications. Techniques that are commonly employed are dealt 
with in Chapter 6. 
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Chapter 4 


Measurements of 
Temperature 


Thermometry is the art and science of temperature measurement. Practical 
thermometry requires an understanding the basic principles of thermometry 
which are presented at the beginning of this chapter. This is followed by the 
description in detail of various methods of temperature measurement. These 
are based on thermoelectricity, resistance thermometry, radiation pyrometry 
and several other techniques. Towards the end we present in detail issues 
arising when temperature transients are to be measured. 
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4.1 Introduction 


Temperature is a primary quantity that is commonly involved in mechanical 
systems and processes and needs to be measured with fair degree of precision and 
accuracy coupled with good repeatability. It is also necessary to measure variations 
of temperature with time and hence transient response of instruments that measure 
temperature are discussed in great detail. Systematic errors that may occur in 
measurement of temperature are also examined in sufficient detail. 


4.2  Thermometry or the science and art of 
temperature measurement 


4.2.1 Preliminaries 


Temperature along with pressure is an important parameter that governs many 
physical phenomena. Hence the measurement of temperature is a very important 
activity in the laboratory as well as in industry. The lowest temperature that is 
encountered is very close to 0 K and the highest temperature that may be measured 
is about 100,000 K. This represents a very large range and cannot be covered by 
a single measuring instrument. Hence temperature sensors are based on many 
different principles and the study of these is the material of several sections to follow. 


We take recourse to thermodynamics to provide a definition for temperature of a 
system. Thermodynamics is the study of systems in equilibrium and temperature 
is an important intensive property of such systems. Temperature is defined via the 
so called “zeroth law of thermodynamics”. A system is said to be in equilibrium 
if its properties remain invariant. Consider a certain volume of an ideal gas at a 
specified pressure. When the state of this volume of gas is disturbed it will eventually 
equilibrate in a new state that is described by two new values of volume and pressure. 
Even though we may not be able to describe the system as it is undergoing a change 
we may certainly describe the two end states as equilibrium states. Imagine two such 
systems that may interact through a wall that allows changes to take place in each of 
them. The change will manifest as changes in pressure and/or volume. If, however, 
there are no observable changes in pressure and volume of each one of them when 
they are allowed to interact as mentioned above, the two systems are said to be in 
equilibrium with each other and are assigned the same temperature. The numerical 
value that is assigned will have to follow some rule or convention as we shall see 
later. 


The zeroth law of thermodynamics states that if a system C is in equilibrium 
separately with two thermodynamic systems A and B then A and B are also in 
equilibrium with each other. At once we may conclude that systems A and B are at 
the same temperature! Thermometry thus consists of using a thermometer (system 
C) to determine whether or not two systems (A and B) are at the same temperature. 


Principle of a thermometer 


Principle of a thermometer may be explained by referring to Figure 4.1. Consider a 
thermodynamic system whose state is fixed by two properties - coordinates - X and Y. 
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It is observed that several pairs of values of X,Y will, in general, be in equilibrium 
with a second system of fixed temperature (or a fixed state). These multiplicity of 
sates must all be characterized by the same temperature and hence represent or 
define an isotherm. 

Y 

A 


Isotherms 


Figure 4.1: Principle of thermometry 
explained 


Assume that one of the coordinates of the system (Y) is fixed at a value equal 
to Yo. Then there is only one sate that will correspond to a given isotherm. If the 
system is allowed to equilibrate with a system characterized by different isotherms, 
the property X will change as indicated by the points of intersection X1,X2,--- and 
so on. These will then correspond to the respective temperatures T;,7T2,--- and so 
on. We refer to X as the thermometric property and the system as a thermometer. 


Table 4.1 shows several thermometers that are actually used in practice. The 
thermometric property as well as the symbol that is used to indicate it is also shown 
in the table. 


Table 4.1: Thermometers and thermometric properties 


Thermometer Thermometric property Symbol 


Gas at constant volume Pressure P 


Electric resistance un- 


; Electrical resistance R 
der constant tension 


Thermal electromotive 


Th l 

ermocouple force E 
Saturated vapor of a Pressure P 
pure substance 

Black body radiation Spectral emissive power Eba 
Acoustic thermometer Speed of sound a 


Constant volume gas thermometer 


We look at the constant volume gas thermometer in some detail now. Schematic of 
such a thermometer is shown in Figure 4.2. It consists of a certain volume of a gas 
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Manometer Manometer 
i SA EES Manometer 
gare. liquid 
reservoir 
Reference 


line 


Flexible 


Gas at tubing 
constant <q 
volume 


Rigid vessel 


Isothermal 


Figure 4.2: Schematic of a 
enclosure 


constant volume gas thermometer 


contained in a rigid vessel. The vessel is connected to a “U” tube manometer with a 
side tube and height adjustable reservoir as shown. The volume is kept constant by 
making the meniscus in the left limb of the “U” tube always stay at the mark made on 
it. The right limb has a graduated scale attached to it as shown. The gas containing 
vessel is immersed in a constant temperature environment. The graduated scale 
helps in determining the pressure of the confined gas in terms of the manometer 
head (detailed discussion on pressure measurement using a manometer will be given 
in section 7.2). 


The following experiment may be performed. Choose the pressure of the gas 
to have a definite value when the constant temperature environment corresponds 
to standard fixed state such as the triple point of water (or the ice point at one 
atmosphere pressure). Now move the thermometer into an environment at the steam 
point (boiling point of water at one atmosphere). The pressure of the gas has to be 
adjusted to a higher value than it was earlier by adjusting the height of the reservoir 
suitably so as to make the meniscus in the left limb of the “U” tube stay at the mark. 
The above experiment may be repeated by taking less and less gas to start with by 
making the pressure at the triple point of water to have a smaller and smaller value 
(the vessel volume is the same in all the cases). This may be done by evacuating 
the vessel by connecting it to a vacuum pump. The experiment may also be repeated 
with different gases in the vessel. The result of such an experiment gives a plot as 
shown in Figure 4.3. In the figure the ratio of the pressure inside the vessel at steam 
point to that at the triple point of water is plotted as a function of the initial gas 
pressure within the vessel. The ratio of the pressure of the gas pst corresponding 


to the steam point to that at the triple point of water p:p tends to a unique number 
as Pip — 0 (the intercept on the pressure ratio axis) independent of the particular 
gas that has been used. This ratio has been determined very accurately and is given 

Pst 
by 


Ptp 
unique ratio and by assigning a numerical value of Tip = 273.16 K or ttp =0.01°C . 


= 1.366049. The gas thermometer temperature scale is defined based on this 
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gfir pirri rrir] rria 


-o- Gas A 
= Gas B 
— Gas C 
--- Extrapolation 


Figure 4.3: Gas thermometer 


characteristics 
(6) ee ee ee 
0 100 200 300 400 
. . Pt 
The defining relation is 
T. 
T E 1.366049 or T,; = 1.366049 x 273.16 = 373.149945 = 373.15 K (4.1) 
tp Ptp 


The triple point of water that has been assigned the value of 273.16 K is referred to 
as the single fixed point of thermometry. It is also referred to as the primary fixed 
point. At this temperature ice, liquid water and water vapor all coexist, ifin addition, 
the pressure is maintained at 4.58 mm Mercury column or 610.65 Pa. The ice point 
is at 273.15 K or 0°C, 1 atmosphere pressure and was used earlier as the primary 
fixed point in thermometry. In routine laboratory practice the ice point is easier to 
achieve and hence is commonly used. 


Equation 4.1 may be generalized to define the constant volume gas thermometer 


T a 


temperature scale as 


The reason we take the pressure ratio as the pressure at the 
triple point goes to zero is because all gases behave ideally as the pressure of the 
gas tends to zero. The reader will recognize that the equality of temperature and 
pressure ratios for an ideal gas is Boyle’s law, familiar to us from thermodynamics. 
The temperature scale defined through Equation 4.2 is referred to as the ideal gas 
scale of temperature. 


In determining the melting point of a certain alloy with a gas thermometer, an 
investigator finds the following values of the pressure p in mm mercury when 
the pressure pzp at the triple point of water has the indicated value. 


Ptp 100 200 300 400 
p 233.4 471.6 714.7 962.9 
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If the triple point of water is taken as 273.16 K, what is the melting point of 
the alloy? 


Solution : 
In order to determine the melting point we need the limiting value of the 


ratio eae as Ptp — 0. This value is obtained by extrapolation. The ratios are 
P 


tp 
calculated and are given by the following table. 


Pip 100 200 300 400 
ena 2.334 2.358 2.382 2.407 
Ptp 


Difference at 0.024 0.024 0.025 


Since the common differences are constant we may extrapolate linearly to get 


lim - =2.334-0.024 = 2.31 
Ptp—9 Ptp 


The melting point of the alloy on the ideal gas scale is then given by 


Tmp =Ttp lim —- = 273.16 x 2.31 = 630.99 K 
Ptp~9 Ptp 


4.2.2 Practical thermometry 


We have mentioned earlier that the range of temperatures encountered in practice 
is very wide. It has not been possible to device a single thermometer capable of 
measuring temperatures covering the entire range. Since all thermometers must 
be pegged with respect to the single fixed point viz. the temperature at the triple 
point of water, it is necessary to assign temperature values to as many reproducible 
states as possible, using the constant volume gas thermometer. Subsequently these 
may be used to calibrate other thermometers that may be used to cover the range of 
temperatures encountered in practical thermometry. Thermometers having overlap 
regions, where more than one is capable of being used, helps in covering the complete 
range of the temperature scale. These ideas are central to the introduction of 
International Temperature Scale 1990 (or ITS90, for short). The following is a brief 
description of ITS90. 


Specification of ranges and corresponding 
thermometers according to ITS 90 


e Between 0.65 K and 5.0 K T 99 is defined in terms of the vapor-pressure 
temperature relations 3He and tHe. 

e Between 3.0 K and the triple point of neon - 24.5561 K - T99 is defined by 
means of a helium gas thermometer calibrated at three experimentally re- 
alizable temperatures having assigned numerical values (defining secondary 
fixed points) and using specified interpolation procedures. 
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e Between the triple point of equilibrium hydrogen - 13.8033 K - and the 
freezing point of silver - 1234.93 K - T99 is defined by means of platinum 
resistance thermometer calibrated at specified sets of defining fixed points 
and using specified interpolation procedures 

e Above the freezing point of silver - 1234.93 K - T 99 is defined in terms of a 
defining fixed point and the Planck radiation law. 


In the above 790 signifies temperature in K according to ITS90 and t90 signifies 
temperature in °C . It is noted that ITS 90 uses several “secondary fixed points” to 
define the temperature scale. These are shown in Table 4.2. Note that T is used to 


Table 4.2: Secondary fixed points specified in ITS90 


Equilibrium ” Equilibrium A 
State Took tə C State Took sm C 
Triple point 438033 -259.3467 | Lmiple point 23483156 -38.8344 
of Hə of Hg 
Boiling point 7 7 
of Hə at 250 17 -256.15 Triple point 279316 0.01 
of H20 
mmHg 
Boiling point ; 
of Hə at 1 20.3 -252,85 | Melting 302.9146 29.7646 
point of Ga 
atm. 
Triple point 04.5561 -248.5939 | FTeezing 429.7483 156.5985 
of Ne point of In 
Triple point 54.9584 -218.7916 (een 505.078 231.928 
of O2 point of Sn 
Triple Point Freezing 
Te 83.8058 -189.3442 | ny, 983473 660.323 
Freezing 
nointofag 1284.93 961.78 


specify temperature in K and ¢t in °C. Even though the ITS90 specifies only a few 
thermometers, in practice many other thermometers are also made use of. Many of 
these will also be discussed in this book. 


Summary 


Properties that vary systematically with temperature may be used as the basis of 
a thermometer. Several are listed here. 


¢ Thermoelectric thermometer 
v Based on thermo-electricity 
- Thermocouple thermometers using two wires of different materials 
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e Electric resistance 
v Resistance thermometer using metallic materials like Platinum, Copper 
and Nickel etc. 
v Thermistors consisting of semiconductor materials like Manganese-Nickel- 
cobalt oxide mixed with proper binders 


° Thermal expansion 
v Bimetallic thermometers 
v Liquid in glass thermometer using mercury or other liquids 
v Pressure thermometer 


e Pyrometry and spectroscopic methods 
v Radiation thermometry using a pyrometer 
v Special methods like spectroscopic methods, laser based methods, interfer- 
ometry etc. 


4.3 Thermoelectric thermometry 


Thermoelectric thermometry is based on thermoelectric effects or thermo-electricity 
discovered in the 19th century. They are: 


© Seebeck effect discovered by Thomas Johann Seebeck in 1821! 
© Peltier effect discovered by Jean Charles Peltier in 1824 ? 
© Thomson effect discovered by William Thomson (later Lord Kelvin) in 1847 3 


The effects referred to above were all observed experimentally by the respective 


scientists. All these effects are reversible unlike heat diffusion (conduction of heat in 


the presence of temperature gradient) and Joule heating (due to passage of an electric 
current through a material of finite electrical resistance) which are irreversible. 
In discussing the three effects we shall ignore the above mentioned irreversible 
processes. 

(discussed later on). 


4.3.1 Thermoelectric effects 


Current I 


Wire A 
Tı T2 


Wire B 
Figure 4.4: The Peltier effect 


Consider two wires of dissimilar materials connected to form a circuit with two 
junctions as shown in Figure 4.4. Let the two junctions be maintained at different 


IThomas Johann Seebeck 1770 - 1831, German physicist 
? Jean Charles Athanase Peltier 1785 - 1845, French physicist 
3Kelvin, Lord William Thomson 1824 - 1907,Scottish physicist and engineer 
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temperatures as shown, by the application of heat at the two junctions. An electric 
current will flow in the circuit as indicated with heat absorption at one of the 
junctions and heat rejection at the other. 
The power absorbed or released at the junctions is given by where 
Tap is the Peltier voltage (this expression defines the Peltier emf), Qp is rate at 
which the heat absorbed or rejected (the dot over Q indicates rate of change with 
respect to time). The direction of the current will decide whether heat is absorbed 
or rejected at the junction. For example 


This again depends on the nature of the two materials that form the 


junction. The subscript AB draws attention to this fact! ‘The above relation may be 


@p(net)= ranir, = rasin aa 


Current I Ol 


S Wire A N 
Ti T2 


Figure 4.5: The Thomson effect 


| . Note that if the 
direction of the current is as shown the electrons move in the opposite direction. If 
T2 > Tı, the electrons move from a region of higher temperature to that at a lower 
temperature. In this case heat will be rejected from the wire. ' 


(4.4) 


Current I 


Wire A 
Ti T2 
Wire B 


9 


Figure 4.6: The Seebeck effect 
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We may write the emf appearing across the cut as 


T2 
Vs =Ve+Vr=[nanln,—maslr,| + f, (ca —Op)dT (4.5) 
X 


We define the Seebeck coefficient (unit: V/K or VFC) through the relation 


aan= Fe (4.6) 


Equation 4.5 
may be rewritten in the differential form, using the definition of Seebeck coefficient 
given above as 


dVs _ dTAB : 
ar 48 = ar (oA —OB) (4.7) 
or 
dVs = aapdT =dnap +(o4 -—op)dT (4.8) 


Kelvin relations 


Since the thermoelectric effects (Peltier and Thomson effects) are reversible in 
nature there is no net entropy change in the arrangement shown in Figure 4.4 (this 
is a consequence of the second law of thermodynamics). The entropy changes are 
due to heat interactions between the circuit and the surroundings due to Peltier 
and Thomson heats (strictly speaking, powers). The entropy change due to Peltier 
effect may be obtained as follows. We again assume that the temperature difference 
between the two junctions is a small differential quantity. 


At junction 1 the entropy change is due to Peltier heat interaction and hence is 
given by f 
_Q&p1l _ naBlTi) 


I 4.9 
SP1 Ty Ty (4.9) 


Similarly at junction 2 the entropy change is 


Qp2 _ ,maB(T2) (4.10) 


ee T2 T2 


Thus the net change in entropy due to Peltier heat interactions is 


TAB 


dsp=Id | (4.11) 


The net change in entropy due to Thomson heat in the two conductors may be written 


as 
dsr s124- ap (4.12) 


4.3. Thermoelectric thermometry 113 


Combining these two the net entropy change is 


TAB] (04—OB) 


dsn =T {a| F 7 


ar}=0 (4.13) 


The current I can have arbitrary value and hence the bracketed term in Equation 
4.13 must be zero. 


TAB _ (Ga -0B) _ dap dT (o4-0B) _ 
a= poa ar = A nat AAT = 0 (4.14) 


Equation 4.8 may be rearranged as 


(o4 —-Op)dT =dV,—dnap (4.15) 
Introducing this in Equation 4.14 we get 
dTAB dT dV;-dī4B 
H =0 4.16 
r "A T (4.16) 
or 
nan=T 2 -Taan =Tas (4.17) 


Here the Seebeck coefficient has been re designated as Vg, to be in tune with common 
practice. Equation 4.17 is known as the First Kelvin relation. Differentiate 
Equation 4.17 to get 


dmap=agdT+ Tdag (4.18) 
Combine this with Equation 4.8 to arrive at the relation 
dag d?Vs 
oa See E 4.19 
AE r dT? ee 


Equation 4.19 is known as the Second Kelvin relation. 


We shall see based on Example 4.2 that the coefficients in the polynomial are 
related to the three thermoelectric effects, on application of the Kelvin relations. 
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Example 4.2, 
The thermocouple response shown below (Copper - material A, Constantan - 
material B thermocouple with the reference (or cold) junction at the ice point) 
follows approximately the relation Vg = at+ bt”. Obtain the parameters a and 
b by least squares. Here t is in °C and Vg is in mV. 


t 37.8 93.3 148.9 204.4 260 
Vs 1.518 3.967 6.647 9.523 12.572 


Solution : 
Since the fit follows a quadratic relation with zero intercept as specified above, 
it is equivalent to a linear relation between E = Vg/t and t. Since Vg/t is a 
small number we shall work with 100Vs/t and denote it as y. We shall denote 
the temperature as t. The following table helps in evolving the desired linear 
fit. 


t y A y? ty 
37.8 4.015873 1428.84 16.12724 151.8 
93.3 4.251876 8704.89 18.07845 396.7 

148.9 4.46407 22171.21 19.92792 664.7 

204.4 4.659002 41779.36 21.7063 952.3 

260 4.835385 67600 23.38094 1257.2 
Sum 744.4 22.22621 141684.3 99.22085 3422.7 
Mean | 148.88 4.445241 28336.86 19.84417 684.54 


The statistical parameters are calculated and presented in the form of a table. 


Variance oft | 6171.606 
Variance of y | 0.084001 
Covariance ty | 22.73252 
Slope of fit line | 0.003683 
Intercept of fit line | 3.896856 


Reverting back to ¢ and Vg, we get the following relation: 
Vg = 0.03897t + 3.683 x 105z? 


We compare the data with the fit in the table below: 
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t Vs Vs(fit) 
37.8 1518 1526 
93.3 3.967 3.956 
148.9 6.647 6.619 
204.4 9.523 9.504 
260 12.572 12.622 


Standard error of the fit with respect to data may be calculated as 


| _ :+))2 
Oe = Vs A 0.035mv 
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Figure 4.7: Comparison between 
| data and the fit for a Copper 
J t Constantan thermocouple pair 
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The 3 in the denominator is the degrees of freedom. A plot is made to 
compare the data and the fit (Figure 4.7). It is clear that the thermocouple 


behavior is mildly nonlinear. 


Example 4.2 has shown that the thermoelectric data may be expressed in terms 
of a global polynomial to facilitate interpolation of data. A simple quadratic fit 
has been used to bring home this idea. In practice the appropriate interpolating 
polynomial may involve higher powers such that the standard error is much smaller 
than what was obtained in Example 4.2. As an example, the interpolating polynomial 
recommended for the K type thermocouple (Material A is Chromel and material B is 


Alumel) with the reference junction at the ice point is given as’: 


Vy = 39.44386t + 5.895322 x 107°4? — 4.2015132 x 1078: + 1.3917059 x 107 #4 (4.20) 


4TTS90 recommended relationship consists of a ninth degree polynomial plus an 
exponential term containing two more coefficients. Coefficients are tabulated in 
srdata.nist.gov/its90/type_j/jcoefficients_inverse.html 
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This is a fourth degree polynomial and passes through the origin. The Seebeck 
voltage is given in uV and the temperature is in °C. The appropriate parameters 
at the ice point are obtained as (note: t = 0°C and T = 273.15 K): 


dVs dVs 
= FS e 44 $ 4.21 
as AT 7 39.44uV °C ( ) 
TChromel—Alumel = Tas = 273.15 x 39.444 = 10744.1 uV (4.22) 


d 
Giese Alumel = Se = —273.15 x 2x 0.00005895 = —0.0322064 uV /°C (4.23) 


Equation 4.21 follows from the definition while Equations 4.22 and 4.23 follow from 
Kelvin relations. 


The variation of the Seebeck coefficient over the range of this thermocouple is 
given in Figure 4.8. 
0.045 L i I 1 Il i j Eee Kane’ 1 L Ii ıı 


Seebeck coefficient, mVPC 
5 
A 


0.03 +t 
0 200 400 600 800 1,000 1,200 1,400 
Temperature, °C 
Figure 4.8: Variation of Seebeck coefficient with temperature for Chromel-Alumel 

thermocouple pair 


A short excerpt from Table of Seebeck voltages is taken; the corresponding fit 
values are calculated using the above fourth degree polynomial and presented in 
Table 4.3. Note that the voltages in this Table are in mV. The maximum deviation 
is some 0.102 mV. The standard error is approximately 0.053 mV! This translates 
to roughly an error of 1.2°C. 


Table 4.3: Short table of Seebeck voltages for Chromel Alumel thermocouple 
t Vs Vs(fit) t Vs Vs(fit) 
37.8 1.52 1.499 371.1 15.178 15.237 
93.3 3.819 3.728 537.8 22.251 22.276 
148.9 6.092 5.99 815.6 33.913 33.874 
204.4 8.314 8.273 | 1093.3 44.856 44.879 
260 10.56 10.581 | 1371.1 54.845 54.827 
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The above shows that the three effects are related to the various coefficients in the 
polynomial. The Seebeck coefficient and the Peltier coefficients are related to the first 
derivative of the polynomial with respect to temperature. The contributions to the 
first derivative from the higher degree terms are not too large and hence the Seebeck 
coefficient is a very mild function of temperature. In the case of K type thermocouple 
this variation is less than some 2% over the entire range of temperatures. The 
Thomson effect is related to the second derivative of the polynomial with respect 
to temperature. 


4.3.2 On the use of thermocouple for temperature 
measurement 


We shall be looking at basic theoretical aspects and practical aspects of mea- 
surement of temperatures using thermocouples. General ideas are explored first 
followed by important practical aspects. Simple or basic thermocouple circuit used 
for temperature measurement is shown in Figure 4.9. 


tm 


Figure 4.9: Simple thermocouple 
circuit 


B 


The basic thermocouple circuit consists of a wire of P type material (P stands for 
positive) and a wire of N type material (N stands for negative) forming a measuring 
junction and a reference junction as shown (more about P and N materials will be 
given later). The voltmeter is connected by making a break in the P type wire as 
shown. Thus two more junctions are formed between P type wires and binding posts 
of the voltmeter. As we shall see later the voltmeter will indicate the correct Seebeck 
voltage corresponding to tm if the two extra junctions formed with the voltmeter are 
at the same temperature. If tm > tr, the voltmeter will indicate a positive voltage, 
the way it is connected. 


We now look at the temperature variations along the wires that make up the 
simple circuit shown in Figure 4.9. It is likely that the thermocouple wires pass 
through a region of uniform temperature (eg. the laboratory space) a short distance 
away from the junctions that are maintained at the indicated temperatures. The 
state of affairs is schematically shown in Figure 4.10. It is clear that the temperature 
varies rapidly within a short distance from the measuring and reference junctions 
(the variation is determined by the thermal properties of the wire and the nature of 
the ambient) and come to the ambient temperature. Recall that the thermoelectric 
effects (Peltier and Thomson) are confined to either the junctions or to the region 
along the wires that have a temperature variation along them. Those regions along 
the wire that are isothermal do not give rise to any thermoelectric effects. 


Hence it is possible to change the simple circuit shown in Figure 4.9 to a practical 
circuit shown in Figure 4.11. 
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Figure 4.10: Temperature 
variations along the wires 


Distance along the wires 


tm 


Figure 4.11: Practical thermo- 
couple circuit 


tr 


In the practical circuit the thermocouple wires are long enough such that the 
ends away from the junctions are at room temperature. Copper wires are used 
as shown, in the largely isothermal region. Apart from the measuring and the 
reference junctions there are six more junctions that are formed! The use of copper 
wires reduces the cost of the installation since thermocouple wires are usually very 
expensive. To validate the use of copper lead wires we present below the three 
important laws of thermoelectric circuits. 


1. Law of homogeneous materials 


A thermoelectric current cannot be sustained in a circuit of a single homogeneous 
material however it varies in cross section by the application of heat alone. 


2. Law of intermediate materials 


The algebraic sum of the thermoelectric forces in a circuit composed of any number 
of dissimilar materials is zero if all the junctions are at the same temperature 


The law is explained with reference to Figure 4.12. The Seebeck emf E developed 
is independent of the fact that a third material C forms two junctions with the + 
and - materials as shown in the first part of Figure 4.12. Since the material C is 
isothermal the situation is equivalent to a single measuring junction between the + 
and - materials as indicated in the latter part of the figure. 


3. Law of successive or intermediate temperatures 


This law is explained with reference to Figure 4.13. The Seebeck voltage is Ey; 
with the measuring junction at tı and the reference junction at tg. The Seebeck 
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tm Cc tm tm 
P P 
N => N 
E E 
tr P tr P 


Figure 4.12: Illustration of the law of intermediate 
materials 


11e W2 + toe > IE] 
Ei E2 
e< tı %2 
E3 


Figure 4.13: Illustration of the law of intermediate 
temperatures. Note that E3 = E1 + E2. 


voltage is E2 with the measuring junction at t2 and the reference junction at t3. 
Then the Seebeck voltage is E3 = E1 + E2 with the measuring junction at tı and the 
reference junction at t3. Utility of this very important law will be brought out later. 


The law 2 of thermo-electricity enunciated above guarantees that these 
do not have any effect on the Seebeck voltage developed by the thermocouple circuit. 
The copper wires are at room temperature (uniform temperature) and hence the law 
of intermediate materials asserts that the circuit is equivalent to one in which the 
copper wires are absent! In fact the temperature variations along the wires are 


as indicted in Figure 4.14. 
Sometimes compensating lead 


wires are made use of. These are made of the same material as the thermocouple 
wires but not of the same quality. They may also be made of cheaper alloys that 
have thermoelectric properties closely following the thermoelectric properties of the 
thermocouple wires themselves. 


Ice point reference 


This is achieved in the laboratory 


by the use of an arrangement shown schematically in Figure 4.15. Crushed ice water 
(as long as there is both ice and water the temperature remains fixed at the ice point) 
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Figure 4.14: Temperature 

variations along the wires of a 

practical thermocouple circuit 
> x 


Distance along the wires 


is placed in a well insulated enclosure with a lid. A test tube containing a conducting 
liquid (eg. mercury) is buried in the crushed ice water mixture as shown in the figure. 
The reference junction is placed in the test tube, immersed in the conducting liquid, 
as indicated. This arrangement maintains the reference junction within a few tenths 
of a degree of the ice point. 


Thermocouple 


Insulating 
stopper 
Conducting 
Reference liquid 
junction Crushed ice 


water mixture 


Figure 4.15: Ice point refer- 


Insulated vessel ; R 
ence junction 


(thermos flask) 


It is seldom that individual ice point references are maintained while using several 
thermocouples for measuring temperatures at different points in an apparatus. The 
laws of thermo-electricity come to our help in designing a suitable arrangement with 
selector switch and a single ice point reference junction as shown in Figure 4.16. 


The switch is generally a rotary switch with gold plated contacts that is main- 
tained at a uniform temperature (for example the room temperature). Switches are 
available with a capacity of 8, 16 or 32 thermocouple connections. The switch is 
a double pole single throw rotary type that will connect each thermocouple pair to 
complete the circuit with the voltmeter and the reference junction. 


4.3.3 Use of thermocouple tables and Practical aspects of 
thermoelectric thermometry 


Even though, in principle, one can use any two dissimilar materials as candidates 
for constructing thermocouples thermometry demands that there be standardization 
so that one may use these with very little effort. Also no single thermoelectric 
thermometer can cover the wide range of temperatures met with in practice. The 
materials chosen must be available easily from manufacturers with guaranteed 
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Measuring junctions 


Junction box 


Figure 4.16: Many measuring junctions serviced by Jee pont 


a single reference junction (DPST is a double pole 
single throw switch) 


quality. In view of these only a few combinations of materials are made use of in 
day to day laboratory practice. 


The common useful thermocouple materials are shown in Table 4.4. The entries in 
the table are such that all the materials that are below the one under consideration 
are negative with respect to it. This means that the Seebeck coefficient ( or 
thermoelectric power) increases as the row count between two materials increases. 
The Seebeck voltages of materials are measured with respect to Platinum 67 (the 
platinum standard used by the National Institute of Standards and Technology - 
NIST - USA) as the standard second element. The columns correspond to the usable 
temperature ranges for the materials. Law of intermediate materials is invoked 
to combine the thermoelectric data of two materials that are individually measured 
with Platinum 67 as the reference material. Presumably Seebeck was experimenting 
with Antimony and Bismuth when he discovered thermo-electricity. It appears that 
he had hit upon materials with the largest thermoelectric power! If the candidate 
thermocouple material is positive with respect to Platinum 67 the Seebeck voltage 
will be positive across the candidate - Platinum 67 terminals. In general, if a 
candidate material is positive with respect to a second material the Seebeck voltage 
will be positive across the terminals. 


Not all combinations of materials given in Table 4.4 are used in practice. A small 
number of them (Table 4.5) are used and are available from reputed manufacturers, 
in large quantities. The Seebeck coefficient in the last column indicates the 
sensitivity of the respective thermocouple combinations. Also the thermoelectric 
data are available in the form of tables for each of these thermocouple material 
combinations. As an example Table 4.6 shows an excerpt of the table appropriate 
for K type (Chromel is the positive element and Alumel is the negative element) 
thermocouple. The table assumes that the reference junction is maintained at 
the ice point. Note that the Seebeck voltage is specified with 3 digits after the 
decimal point. The last digit corresponds to 1 uV. Some interesting things may 
be noted by examining Table 4.6. The Seebeck coefficient for K type thermocouple is 
approximately 40 uV/°C. If we use a voltmeter that can resolve 0.01 mV or 10 uV the 


122 Chapter.4 Measurements of Temperature 


Table 4.4: Common thermocouple materials 


100°C 500°C 900°C 
Antimony Chromel* Chromel* 
Chromel* Nichrome* Nichrome* 
Iron Copper Silver 
Nichrome* Silver Gold 
Copper Gold Tron 

Silver Tron Ptg9Rhio 
Ptg7Rhj3 Ptgo9Rhj0 Pt 

Pt Pt Cobalt 
Palladium Cobalt Alumel 
Cobalt Palladium Nickel 
Alumel* Alumel* Palladium 
Nickel Nickel Constantan 
Constantan* Constantan* 

Copel* Copel* 

Bismuth 


* Materials are alloys sold under trade names 


Table 4.5: Standard thermocouple types with color codes 


: Seebeck 
Type +/- Wires +/- Color cane 
uV r O* 
B Ptog%Rhe6%/Pt Grey / Red 0.05 
E ete pponsean Purple / Red 60.9 
J Iron / Constantan White / Red 51.7 
K Chromel / Alumel Yellow / Red 40.5 
R Pt87%Rh13%/Pt Black / Red 5.93 
S Pt90%Rh10%/Pt Black / Red 6.02 
T Copper / Constan- Blue/Red 40.7 
tan 


* Representative values - vary with temperature 


temperature resolution is about 0.25 °C! Even this is in not easily achieved in normal 
laboratory practice. Voltmeters capable of such high resolution are expensive and 
hence it is not possible to achieve sub degree resolution levels in ordinary laboratory 
practice. The accuracy limits that are possible to achieve are given in Table 4.7 for 
various thermocouple pairs. Note that the S type and Tungsten - Tungsten Rhenium 
thermocouples (special but expensive thermocouples - shown on the last two rows 
of Table 4.7) are useful for the measurement of very high temperatures normally 
inaccessible to other thermocouples. However the accuracy limits are not as good as 
for the other thermocouples. 


The useful ranges of thermocouples are determined, (a) by the thermoelectric 
behavior and (b) by the physical properties of the wire materials, as the temperature 
is changed. At elevated temperatures the integrity of the thermocouple wire 
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Table 4.6: Typical thermocouple reference table 
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ITS90 Table for Type K type thermocouples 


°C | 0 1 2 3 4 5 6 7 8 9 
Seebeck voltage mV 

0 0.000 0.039 0.079} 0.119) 0.158) 0.198} 0.238 0.277) 0.8317| 0.357 
10 | 0.397 0.437) 0.477) 0.517 0.557 0.597 0.637) 0.677} 0.718) 0.758 
20 | 0.798 0.838 0.879) 0.919) 0.960; 1.000) 1.041) 1.081} 1.122) 1.163 
30 | 1.203) 1.244) 1.285) 1.326 1.366] 1.407) 1.448 1.489) 1.5380) 1.571 
40 | 1.612 1.653) 1.694) 1.735) 1.776 1.817) 1.858 1.899 1.941) 1.982 
50 | 2.023) 2.064) 2.106 2.147) 2.188) 2.230) 2.271) 2.312) 2.354) 2.395 
60 | 2.436 2.478) 2.519) 2.561) 2.602) 2.644) 2.685) 2.727) 2.768 2.810 
70 | 2.851) 2.893) 2.934) 2.976 3.017 3.059) 3.100) 3.142) 3.184) 3.225 
80 | 3.267 3.308) 3.350 3.391) 3.433] 3.474 3.516 3.557] 3.599 3.640 
90 | 3.682 3.723] 3.765) 3.806 3.848 3.889) 3.931) 3.972) 4.013) 4.055 
100) 4.096 4.138) 4.179} 4.220) 4.262) 4.303] 4.344) 4.385) 4.427) 4.468 
110) 4.509 4.550) 4.591) 4.633) 4.674, 4.715 4.756 4.797} 4.838) 4.879 
120) 4.920 4.961) 5.002} 5.043) 5.084, 5.124 5.165) 5.206 5.247) 5.288 
130| 5.328) 5.369) 5.410) 5.450} 5.491) 5.532) 5.572) 5.613) 5.653) 5.694 
140| 5.735) 5.775) 5.815) 5.856} 5.896 5.937 5.977] 6.017) 6.058) 6.098 


From: http://www.temperatures.com/tctables.html 


Table 4.7: Accuracy and range values of some thermocouple sensors 


Accuracy Merne oa 
Thermocouple Full range°C > standard 
C or % pes 
limits °C 
Chromel Alumel, -185 to 1371 +2°C -18 to 277 
K Type +0.75% 277 to 1371 
Iron - Constantan -190 to 760 242°C -18 to 277 
J Type +0.75% 277 to 760 
Copper - Constantan, -190 to 400 +2% -190 to 60 
T Type 0.8+0.8°C -60 to 93 
+0.75% 93 to 370 
PtooRhyo —Pt 0 to 1760 +2.8°C 0 to 538 
S Type +0.5% 538 to 1482 
W -WraRhoe 0 to 2870 +4.5°C 0 to 427 
WosRhs — Wz4Rho6 +1% 427 to 2870 


* Instrument Society of America 
materials as well as the junction is important. The materials of the wires are also 
prone to thermal fatigue when the junctions are subjected to thermal cycling during 


use. 


In view of the fact that the materials close to the junctions experience these 
thermal cycles it is possible to discard a small length close to the junction and remake 
a junction for subsequent use. Materials also age during use and may have to be 
discarded if the thermoelectric properties change excessively during use. 


To round off this discussion we present (Figure 4.17) the thermoelectric output 
of a K type thermocouple over the range of its usefulness. We notice that over an 
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extended range the output is non-linear. Note that this pair of materials is far apart 
in Table 4.4. Hence the thermoelectric power is very large and next only to that for 
the J type (Iron - Constantan) thermocouple. The sensitivity also compares favorably 
with that of the T type (Copper - Constantan) thermocouple. Even though these 
three types have high sensitivities (a large value of Seebeck coefficient signifies high 
sensitivity) the ranges are different. K type has the widest range among these three 
types. Both K type and T type thermocouples are commonly used in laboratory and 
industrial applications, and have comparable sensitivities. Iron is prone to corrosion 
and hence the J type thermocouple is of limited utility. 
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Figure 4.17: Seebeck volts 
- temperature relationship 
for K type thermocouple 
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A K type thermocouple is used as shown in Figure 4.18(a) without a reference 
junction. The terminals of the voltmeter are at room temperature of 30°C 
while the measuring junction is at 100°C. What is the voltmeter reading? 
What would have been the reading had it been connected as shown in Figure 
4.18(b) with the reference junction at the ice point? 


Solution : 
Circuit as in (a): 
The conditions are tm = 100°C and tref = 30°C 
From the K type thermocouple table (Table 4.6) we read off the following: 
Seebeck voltage with tm = 100°C and t,.¢ =0°C is V1 = 4.096 mV 
Seebeck voltage with tm = 30°C and tref = 0°C is Vo = 1.203 mV 
Hence the voltmeter reading (using the law of successive temperatures) is 


V = V1 — V2 = (4.096 — 1.203) = 2.893 mV 


Circuit as in (b): 
The conditions are tm = 100°C and tef = 0°C 
Hence the voltmeter reading is V = V1 = 4.096 mV 
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(a) 


KP 


tm V (b) 


Figure 4.18: Thermocouple 


tr circuits for Example 4.3 


Insulation systems 


Thermocouples are made of wires of various diameters according to requirement. 
The P and N wires are expected to not contact each other (electrically) excepting at 
the junctions. Hence it is necessary to cover each wire with an electrical insulator. It 
is normal for the P and N wires to be individually covered with insulation, the two 
wires laid parallel to each other and covered with an outer sheath encasing both the 
wires. The insulation material is chosen with the temperature range in mind. A list 
of insulation materials along with the useful range of temperatures is given in Table 
4.8. Sometimes the thermocouple is protected by a protective tube so as to protect 


Table 4.8: Thermocouple insulation systems 


Insulation Temperature limits °C 
Nylon -40 to 160 

PVC -40 to 105 
Enamel Up to 107 
Cotton over enamel Up to 107 
Silicone rubber over Fiberglass -40 to 232 
Teflon and Fiberglass -120 to 250 
Asbestos -78 to 650 
Tempered Fiberglass Up to 650 
Refrasil* Up to 1083 


*Trade name 


the thermocouple junction from mechanical damage. The protective tube material is 
again chosen based on the temperature range, the nature of the process environment 
and the ruggedness desired (Table 4.9). 


Some of the materials shown in Tables 4.8 and 4.9 are proprietary in nature 
and are identified by the trade name. Some times the protective tube material 
may be made of a metal or an alloy like stainless steel. Since metals are good 
conductors of electricity the insulation of the individual wires must be adequate to 
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Table 4.9: Ceramic protecting tube materials 


; E Maximum 
Material Composition Tanges C 
Quatrtz Fused Silica 1260 
Siliramic* Silica-Alumina 1650 
Durax* Silicon Carbide 1650 
Refrax* Silicon Nitride 1735 

Bonded Silicon 
Carbide 
Alumina 99% Pure 1870 


* Trade name 


avoid any electrical contact with the protective metal tube. A sheathed thermocouple 
is typically like that shown in Figure 4.19. 


Figure 4.19: Photograph of 
a K type thermocouple with 
stainless steel sheath 


Thermocouple junctions 


Thermocouple junctions may be formed by various means. The most common 
method is to weld or fuse the two materials to form a junction. Welding is commonly 
made by twisting the two wires over a short length, passing a high current through 
the junction by discharging a capacitor charged to a high voltage. The momentary 
high current will heat the junction (due to contact resistance and the consequent 
arcing between the two wires) to a high temperature at which the two metals fuse 
together to form a nice bead. The entire process may be accomplished in an inert 
atmosphere to avoid any oxidation of the wires. The junctions may be of various 
types as shown schematically in Figures. 4.20. 


Grounded junction: Such a junction is used if one wants to avoid direct contact 
between the thermocouple bead and the process fluid. The protective 
tube provides a barrier between the junction and the process fluid. This 
type of arrangement increases the response time of the thermocouple when 
measuring temperature transients. 

Exposed junction: This arrangement is acceptable if the process space does not 
adversely affect the thermocouple materials. This arrangement decreases the 
response time of the thermocouple when measuring temperature transients. 

Separated wire junction: The two wires are allowed to float within the process 
space as shown. The process fluid (molten metal in metallurgical applica- 
tions) provides the electrical connection between the P and N wires. 
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Button junction: The P and N wires are attached to a copper (high conductivity 
material) button such that the thermal contact between the process fluids 
(may be gas like air) and the junction is enhanced. This is beneficial from the 
response time point of view as well as from the thermometric error point of 
view (as will be discussed later). 


Junctions may be made by twisting the P and N wires together. Twisting action 
itself cold works the two materials to form good contact. In addition the two wires 
may also be welded as shown in Figure 4.21. The junction may also be formed by 
butt welding the two wires as shown in Figure 4.21. 


Metal sheath Ceramic sheath 
P P 
N N 
1. Grounded junction 2. Exposed junction 
Ceramic sheath Ceramic sheath 
P P 
N N 
3. Separated wire junction 4. Copper button junction 


Figure 4.20: Types of thermocouple junctions 


P P 
Bead N Bead N 
DO L 
Insulation Insulation 
1. Twisted and welded junction 2. Butt welded junction 


Figure 4.21: More junction types 


Sometimes a thermocouple probe is constructed in the form of a bayonet or pencil 
as indicated in Figure 4.22. The figure shows a J type thermocouple probe with the 
protective tube of Iron (P type material) and a wire of Constantan (N type material) 
attached to the bottom of the tube with fiberglass insulation between the two. The 
connections to the external circuit are made through terminal blocks. 


Junction Iron tube 


, See NAP Terminal 
z :] blocks 


Constantan wire 


Fiberglass fill 


Figure 4.22: Bayonet or pencil type of thermocouple probe 
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Thermocouples may be used in other ways than the ones described earlier. 


(this is 
just the basic thermocouple circuit with the hot and cold junctions at different 
temperatures!) and estimate the temperature difference directly once AVg is 
measured. In applications where the temperature difference to be measured is small, 


: : ; AV, 
we obtain the temperature difference directly as At = ZS where a constant value 
a 


S 
of ag appropriate to the chosen thermocouple pair may be used. 


+ 
ty 
= AVg 
z Figure 4.23: Differential thermo- 
+ 


couple for the measurement of a 
temperature difference 


Shading ring 


e Shaded junctions 
o Illuminated junctions 


AVg 


Figure 4.24: Several differential 
thermocouples in series forming a 
thermopile 


a= If t1 = t2 , the differential thermocouple should give zero voltage 


output, if the two thermocouples are of the same type and behave alike. If we choose 
one of the thermocouples to be a standard calibrated and certified one, the other the 
thermocouple to be calibrated, and both are of the same type it is easy to arrange 
both the junctions to be subjected to the same temperature. The non-zero output, if 
any, gives the error of one thermocouple against the other. The temperature itself 
may be measured independently using a standard thermocouple so that we can have 
a calibration chart giving the thermocouple error as a function of temperature. 
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the total number of hot or cold junctions. In the example shown the thermopile is 


being used as a radiation flux sensor. The shading ring prevents illumination of the 
cold junctions and thus produces a number of differential thermocouples in series. 


Thermocouples in parallel 


(a) tr (b) tr 


Figure 4.25: Thermocouples connected in: (a) parallel (b) parallel 
with “swamp” resistors Rs 


The thermoelectric 


output corresponding to the junctions are as indicated in the figure and these 
correspond to the respective measuring junction temperatures. Assuming that all 
the thermocouples are identical, the output voltage is given by 


_ Vi + V2 + V3 


3 (4.24) 


Vo 


Thus the inferred temperature is the mean of the measuring junction temperatures. 


This is indicated in Figure 4.25(b). 


Consider the thermopile arrangement shown in Figure 4.26. What will be the 
output voltage? 


Solution : 

In this example KP means positive wire of K type thermocouple and KN 
means negative wire of K type thermocouple. Cu refers to the copper lead 
wires. 


Three materials are used in the circuit. KP and KN at the measuring 
temperature of 100°C form four junctions. There are three cold junctions 
between KN and KP at 30°C. There is one junction each between KP — Cu 
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All junctions 
at 100°C 
All junctions 
at 30°C 


— KP 
--- KN 


Figure 4.26: Thermopile circuit for Example 4.4 


and KN — Cu. Since these two junctions are at the same temperature, the 
law of intermediate materials says that these two junctions are equivalent to 
a single junction between KN and KP at 30°C. Thus effectively there are four 
cold junctions. 


Thus the voltage indicated will be four times that due to a measuring 
junction at 100°C and a reference junction at 30°C. By the law of intermediate 
temperatures, we thus have: 


V = 4x([Seebeck voltage between 100°C and 30°C] 
4 x [V; — V2] as in Example 4.3 
4 x [4.095 — 1.203] = 11.568 mV 


Example-4.5 


In an installation the extension wires of K type thermocouple were inter- 
changed by oversight. The actual temperatures were: Measuring junction 
tm = 500°C; Reference junction tef = 0°C; Junction between thermocouple 
wires and extension wires ¢; = 40°C. What is the consequence of this error? 


Solution : 


40°C 40°C 
100°C e7 “20°C 100°C «Z **s80°C 
Berea o---.Ve-" “Siete py 
40°C 40°C 
— KP --- KN 
(a) (b) 


Figure 4.27: Thermocouple circuits for Example 4.5 


Figure 4.27(a)-(b) respectively indicate the incorrect and the correct arrange- 
ments. 

(a) Correct arrangement: 

We indicate the Seebeck voltage developed when the measuring and reference 
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junctions are at {°C and 0°C as Vg(t). In this case the junctions between the 
thermocouple and lead wires do not play any role! The voltmeter reading will 
be (using K type thermocouple tables) 


V =V5s(500) = 20.640mV 


(b) Incorrect arrangement: 
In this case there are effectively four junctions. The net voltage indicated is 
given by (we go round the circuit in the clockwise direction) 


V = Vg(500) — Vs(40) + Vs (0) — Vs(40) = 20.640 — 1.611 - 0 - 1.611 = 17.418 mV 


If one were to convert this to a temperature based on the assumption 
that the measuring junction and reference junction are correctly connected, 
the temperature would be (using again the K type thermocouple tables) 
424.2°C. Thus the consequence of the mistake is that the temperature is 
underestimated by 74.8°C! 


This example shows the importance of connecting properly the thermocou- 
ple wires and lead wires. 


4.4 Resistance thermometry 


4.4.1 Basic ideas 


Resistance thermometry depends on the unique relation that exists between 
resistance of an element and the temperature. 


Other materials may also 
be used. The resistance variation of different materials is indicated by Table 4.10. 


Table 4.10: Resistance variation of different wire materials 


$ Temperature NST Blement 
Material Range °C Resistance in Q Resistance in Q 
at 0°C at 100°C 
Nickel -60 to 180 100 152 
Copper -30 to 220 100 139 
Platinum -200 to 850 100 136 


‘Temperature Detector (RTD). Usually the resistance of the detector at the ice point is 

clubbed with it and the thermometer is referred to as, for example, PT100, if it has a 
resistance of 100 Q at the ice point. The resistance of standard high purity Platinum 
varies systematically with temperature and it is given by the International standard 
calibration curve for wire wound Platinum elements (also referred to as Callendar- 
Van Dusen equation)°: 


5Hugh Longbourne Callendar 1863 - 1930, British physicist 
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R; = Roll + Kıt + Kot? + K3(t — 100)t7], -200°C < t< 0°C (4.25) 


R; = Roll +Kıt+K2t°], 0°C < t < 661°C (4.26) 


with R; the resistance of the element at t°C, Ro the resistance of the element at the 
ice point and the K’s are given by the following. 


Kı= 3.90802 x 107° °c) (4.27a) 
K= -5.802 x 107" (°C)? (4.27b) 
K; = —4.2735 x 107 °C)4 (4.270) 


The ratio is denoted by @, the temperature coefficient of resistance and 
ae It is seen from Equations 4.25 and 4.26 that the 
resistance temperature relationship is non linear. The response of a Platinum 
resistance thermometer is usually plotted in the form of ratio of resistance at 
temperature ¢ to that at the ice point, as a function of temperature, as shown 
in Figure 4.28. The platinum resistance sensor in Figure 4.29 is shown with a 
three wire arrangement. The resistance sensor is also available with four wire 
arrangement. The wire is wound round a bobbin made of an insulating material 
like mica. The wire is in the form of a “coiled coil” and wound round the bobbin (in 
bifilar arrangement to avoid any inductance) allowing for free expansion of the wire. 
The need for either three wire or four wire arrangements will be brought out later. 


wo 


i 
a 


N 


R(t)/R(0) 


= 


Figure 4.28: Characteristics of a 
Platinum resistance thermometer 


0.5 


4.4.2 Platinum resistance thermometer and the Callendar 
correction 


As seen from Equations 4.25 and 4.26 the Platinum resistance thermometer has 
essentially a non-linear response with respect to temperature. However we define 
the linear Platinum resistance temperature scale (tp+) through the relation 
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ae Protective sheath 


i Platinum element 
Ceramic powder 


Figure 4.29: Schematic of a typical PRT sensor with three wire 
arrangement 


Ri- Ro 


= ——— x 100 4.28 
Rioo- RO E 


tpt 


Obviously the non-linearity will have to be taken into account to get the correct 
temperature from the linear scale defined by Equation 4.28. This is done by applying 
a correction to the Platinum resistance temperature as suggested by Callendar for 
temperatures above the ice point. We have, from Equation 4.25, with t = 100°C 


Rioo = Ro(1+100K,+1007K») 
Rioo—Ro = Ro(100K; +100°K2) 
R:-Ro = Ro(Kit+Kot?) 


We may then write, for the Platinum resistance temperature 


R- Ro Kıt+ Kat? 
CPt = Rioo Ro” 1007 1* I00K1 + 1002K; 

_ Kıt+Kət? _ Kıt+100Kət- 100Kət + Kot? 
~ Kı+100K2 ~ Kı +100Ke 

100Kət — Kot? 100Kət — Kot? 
= K,+100K, Ki 

Ko 2 t t 
= t+” 100 mlm) 


The approximation used above is justified since Kı > 100K. With the values of Kı 
and Ko given earlier by Equation 4.27, we have 


Ko —5.802 x 1077 


— x 100? = —————__ x 104 = - 1.485 = -ô 4.29 
K 3.90802 10-3 » (say) (4:29) 
We then see that ; ; 
t=tp,+6|—-|——-1 4.30 
ala ] G20 
aa 
Correction 


Equation 4.30 involves the temperature t on both sides. However, we note that the 
term shown with under-brace may be approximated by substituting tp; for t to get 


tpi | tre 
— | — -1 4.31 
100 [% ] een 


Callendar correction 


tztpi+ô 
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Figure 4.30: Callendar correction 
as a function of tp; 


-2 So pot 


0 50 100 150 200 250 300 
tp? 


This is referred to as the Callendar equation and the second term (shown with under- 
brace) is the Callendar correction, represented as c. The Callendar correction is 
evidently zero at both the ice and steam points. The correction is non-zero at all 
other temperatures. Figure 4.30 shows the Callendar correction as a function of the 
Platinum resistance temperature over the useful range of the sensor. 


The resistance of a Platinum resistance sensor of Rọ = 100 Q was measured 

to be 119.4 Q. This sensor has a value of 0.00385 and 6 = 1.485. What is the 

corresponding temperature without and with Callendar correction? 
Solution : 

Using the given data, we get 


R100 = Ro(1 + 100a) = 100 x (1 + 100 x 0.00385)) = 138.5 Q 


The measured resistance at the unknown temperature is R; = 119.4 Q. Hence 
the unknown temperature according to Platinum temperature scale is 


Ri-Ro_ po _ 119.4—100 


= 100 = 100 = 50.39°C 
Rioo — Ro 138.5- 100 - 


tpt 


This is also the uncorrected value of the temperature. The Callendar 
correction is now obtained as 


50.39) /50.39 ` 
c= (2-1) =1.485 x ( 00 )( 00 1) = 0.37°C 


The corrected temperature is thus given by 


t = tpi + c = 50.39 — 0.37 = 50.02°C 
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4.4.3 RTD measurement circuits 


The resistance of the RTD is determined by the use of a DC bridge circuit. As 
mentioned earlier there are two variants of RTD, viz. the three wire and the four 
wire systems. These are essentially used to eliminate the effect of the lead wire 
resistances that may adversely affect the measurement. There are two effects due 
to the lead wires: 1) they add to the resistance of the Platinum element and 2) the 
resistance of the lead wires also change with temperature. These two effects are 
reduced or even eliminated by either the three or four wire arrangements. 


The lead wires are usually of larger diameter than the diameter of the sensor wire 
to reduce the lead wire resistance. In both the three and four wire arrangements, 
the wires run close to each other and pass through regions experiencing similar 
temperature fields (refer Figure 4.29). Hence the change in the resistance due to 
temperature affects all the lead wires by similar amounts. The resistances of the 
lead wires are compensated by a procedure that is described below. 


Bridge circuit for resistance thermometry 


Three wire arrangement for lead wire compensation 


Figure 4.31 shows the bridge circuit that is used with RTD having three lead wires. 
The resistances Rı and Rg are chosen to be equal and the same as Ro of the RTD. 
Two lead wires (labeled 2 and 3) are connected as indicated adding equal resistances 
to the two arms of the bridge. The third lead wire (labeled 1) is used to connect to the 
battery supply. Thus the bridge will indicate null (milli-ammeter will indicate zero) 
with Rg = Ro when the RTD is maintained at the ice point. During use, when the 
RTD is at temperature t, the resistance Rg is adjusted to restore balance. If the lead 
wires have resistances equal to R2 and Rs3, we have 


R,+Rs3 = Ro + Rs or Ri = Ro + (Rs2 — Rs3) (4.32) 
z0 


If the two lead wires are of the same size the term with under-brace should 
essentially be zero and hence the lead wire resistances have been compensated. 


3 Figure 4.31: Bridge circuit with 

Ro lead wire compensation (three wire 
arrangement). Rsı — Rs3 are lead 
wire resistances. 


1 Rsi RTD 


Four wire arrangement for lead wire compensation 


The four wire arrangement also known as Kelvin sensing is a superior arrange- 
ment, with reference to lead wire compensation, as will be shown below. Figure 4.32 
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Battery 


1 Rsi RTD Rat 4 Rs4 RTD Ral! 
(a) (b) 


Figure 4.32: Bridge circuit with lead wire compensation (four wire 
arrangement). Rsı — Rs4 are the lead wire resistances. 


shows the bridge arrangements that are used for this purpose. The choice of the 
resistances is made as given for the three wire arrangement. If the lead wires have 
resistances equal to R;; — Rs4, we have the following. 


Condition for bridge balance in arrangement shown in Figure 4.32(a): 
Ri +Rs3 = Raa) + Rs2 (4.33) 


where Raq) is the resistance Rg for which the bridge is under balance, in the 
arrangement (a). 


Condition for bridge balance in arrangement shown in Figure 4.32(b): 
Rri + Rs2 = Rao) + Rs3 (4.34) 


where Rap) is the resistance Rg for which the bridge is under balance, in the 
arrangement (b). 


We see that by addition of Equations 4.33 and 4.34, we get 


_ Raa t+ R20) 
2 


R; (4.35) 
The lead wire resistances thus drop off and the correct resistance is nothing but the 
mean of the two measurements. Since the lead wire resistances actually drop off, the 
four wire scheme is superior to the three wire scheme. 


Practical circuit with four wire RTD 


An interesting way of using four wire RTD is shown in Figure 4.33. Two wires (1 
and 4) are used to drive a constant current (~ mA) that gives rise to a measurable 
potential drop across the RTD. The other two lead wires (2 and 3) are connected to a 
voltmeter of high input impedance (digital volt meter or DVM) such that hardly any 
current is drawn by the voltmeter. In that case the voltmeter reading is not affected 
by the lead wires since they carry no current. 
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S 
O ©flem 
5 
8) 
Figure 4.33: Practical circuit 
with four wire RTD 
Example 4.7 


An RTD has temperature coefficient of resistance at 20°C of æ2 = 0.004(°C)1. 
If resistance at 20°C is Rəọ = 106 Q, determine the resistance at 25°C. The 
above RTD is used in a bridge circuit with Rı = Rg = R3 = 100 Q and the 
supply voltage is 9 V. Calculate the voltage the detector must be able to 
resolve in order to measure a 1°C change in temperature around 20°C. 


Solution : 
Temperature coefficient of resistance a; when the RTD is at temperature t 
represents the sensitivity of the RTD. We may define this quantity as 
1 dR = St 
t 7 Ry 


Q= 


where sz is the slope of the Resistance vs temperature curve for the RTD. With 
the given data the slope at 20°C may be determined as 


$20 = Q20 X Roo = 0.004 x 106 = 0.424 O/C 


Assuming the response of the sensor to be linear over small changes in 
temperature, the resistance of the sensor at 25°C may be determined as 


Ros = R20 + s20 x At = 106 + 0.424 x (25 — 20) = 108.12 Q 


Infer all voltages with reference to the negative terminal of the battery taken 


Figure 4.34: Bridge circuit for 
Example 4.7 


as zero (ground)(see Figure 4.34). The voltmeter reads the potential difference 
between A and B. If there is change of temperature of 1°C the temperature of 
the RTD may either be 21°C or 19°C. 
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Case (a): t= 21°C 
The potentials are given by the following: 

9Rə | 9x100 _ 
Rı+Rə ~ 100+100 


Va =9 4.5V 
If there is a change of +1.0°C in temperature the resistance changes by 
+0.424 Q as given by the slope. The resistance of the RTD will be Roi = 
106.424 Q in this case. The potential Vg is then given by 

9Ro1 9 x 106.424 


Vg=9 =9 = 4.360 V 
3 Roi +R3 106.424 + 100 


The voltmeter should read 
V = V4 — Vg = 4.5 — 4.860 = 0.140 V or 140 mV 


Case (b): t= 19°C 
There is no change in V4 in this case. If there is a change of —1.0°C in 
temperature the resistance changes by —0.424 Q as given by the slope. The 
resistance of the RTD will be R19 = 105.576 Q in this case. The potential Vz is 
then given by 

9Ri9 9 x 105.576 


Vp=9 = 10 -4.378V 
2 Rio + Re 105.576 + 100 


The voltmeter should read 
V = V4 — Vg = 4.5 — 4.378 = 0.122 V or 122 mV 


The smaller of these or 0.140 V or 122 mV is the resolution of the voltmeter 
required for resolving 1°C. Practically speaking we may choose a voltmeter 
with 100 mV resolution for this purpose. 


Effect of self heating of RTD 


The bridge arrangement for measuring the resistance of the RTD involves the 
passage of a current through the sensor. Heat is generated by this current passing 
through the RTD. The heat has to be dissipated by an increase in the sensor 
temperature compared to the process space surrounding the sensor. Thus the self 
heating leads to a systematic error. Assume that the heat transfer rate per unit 
temperature difference - product of heat transfer coefficient and the surface area 
of the RTD or the dissipation constant - for heat transfer from the RTD to the 
surrounding medium is Pp W/K. The temperature excess or the systematic error due 
to self heating of RTD is then given by At = Fh: 


| . Thus it is essential to design the 


D 
bridge circuit such that the current passing through the RTD is as small as possible. 
It also helps if the thermal conductance between the RTD and the process space is 
as high as possible. 
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Example 4.8 
An RTD has ago = 0.005/°C, Roo = 500 © and a dissipation constant of Pp = 
30 mW/°C at 20°C. The RTD is used in a bridge circuit with R1 = R3 = 5000 
and Rə is a variable resistor used to null the bridge. If the supply voltage is 
10 V and the RTD is placed in a bath at the ice point, find the value of R2 to 
null the bridge. Take the effect of self heating into account. 


Solution : 
Figure 4.34 in Example 4.7 is appropriate for this case also. Since R1 = R3 = 
500 Q, at null R; = Re. Hence the current through the RTD is given by 


V, 
I = ——*— where V, is the battery supply voltage. The heat dissipation 
R2 +500 
in the RTD is thus given by 
V, 2 
=I?°R2= a R 
@ 2 [R2 +500] °°” 


This self heating gives rise to a temperature excess of 


Pp 


2 Ro 
Pp 


Vs 
Rə +500 


over and above that prevailing in the process space. Since the process space 
is at the ice point (i.e. 0°C), At is also the temperature of the RTD. Assume 
linear variation of resistance of RTD with temperature. Then we have 


not El 
1 20 
az] lao Pp 


Introducing the numerics we have 


10 |? Rə 
1-0.005|20 - 4 —— } —* 4.36 
0.005 p ll al (4.36) 


R2 = R20 


Rə = 500 


This is a non-linear equation that needs to be solved for Rg. Either a trial and 
error solution or Newton Raphson method may be used for this purpose. The 
former starts with the trial value Rə = R? = Ro calculated at the ice point as 
the starting point. Thus 


R = Rao x (1+ a[0 — 20]) = 500 x (1 — 0.005 x 20) = 450 Q 


Substitute this for Rg on the right hand side of Equation 4.36 to get a better 
value as 


R} =500 


2 
= } cael ) = 454.20 (4.37) 


450+500 J 0.03 


1—0.005 [20 a { 


It so happens that we may stop after just one iteration! The resistance 
required to null the bridge is thus equal to 454.2 O. The temperature error 
10 2 (454.2 

} | ) = 1.66°C . This is a 


454.2 + 500 0.03 
fairly large error and is unacceptable in laboratory practice. 


in this case is calculated as At = | 
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4.4.4 Thermistors 


Resistance thermometry may be performed using thermistors. 


Glass envelope 


Bead 
Disc type Rod type Bead type 


thermistor thermistor thermistor 


Figure 4.35: Typical thermistor types 


Thermistors are extremely sensitive but over a narrow range of temperatures. The 
resistance temperature relation is known to follow the exponential law 


TES 
R: = Roel? T] (4.38) 


This equation is based on physics of the solid state of semi-conductors. Here f is a 
constant (very nearly so, but, in general a function of T) and all temperatures are in 
Kelvin, To is the ice point temperature and Ro the corresponding resistance of the 
thermistor. A typical thermistor has the following specifications: 


R 

Ro5 = 2000 Q; = = 18.64 (4.39) 
R70 

As usual the subscript on R represents the temperature in °C. This thermistor has 

p = 3917K and a resistance of 6656 Q at 0°C. We may compare the corresponding 

numbers for a standard Platinum resistance element. For PT100, we have 


Ro = 1000; R70 = Ro x (1+ 0.00385 x 70) = 1.27Ro = 1270 


Hence we have, for PT100 


Ro 1 
— = — =0.79 4.40 
Ry 1.27 ( ) 


This clearly shows that the thermistor is extremely sensitive in comparison with a 
RTD. However the highly non-linear response of the thermistor is an undesirable 
quality and makes it useful over small ranges. 


The resistance change is thus very mild in the case of a PRT as compared to 
a thermistor. The variation of the resistance of the thermistor described above is 
shown plotted in Figure 4.36. Resistance variation of a thermistor given by Equation 


6We will not consider PTC - Positive Temperature Coefficient - thermistors here. PTC 
thermistors are ceramic components whose electrical resistance rapidly increases when a 
certain temperature is exceeded. 
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Figure 4.36: Variation of resistance of 
thermistor with temperature 
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4.38 may be recast, by taking natural logarithms, as 


1 Inf) 1 ln(Rọo) 
= } 4.41 
Tp m $ ve 


The above may be recast in the form 


= A+BiniR) (4.42) 


where A and B are constants that are related to Ro and $. This equation is not good 
enough in practice and hence it is modified as 


+ =A+BlIn(R)+Ci{ln(k)}? (4.43) 


which is based on simple curve fit. The right side of above equation is a polynomial 
in In(R) with the square term missing. This equation is known as Steinhart-Hart’ 
thermistor Equation. The reader may refer to an interesting article “Negative 
Temperature Coefficient Thermistors Part I: Characteristics, Materials, and Con- 
figurations” by Gregg Lavenuta ® that has appeared in SENSORS on May 1, 1997, 
for interesting details about thermistors. 


The constants appearing in Equation 4.43 may be determined by measuring the 
resistance of the thermistor at three different temperatures. The temperatures are 
usually chosen to cover the desired range of temperatures over which the thermistor 
is to be used. This procedure is demonstrated using an example that follows. 


Example 4.9 


Data for a certain thermistor is available between —20 and 70°C and is 
given below. Obtain a representation of the data in terms of Steinhart-Hart 


7J.S. Steinhart and S.R. Hart, 1968, “Calibration Curves for Thermistors,” Deep Sea 
Research and Oceanographic Abstracts, Vol.15, pp. 497-503. 

Shttp:/www.sensorsmag.com/sensors/temperature/negative-temperature-coefficient- 
thermistors-part-i-characte-811 
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model using the data corresponding to —20, 25 and 70°C. Also obtain a 
representation of the data in terms of an exponential model using the data at 
the two extremes. Compare the results of these two models with the tabulated 
data. 


PC R@QA! PC ROOIE REDO 
-20 12540 | 15 1673 | 50 307.4 
-15 9205 | 20 1289 | 55 247.0 
-10 6806 | 25 1000 | 60 199.6 
-5 5069 | 30 780.5 | 65 162.1 
0 3803 | 35 612.9 | 70 132.3 

5 2873 | 40 484.2 
10 2185 | 45 384.7 


Solution : 


Step 1 Steinhart-Hart model: 
We choose the three data points as suggested in the statement of the problem 
and calculate the required quantities to formulate the equations for the three 
constants in the Steinhart-Hart model. 


CC RQ TK nR) nR} VT 


Low -20 12540 253.15 9.4367 840.3448 3.9502 x107 
Mid 25 1000 298.15 6.9078 329.6179 3.3540x 10° 
High 70 132.3 343.15 4.8851 116.5770 2.9142x10°° 


Step 2 Equations governing the constants A — C are then given by 


A+9.4367B + 840.3448C = 3.9502 x 107° 
A+6.9078B +329.6179C = 3.3540 x 107° 
A+4.8851B+116.5770C = 2.9142 x 107° 


Step 3 These equations are solved easily to get A = 1.9273 x 107°, B = 
1.9750 x 107? and C = 1.8942 x 1077. 

Step 1 Exponential model: 
We choose the data at —20 and 70°C to evaluate 6 and Ro in the exponential 
model. We have the following two equations: 


1 _ 9.4367 1 In(Ro) 
253.15 B 273.15 B 

1 _ 4.8851 1 In(Ro) 
343.15 b 273.15 B 


Step 2 We solve for 6 to get 


_ 9.4367 — 4.8851 


a ee ee 
343.15 253.15 


= 4393.2 
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Step 3 Using this p in the first of the previous equation we get 


12540 
Ro= Ta = 3519.20 
e4393.2x (245 a721) 


Step 4 We calculate the resistance of the thermistor at 25°C using the 
exponential model and obtain 


Ros = 3519.2e4393-2* (z258 B- 775) — 913.69 


Thus the exponential model has an error of AT = 913.6 — 1000 = -86.4 Q at 
the third data point available at t = 25°C. Note that the Steinhart-Hart model 
has zero error at this point. 
Step 5 Comparison of models with data: 

For purposes of comparison we need to calculate the resistance vs. tempera- 
ture values for the two models. In the case of the exponential model this is 
easily done by using Equation 4.38. In the case of Steinhart-Hart model we 
need to invert the relation between T and ln(R). In order to use the same 
constants as were determined above, the inverse relation is given by 


e ttre 


pee 4 (rsa) 


rch 


Step 6 We calculate the resistance vs. temperature by the two models and 
make a plot as shown in Figure 4.37(a). The data and the Steinhart-Hart 
model do not resolve as separate curves in this figure. Since the exponential 
model has larger errors, it resolves as the dashed curve shown therein. 

Step 7 In order to look at the errors between the data and the two models 
we plot the respective errors with respect to temperature as shown in Figure 
4.37(b). It is seen that the Steinhart-Hart model is superior to the exponential 
model. The maximum error in the former is approximately —13 Q while it is 
as much as —320 Q in the case of the latter. 

Step 8 Sensitivity at t = 25°C: 

Sensitivity, defined as s; = 1 a is calculated using the two models. Since 


the calculation of derivative using the Steinhart-Hart model is difficult we 
make use of finite differences to obtain the same. We calculate the resistance 
of the thermistor at t = 24°C and t = 26°C and obtain the derivative by central 
differences. The derivative is easily obtained using the exponential model as 
gR -OR = PR zeb The calculati h in the fi f 
de dt 7 or st = —7a- e calculations are shown in the form of a 
short table. 
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dR 


Al ROl eE Ca 
dt 
Steinhart-Hart model 

24 960.0 
25 | 1000.0 -36.8 | -0.0452 
26 869.7 
Exponential model 
25 913.6 -35.1 | -0.0494 


Both models yield roughly the same sensitivity for the thermistor. 


14,000 Jorra frrr rrrafrrararsarfrssa Hat so poiitireitiprifiriitiviitoiiitiriitiviit 
— Data [ 04 
12,000 + -— Steinhart-Hart model -7 E 
J ---- Exponential model C i P F 
Al -50 4 p F 
10,000 = Gq i 5 E 
J g -1004 z E 
G 8,000 FF go f / E 
= ] rf Q -1504 f 5 
© 6,0004 C S 41 / E 
Tig 3 g -200+ 7 - 
] J| / E 
4,000 7 = 250 t 7 E 
J \ — Steinhart-Hart model | F 
2,000 - -300 q NY A —-— Exponential model F 
O Frhr eee -350 pete tote pe 
-20 -10 0 10 20 30 40 50 60 70 -20 -10 0 10 20 30 40 50 60 70 
toC (a) °C b) 


Figure 4.37: (a) Variation of resistance vs. temperature for the thermistor of 
Example 4.9. (b) Errors due to Steinhart-Hart and exponential models 


Sensitivity and temperature errors 


In Example 4.9 we have seen that the model equations have some errors with 
reference to the data. Because the three parameter Steinhart-Hart model is better 
we shall look at the temperature errors that occur because of its use. Calculation 
shows that the maximum difference between the model and the data occurs at —10°C 
and is equal to -12.7 Q. The sensitivity at this temperature may be obtained using 
the procedure adopted in the above example and is equal to -0.0597. Hence the 
change in resistance per °C is given by —0.0597 x 6806 = —406.1 Q. Hence the error 


in resistance because of the model translates to an error in temperature of ane = 
0.03°C. l 


Thus there is practically no error because of the use of the model in place of the 

data. If we assume that the resistance is measured within +10 Q of the true value, 
10 

the corresponding temperature error is only ——— = 0.025 = 0.03°C. Thus we see 


406.1 
that the thermistor is a precision thermometer. We note in passing that lead wire 


compensation discussed in the case of RTD is also valid here even though the effect 
of lead wire resistances are not as severe as in the case of RTD. Four wire Kelvin 
sensing may be made use of in the case of thermistor measuring circuits also. 
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Typical thermistor circuit for temperature measurement 


Thermistor temperature sensing involves essentially the measurement of the 
resistance of the thermistor at its temperature. This is invariably done by converting 
the resistance to a voltage and measuring it. Two circuits are discussed below. 


The first one is a full bridge circuit shown in Figure 4.38(a).? The bridge consists 
of three equal resistances R; — Rg in the three arms of the bridge and the thermistor 
(R+) in the fourth arm (note the symbol used for a thermistor). The bridge is in 
balance at a particular temperature when R; = R3. This is usually chosen as the mid 
value such as t = 25°C. At any other temperature the bridge goes out of balance, 
develops a voltage which is measured by the voltmeter connected as shown in the 
figure. 
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Figure 4.38: (a) Thermistor bridge circuit (b) Alternate measuring circuit, 
essentially a voltage divider 


The second circuit which may be used is shown in Figure 4.38(b). It essentially is 
a voltage divider circuit (or half bridge circuit) with an additional parallel resistance 
Rp chosen carefully so as to make the equivalent resistance almost linear with 
temperature of the thermistor. Two examples are given below to indicate how these 
two circuits may be used for a typical thermistor. 


Example 4.10 

The thermistor of Example 4.9 is connected in a bridge circuit as shown in 
Figure 4.38(a). Resistances Rı — Rg are all equal and fixed at 1000 Q while 
the resistance of thermistor alone varies with temperature. 9 V is applied 
across the bridge and the imbalance voltage is measured using a voltmeter 
capable of resolving 10 mV. Determine output voltage as a function of process 
temperature to which the thermistor is exposed. Discuss issues regarding 
linearity and sensitivity. You may use the Steinhart-Hart model to evaluate 
the resistance of the thermistor as a function of temperature. 


Solution : 


Note: Symbol used in this figure represents a NTC thermistor. The bent line indicates 
non-linear resistance temperature relationship. The label —-¢° indicates that resistance 
decreases with temperature 
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Analysis of the bridge circuit is fairly simple and straightforward. The 
voltmeter reads the imbalance voltage given by 

R3 R; 
Rı+R3 Rə+R; 


Vout = Vo 


where V, is the battery voltage, Vout is the voltmeter reading and R; is the 
thermistor resistance at its temperature t. It is obvious that the voltmeter 
will read zero when the thermistor is at 25°C since all the resistances will be 
the same and the bridge is in balance. For t < 25°C the reading is negative 
while it is positive for t > 25°C. 


With V, = 9 V, Rı = R2 = R3 = 1000 Q, the voltmeter reading varies with 
thermistor temperature as shown in the following table. 


t Vout t Vout t Vout 


-20 -3.835 | 15 -1.133 || 50 2.384 
-15 -3.618 | 20 -0.568 || 55 2.717 
-10 -3.347 | 25 0.000 || 60 3.003 
-5 -3.017 | 30 0.555 || 65 3.245 
0 -2.626 | 35 1.080 || 70 3.448 
5 -2.176 | 40 1.564 
10 -1.674 | 45 2.000 


This data is also shown plotted in Figure 4.39. 
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The voltmeter reading varies approximately linearly with temperature 
between 0°C and 50°C.1° There is some nonlinearity outside this band. 


107 inearity is not an issue when the voltage is measured by a digital recorder that may be 
manipulated by a computer. Voltage reading may easily be converted to temperature using 
software. 
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Making the linear assumption observed above, the voltage sensitivity is given 
by 


2.384 — (—2.626) 
50-0 


Voltage sensitivity = Slope of voltage vs. R; = 
= 0.1V/C or 100mV/C 


where the voltage values have been taken from the table. It is mentioned 


in the problem statement that the voltmeter can resolve 10 mV. Hence the 


1 
thermistor bridge circuit will be able to resolve omy =0.1°C. This is a 
100 mv/°C 


very good situation! 


Example 4.11 


Thermistor considered in Example 4.10 is connected as shown in Figure 
4.38(b). The parallel resistance is taken as Rp = 1000 Q. The series resistance 
R; is also chosen to be 1000 Q. Determine the variation of voltmeter reading 
with thermistor temperature if the battery supply voltage is 9 V. 


Solution : 
The equivalent resistance of R; in parallel with Rp is easily seen to be 


R:R R 
Reg = R, n - a The voltmeter reading is given by Vout = Vp RaR, In the 


present case V, =9 V, Rp = Rs = 1000 Q and hence we have 


1000R; 
Req = EL 
R: +1000 
Req 
V, aE 
out Req + 1000 


The output read by the voltmeter is shown as a function of thermistor 
temperature in the following table. 


t Vout t Vout t Vout 


-20 4.327 | 15 3.448 | 50 1.699 
-15 4.265 | 20 3.232 | 55 1.476 
-10 4.185 | 25 3.000 | 60 1.276 
-5 4.084 | 30 2.736 | 65 1.098 
0 3.961 | 85 2.466 | 70 0.942 
5 38.814 | 40 2.199 
10 3.643 | 45 1.941 


A plot of this data is also shown in Figure 4.40. The output is a decreasing 
function of temperature of the thermistor. It appears to be linear between 0°C 
and 60°C. Nonlinearity is found outside this band. 
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2 E Figure 4.40: Variation of voltmeter 
1.54 E reading with temperature 
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t°c 
The voltage sensitivity of the thermistor may again be estimated using the 
linear portion of the output. We have 


1.276 — 3.961 
60-0 
-0.054V/°C or -—54mV/C 


Voltage sensitivity = Slope of voltage vs. R; = 


Here the voltage values have been taken from the table. Sensitivity of the 
thermistor in this arrangement is roughly 50% of the value achieved with 
the bridge circuit. In general, linearization of output, leads to a reduction of 
sensitivity. 


As in the case of RTD a thermistor is also subject to self heating since a current 
invariably passes through it while in operation. The dissipation factor determines 
the temperature increase due to heat generated in the thermistor. The following 
example demonstrates how the measuring circuit may be designed to keep the effect 
of self heating within specified limit. 


Example 4.12 


Manufacturer of NTC thermistor has specified a resistance of 1.0 RO at 25°C 
with 6 = 3100 K. Both have an uncertainty of 1%. Dissipation constant for 
the thermistor for operation in air is given as Pp = 2mW/°C. The operating 
temperature range of the thermistor is from —50 to 90°C. This thermistor is 
used in an application where the temperature ranges between 30 and 60 °C. 
Design a suitable circuit such that the thermistor gives temperature within 
0.2°C of the true value. 
Solution : 


Step 1 Assumptions: We propose to make use of a circuit similar to the one 
shown in Figure 4.38(b). We choose the series and parallel resistances to be 
equal i.e. Rs = Rp. We shall assume that the power supply is a regulated DC 
supply with V, =6V . 

Step 2 Power dissipation: The equivalent resistance of thermistor in 

RyR: 
R pt Ri 


parallel with Rp is given by Reg = where R; is the resistance of 
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thermistor at its temperature t. Voltage across this equivalent resistance is 


VR 
eaea With these the current through the thermistor may 
Rs + Req 


be evaluated as 


given by V; = 


Vi “3 Vp Req 
R t R (R st R eq ) 
The power dissipation by the thermistor due to self heating is then given by 


t= 


P,=F?R, 


Step 3 Temperature increase due to power dissipation: It is given by 

dividing the thermistor power dissipation due to self heating by the thermistor 
P 
by the dissipation constant i.e. ôt = a 
D 

Step 4 Maximum power dissipation: The maximum power is dissipated 
by the thermistor when it is at the lowest temperature in the range of interest 
viz. t= 30°C. Resistance of the thermistor is calculated at this temperature 
as 

1 1 


R30 = Roe! (7-70) = 1000¢220l soza7s.15 BABI) = 842.40 


We choose a range of values of Rp or R, to find out the power dissipated by the 
thermistor and the corresponding temperature increase due to self heating. 
This is best shown as a table. 


Hien olny VaV IA Ae 


10000 777.0 0.483 0.00051 0.00022 0.11 
7500 757.3 0.550 0.00065 0.00036 0.18 
5000 720.9 0.756 0.00090 0.00068 0.34 


Step 5 Choice of R, or Rp: It is thus clear that a resistance value of Rs = 
Rp = 7500 © will meet the requirement of guaranteeing no more than 0.2°C 
change in the temperature of the thermistor due to self heating. 

Step 6 Effect of uncertainty in 6 and Ro: We may use error propagation 
formula and obtain the +o limits on R3ọ as +8.5 Q. Corresponding 95% 
confidence limits are R39 = 859.5 Q and Rg = 825.3 Q. The temperature 
increase due to self heating changes marginally and the design is still alright 
as far as the requirement that it be less than 0.2°C is concerned. 


4.5 Pyrometry 


According 
to the International Practical Temperature Scale 1968 (IPTS68) that preceded 
ITS90, Pyrometry was specified as the method of temperature measurement 


We shall introduce 
basic concepts from radiation theory, for the sake of completeness, before discussing 
Pyrometry in detail. 
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4.5.1 Radiation fundamentals 


Black body radiation exists inside an evacuated enclosure whose walls are 
maintained at a uniform temperature. The walls of the enclosure are assumed to 
be impervious to transfer of heat and mass. Black body radiation is a function of the 
wavelength A and the temperature T of the walls of the enclosure. The amount of 
radiation heat flux leaving the surface of the enclosure, in a narrow band dA around 
A, is called the spectral emissive power and is given by the Planck distribution 
function 


Black body radiation 


(4.44) 


where C = 3.742 x 108 Wum*/m? is the first radiation constant and C2 = 14390 um K 
is the second radiation constant. There is no net heat transfer from the surface of an 
enclosure and hence it receives the same flux as it emits. Also it may be seen that 
the -1 in the denominator of Equation 4.44 is much smaller than the exponential 
term as long as AT « Cg. This is indeed true in Pyrometry applications where the 
wavelength chosen is around 0.66 um and the measured temperature may not be 
greater than 5000 K. It is then acceptable to approximate the Planck distribution 
function by the Wein’s approximation given by 


Ey\(T) = C1 [a] (4.45) 


It is clear from Figure 4.41 that the error in using the Wein’s approximation in lieu 
of the Planck function is around 1.2% even at a temperature as high as 5000 K. 


The spectral black body emissive power has strong temperature dependence. This is 
1,4 ~e4qiitfiiiiftiriifiiiit 
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basically the reason for its use in thermometry. In fact the emissive power peaks at 
a wavelength temperature product of 


AmaxT =2898umK (4.46) 
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This is referred to as Wein’s displacement law. We show spectral black body emissive 
power plots for various temperatures of the black body in Figure 4.42. The peaks of 
the individual curves do, in fact, satisfy the Wein’s displacement law. 
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If we imagine keeping the wavelength fixed at say 0.66 jum (in the visible part of 
the electromagnetic spectrum - dashed vertical line in Figure 4.42), we see that the 
ordinate is a strong function of temperature! Higher the temperature the brighter 
the surface as viewed by the eye. This is basically the idea central to Pyrometry. 
Actual surfaces, however, are not black bodies and hence they emit less radiation 
than a black surface at the same temperature. We define the spectral emissivity €, 
as the ratio of the emissive power of the actual surface E,,(T) to that from a black 
surface E,,(T) at the same temperature and wavelength. 


Eq\(T) 
= 4.47 
a Eoi(T) an 


Black body reference - Cavity radiator 


Radiation measurements, in general, and Pyrometry, in particular requires a 
reference black body source that may be maintained at the desired temperature. 
This is achieved by making use of a black body cavity shown schematically in Figure 
4.43. The black body cavity consists of an electrically heated refractory sphere with a 
small opening as shown. The surface area of the sphere is much larger than the area 
of the opening through which radiation escapes to the outside. The radiation leaving 
through the opening is very close to being black body radiation at a temperature 
corresponding to the temperature of the inside surface of the sphere. Figure 4.44 
shows that the effective emissivity of the opening is close to unity. The emissivity of 
the surface of the sphere is already high, 0.96, for the case shown in the figure). The 
area ratio for a typical cavity with diameter of sphere of 0.3 m and diameter of port 


equal to 0.05 m is 


Aport _ 1 (228) 
= —|— | 20.007 (4.48) 
Asphere 4\ 0.3 

The effective emissivity for this area ratio is about 0.995! Many a time the cavity 
radiator has the sphere surrounded on the outside by a material undergoing phase 
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change (solid to liquid). The melting point of the material will decide the exact 
temperature of the black body radiation leaving through the opening, as long as the 
material is a mixture of solid and liquid phases. 


1 
2 
1 Electrically heated 
refractory sphere 
2 Insulation 
3 Temperature sensor and 
heater connection 
4 Temperature controller 
3 5 Exit port for radiation 


Figure 4.43: Schematic of a black 
body source 
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4.5.2 Brightness temperature and the vanishing filament 
pyrometer 


Brightness temperature 


Eq\(T) = Epa(Tp) (4.49) 


If the emissivity of the surface (referred to as the target) is €,, we use Equation 4.47 
to write 
Ea(T) = €, BolT) = Ep4(TB) 


Using Wein’s approximation this may be re written as 


en Stl Ht) = S164) 
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C . . 
We may cancel the common factor a5 on the two sides, take natural logarithms, 


and rearrange to get 


A 
Ln Nanni aay 


In 
measurement using a pyrometer the intervening optics may introduce attenuation 
due to reflection of the radiation gathered from the target. It is also possible that 


one introduces attenuation intentionally as we shall see later. eS 


(which is again between zero and one) to get 


Bm neo (4.51) 


We infer from the 
above that the brightness temperature of a surface depends primarily on the surface 
emissivity, for a given or specified actual temperature. For a black body, of course, 
the brightness temperature is the same as the actual temperature. Therefore, if a 
surface is as bright as a black body at the gold point (melting temperature of gold 
=1337.58 K), the actual temperature should vary with spectral emissivity of the 
surface as indicated in Figure 4.45. Since no surface has zero emissivity we allow 
it to vary from 0.02 to 1 in this figure. As the spectral emissivity decreases the actual 
temperature increases as shown. 
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Figure 4.45: Temperature a sur- 
face whose brightness temperature 
equals gold point temperature of 
1337.58 K (A = 0.66 um) 
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Vanishing filament pyrometer 


This is fairly standard equipment that is used routinely in industrial practice. 
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Gray filter Red ii 
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Figure 4.46: Schematic of a vanishing filament pyrometer 


The pyrometer consists of collection optics 


(basically a telescope) to gather radiation coming from the target whose temperature 
is to be estimated. The radiation then passes through an aperture (to reduce the 
effect of stray radiation), a neutral density or gray filter (to adjust the range of 
temperature) and is brought to focus in a plane that also contains a source (tungsten 
filament standard) whose temperature may be varied by varying the current through 
it. The radiation from the target and the reference then passes through a red filter 
and is viewed by an observer as indicated in Figure 4.46. 


If the adjustment is such that the filament temperature is greater than the target 
brightness temperature the setting is referred to as “high”. The filament appears as 
a bright object in a dull background (Figure 4.47 labeled “High” ). If the adjustment is 
such that the filament temperature is lower than the target brightness temperature 
the setting is referred to as “Low”. The filament appears as a dull object in a bright 
background (Figure 4.47 labeled “Low”). If the adjustment is such that the filament 
temperature is equal to the target brightness temperature the setting is referred to 
as “Correct”. The filament and the target are indistinguishable 

“Correct”).. Thus the adjustment is a null adjustment. The filament vanishes from 
the view! The temperature of the filament is in deed the brightness temperature of 
the object. The wavelength of observation corresponds to roughly a value of 0.66 


High Correct Low 


Figure 4.47: Pyrometer adjustments 


um. This is achieved by a combination of the response of the red filter and the eye 
of the observer (Figure 4.48). The average eye response peaks around 0.6 um and 
responds very poorly beyond 0.67 um. The red filter transmits radiation beyond 
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about 0.62 um. On the whole the red filter - eye combination uses the radiation 
inside the hatched triangular region formed by the intersections of the two curves. 
This region corresponds to a mean of 0.66 um with a spectral width of roughly 0.03 
pum. Since the chosen wavelength is in the visible radiation range, only targets at 


100 


—— Eye response 


---- Red filter transmittance 
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Figure 4.48: Effective wave 
05 055 06 0.65 0.7 0.75 0.8 length for the pyrometer 
Wavelength, A, um 


high enough temperature such that there is significant radiation emission in the 
visible part of the spectrum, are suitable for determination of temperature by the 
vanishing filament pyrometer. The lower limit of temperature of a target is about 
800°C. Such temperatures are usually encountered, for example, in ovens, boiler 
combustion chambers and in metallurgical applications. Secondly, the emissivity of 
the target must be known at the wavelength used in the pyrometer. Any uncertainty 
in the emissivity will lead to a systematic error in the determination of temperature 
by a pyrometer. 


Figure 4.45 has indicated that the actual temperature of an object that matches 
the brightness of a black body at the gold point is a function of the surface emissivity 
transmittance product (refer Equation 4.51). This at once gives an alternate method 
of temperature measurement using a vanishing filament pyrometer. If the target 
is of known emissivity, and is at a temperature above the reference black body 
temperature (eg. the gold point) which is also the fixed temperature of the filament, 
then brightness match may be obtained by varying the transmittance instead of the 
filament temperature. The advantage of this method is that the filament runs at a 
fixed temperature and does not deteriorate due to thermal cycling. The filament life 
is enhanced and hence cuts down on the expense incurred in changing the reference 
lamp very often. The second advantage is that the pyrometer is based on a single 
reference temperature! The transmittance may be varied by using a variable neutral 
density filter (gray filter) in the path of the light entering the pyrometer. The variable 
neutral density filter is in the form of a circular wheel with transmittance marked 
on the periphery. 


A pyrometer gives the brightness temperature of an object to be 800°C. The 
optical transmittance for the radiation collected by the pyrometer is known to 
be 0.965 and the target emissivity is 0.260. Estimate the temperature of the 
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object. Take A = 0.655 um as the effective wavelength for the pyrometer. 


Solution : 
The brightness temperature of the target is specified as 


Tp = 800°C = 800+ 273.15 K = 1073 K 
The emissivity transmittance product is obtained as 
EjTa = 0.260 x 0.965 = 0.251 


We use the pyrometer equation 4.51 and solve for Ta to get 


1 1 


T= = =1151K =878°C 
T+ & In(eata) 7073 + uo) In(0.251) 


The brightness temperature of a metal block is given as 900°C. A thermocou- 
ple embedded in the block reads 1015°C. What is the emissivity of the surface? 
The pyrometer used in the above measurement is a vanishing filament type 
with an effective A of 0.65um. Assuming that the thermocouple reading is 
susceptible to an error of +5°C while the brightness temperature is error free, 
determine an error bar on the emissivity determined above. 


Solution : 
The first and second radiation constants, in SI units are: 
Cı = 3.743x 10°16 Wum*/m? 
Co 14387 um K 
The data specifies the actual temperature (Tą) as well as the brightness 


temperature (Tg) and it is desired to determine the emissivity of the metal 
block at the stated wavelength. 


A = 0.65 um; Ta = 1015°C = 1288 K; Tg = 900°C = 1173K 


We assume the transmittance of the optics as unity since the problem does not 
explicitly give it. We use the ideal pyrometer equation 4.50 and solve for the 
target emissivity to get 


anel elt) e(t (-)) 0.185 


This is the nominal value of the emissivity. The error in €, is due to error 
in Ta. This is calculated using the error propagation formula. We need to 
calculate the appropriate influence coefficient given by the derivative of £} 
with respect to Ta. 
dé, Ce (= Jex= 14387 1 
ôTa AT?) 0.65 \1288? 
Since error in temperature is AT, = +5K, the error in emissivity is given by 
ô 
AE A= A 
ôT, 


a 


I= )o.185 = —0.00247 K`! 


AT, = —0.00247 x (+5) = 70.0124 = +0.012 
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Emissivity values 


Example 4.14 has shown how the spectral emissivity of a target may be estimated 
if both its actual temperature and the brightness temperature are known. In fact this 
is one way of obtaining the spectral emissivity (at A = 0.66 um) of a target material. 
This is possible if an experiment can be set up with an embedded thermocouple to 
measure the actual temperature at the same instant a pyrometer reading is taken. In 
fact one may vary the surface temperature over a range of values that is expected to 
occur in a particular application and measure the emissivity values over this range. 
An emissivity vs. temperature table may then be made for later use. 


Useful emissivity data is given in Table 4.11. These are representative values 
since the nature of the surface is application specific and much variation is 
possible. Uncertainty in emissivity affects the measurement of temperature using 


Table 4.11: Useful emissivity values 
Temperature ° C 


Surface 600 1200 1600 1800 
Tron (Un-oxidized) 0.2 0.37 oo 
Tron (Oxidized) 0.85 0.89 


Molten Cast Iron 0.29: 
Molten Steel . e 0.28 0.28 
Nickel (Oxidized) _--- 0.75 0.75 

Fire Clay tee 0.52 0.45 

Silica Brick tee 0.54 0.46 
Alumina Brick tee 0.23 0.19 


a pyrometer. For small errors the relationship is almost linear with AT, = Ae, for a 
vanishing filament pyrometer operating at 0.65 um. 


4.5.3 Total radiation pyrometer 


The emitted radiation is much larger and hence the required 
detector sensitivity is much lower than in the spectral measurement case. But the 
detector should have a flat response over the entire spectral range. This is not sucha 
limitation since a thermal detector like the thermopile that was discussed in section 
4.3.3 may be used as the detector (see Figure 4.24). 


In this case the comparison will be with the total radiation from a black body at 
the brightness temperature Tg. The target emissive power (total, in W/m? instead 
of spectral that was in W/m? um) is given by Stefan Boltzmann law as 


E,(Tq) = e0T? (4.52) 
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where € is the total emissivity, also referred to as the equivalent gray body emissivity 
of the target and ø is the Stefan Boltzmann constant. The emissive power of the black 
body that is used for comparison is given by 


E,(TB)=0T$ (4.53) 


Tg 


a= za (4.54) 


A black body operating at Tg = 850 K matches the intensity of a target at 
an unknown temperature. Both measurements are made using a thermopile 
that responds to all wavelengths. The target total emissivity is known to be 
e = 0.82. What is the temperature of the target? If the target emissivity 
has a specified uncertainty of +0.02, what is the uncertainty in the actual 
temperature? 


Solution : 
The brightness temperature of the target is the same as the temperature of the 
black body. data specifies Tg = 850 K, £ = 0.82. Hence the actual temperature 
of the target, Ta, using Equation 4.54 is 


Tg 850 


a = zia T ggg 7 8992K 


Uncertainty calculation assumes that Tg is error free. The influence coeff- 
cient with respect to the emissivity is given by 
ôTa Tg 850 


I= an 0.25% 15 0.25 x 0.89125 7 272.33 K 


With the uncertainty in the total emissivity of Ae = +0.02, we have 


AT, = Ie x Ae = —272.38 x (+0.02) = $5.45 K 
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4.5.4 Ratio Pyrometry and the two color pyrometer 


Consider two 


wavelengths A1,A2 close to each other. Let the corresponding emissivity values of 
the target be €1,€2 . The color temperature T, of the target is defined by the equality 
of the ratios of emissive powers given by 


Eqa,(Ta) _ Eoa,(Te) 


4.55 
Earla)  Epa,(Te) (455) 


Making use of the Wein’s approximation we 


have 


1 12 1 mg (4.56) 


is the 


counterpart of Equation 4.50 that linked the brightness and actual temperatures of 
the target. In case the emissivity does not vary with the wavelength, we see that the 
color and actual temperatures are equal to each other. We also see that the actual 
temperature may be either less than or greater than the color temperature. This 
depends solely on the emissivity ratio for the two chosen wavelengths. 


Thus what is measured is 
the ratio occurring on the left hand side of Equation 4.55. Thus we have 


Ean, _ él AB el ata) 


Eat, €21 i) 

Again we may take natural logarithms and solve for T, to get 

olt- 
y= [fa] (4.57) 

1 Eq Ay Aj é2 
Eary AB e1 

Similarly we may show that the color temperature is given by 
11 

_ lisa] as 
a Z 8 | š 

n| 274144 


Ears a3 
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The radiation from the target is split up in to two beams by the use 
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Figure 4.49: Schematic of a two color pyrometer 


of a wedge, as indicated. Two mirrors redirect the two beams as shown. These pass 
through a rotating wheel with openings, as indicated. The beams then pass through 
two filters that allow only a narrow band around a well defined wavelength (indicated 
as red and blue). The rotating wheel “chops” the two beams and creates ac signals 
to be detected by the photocells. The ratio of the two signals is equal to the ratio of 
emissive powers in Equation 4.57 or 4.58. The scaler introduces the other ratios that 
appear in the same equations. The display then indicates the actual temperature. 


A certain target has a brightness temperature of 1000 K when viewed by a 

vanishing filament pyrometer. The target emissivity at 0.66um is known to 

be £ı = 0.8. What is the true temperature of the target? What is the color 

temperature of the same target if A1 = 0.66 um, Ag = 0.63 um and £2 = 0.75? 
Solution : 

Given Data: Tg = 1000 K, A; = 0.66 um and £1 = 0.8 

The ideal pyrometer equation 4.50 may be rearranged as 


T 1 + ae l 7 
= |—+—lne 
a Tg Co 1 
With the numerics in we get 
1 066 


Ta = 


-1 
Z SS iog] = 1010.3K 
1000 ` 14390 ` 8| = 1010.3 


For determining the color temperature the required data is: 


Ay = 0.66 Em, €, = 0.8; Ag = 0.63 Em, €2 = 0.75 


4.5. Pyrometry 161 


We determine the color temperature by using Equation 4.56 and solving for 


T.. 
In(2) k 0.75 -1 
Te= |z à =| nas) = 950.6K 
~ g . 
Ta 14390 (4 _ +) 1010.3 14390 (345 - ps) 


In this case the color temperature is less than the actual as well as the 
brightness temperatures. 

We may also calculate the ratio that would be measured by a two color 
pyrometer as 


Eeen 14390 
Ean | Ai z) 0.8e(- oesxtor03) E 
7 C2 14390 =2.981 


Ears sgel fe) 0. 75e(-vasstaivs) 


4.5.5 Gas temperature measurement 


‘tis possible to measure temperature of gases using pyrometry. Of special interest 


is the measurement of high temperature gases such as those that occur in a flame. 


This may be done by adding small quantities 
of sodium salts in to the flame. Once sodium is present in the flame it emits a strong 
doublet at 589.0 nm and 589.6 nm, known as sodium D - lines." 


Consider the arrangement shown in Figure 4.50. Typical application involving the 
measurement of temperature of a flame is illustrated here. As mentioned above the 
flame has a small concentration of sodium atoms in it which are excited thermally so 


that these atoms emit radiation at wavelengths corresponding to the two sodium D 
lines. 


= Flame (Tf) 
n 
Prism | 
ae i (a) 
Spectroscope 
(Monochromator) Flame A 
Holder 


— 000e a 


Figure 4.50: Schematic of set up for the ‘line reversal’ technique 


First observed by German physicist Joseph von Fraunhofer (1787 - 1826) as dark 
absorption lines in the solar spectrum. 
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As indicated the spectroscope slit is illuminated by the radiation from the flame as 
well as radiation from a tungsten filament placed behind the flame. The two lenses 
are arranged so as to bring the light gathered from the lamp as well as the flame to 
come to focus at the slit. Let the flame be at temperature Tp while the filament is at 
a brightness temperature of T}. 


Let the spectral intensity of radiation leaving the lamp and that is incident on the 
flame be Ij,9 = Ib a(Tı). This radiation passes through a distance L in negotiating 
the flame. If the flame has a constituent that absorbs this radiation the incident 
intensity will undergo an attenuation because of absorption. At the same time it gets 
enhanced because of emission by the flame. The process of change in the intensity 
is governed by the equation of radiation transfer.'” As derived in the cited reference 
the intensity leaving the flame would be given by 


Ina = I,a(T1)(1-e*"] +Ipa(T pe (4.59) 
where x, is the spectral absorption coefficient of the flame. 


Equation 4.59 shows that Iz a >I, (Ti) if Tf > Tı. The sodium D lines appear 
brighter as compared to the background, as indicated in the first illustration in 
Figure 4.50(b). Thus the sodium lines appear as bright lines in a dark background. 
Equation 4.59 indicates that Iz a < Ip a(Tp if Ty < Tı. The sodium D line appears 
duller as compared to the background, as indicated in the last illustration in Figure 
4.50(b). Thus the sodium lines appear as dark lines in a bright background. 
However when T+ = T;, we have Iz = Ib a(Tı) and the sodium lines disappear in 
the background, as shown in the middle illustration in Figure 4.50(b) . The lamp 
brightness temperature is varied systematically to achieve the disappearance of 
the lines in the background produced by the radiation from the lamp. As we vary 
the lamp temperature around the flame temperature the sodium lines change from 
absorption lines to emission lines and the line radiation is said to reverse and hence 
the name ‘line reversal’. The brightness temperature of the lamp under this condition 
gives the temperature of the flame. 


4.6 Other temperature measurement techniques 


Now we shall look at other methods of temperature measurements that have 
not been placed directly under the ITS90. The discussion will not be exhaustive 
because there are many techniques of temperature measurement that have specific 
applications. Those that are more commonly used in practice will be considered here. 


Liquid in glass or liquid in metal thermometers: Thermal expansion of vol- 
ume of a liquid with temperature is used as the thermometric property. 
Bimetallic thermometers: Differential thermal expansion between two materi- 
als bonded together is used as the thermometric property. 

Liquid crystal thermometers: Color change of liquid crystals with temperature 
is used as the thermometric property. 

IC temperature sensor: Junction semiconductor devices for temperature mea- 
surement. 


12 Chapter 12 - S.P. Venkateshan, Heat Transfer (Second Edition), Ane Books, 2011 
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4.6.1 Liquid in glass or liquid in metal thermometers 


Liquids contained in a rigid vessel expand much more than the vessel itself and 
hence there will be a net change in the volume of the liquid contained within 
the vessel. The volume change is converted to a length change by a suitable 
arrangement to construct a thermometer. Liquid in glass thermometers cover a 
wide temperature range using different liquids and are capable of good accuracy. 
Changes in temperature that are of the order of hundredth of a degree are accurately 
measurable. These thermometers are used in measuring temperatures of baths and 
in clinical practice for taking the temperature of patients. These are also used in 
precision thermometry. 


The constructional details of a typical liquid in glass thermometer are given in 
Figure 4.51. It consists of a glass bulb that holds the liquid and is the part that comes 
in to contact with the process environment. The bulb is connected to a capillary 
of uniform bore. When the liquid expands it rises in the capillary. A scale on the 
stem of the thermometer gives the temperature reading. An immersion ring on 
the stem indicates the depth to which the stem must be immersed in the process 
space. This corresponds to the depth of immersion used during the calibration of the 
thermometer. Liquid in glass thermometer may use either partial immersion as in 
Figure 4.51 or total immersion in which case the entire thermometer should come in 
contact with the process space. A total immersion thermometer will give erroneous 
results if partially immersed. The capillary also has a contraction chamber on the low 
side and an expansion chamber on the high side. The expansion chamber prevents 
damage to the thermometer in case the thermometer is exposed to a temperature 
above the maximum of the useful range. 


Immersion 
ring 
Bulb Stem $ Scale 
A Contraction Expnsion 
Capillary ~ chamber chamber 


Figure 4.51: Construction details of a typical liquid in glass 
thermometer 


The best accuracy for a total immersion thermometer with mercury in glass is 
from 0.01 °C for low temperature range up to 150°C. For higher temperature range 
up to 500°C the accuracy is limited to 1°C. The corresponding numbers for partial 
immersion would, however, be 0.1°C and 2°C respectively. The properties of the 
liquid such as the freezing point and the boiling point limit the range for each liquid. 
Table 4.12 lists a few of the liquids along with the allowable temperature ranges. 
In the case of mercury the upper limit shown is possible if it is under a pressure 
greater than atmospheric pressure. The coefficient of cubical expansion of liquids 
that are used in thermometry are temperature dependent and hence this will have 
to be taken in to consideration while designing a liquid in glass thermometer. For 
example, the volume of mercury follows the quadratic relation 


V; = Vol1 + 18.18 x 1075¢ + 15.6 x 107927] (4.60) 
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Table 4.12: Liquids useful in thermometry 


TE Temperature 
ce Range in °C 
Pentane -200 to 30 
Alcohol -75 to 70 
Toluene -75 to 100 
Creosote -40 to 200 
Xylene -40 to 400 
Mercury -30 to 520 
Here V; is the volume of mercury at temperature t°C and Vo is the temperature at 
1dv 
0°C. It is thus seen that the coefficient of cubical expansion defined as f = Vase is 
given, for mercury, by the relation 
18.18 x 1075 + 15.6 x 107° 
: 8.18 x 10°°+ 15.6 x 10°-%¢ (4.61) 


~ 1418.18 x 10-5¢ + 15.6 x 10? 


A plot of cubical expansion of mercury over its useful range is shown in Figure 
4.52. There is roughly a 5% decrease in the cubical expansion of mercury over the 
range. Useful data regarding the cubical expansion and bulk modulus of liquids and 


solids (used as bulb-capillary material) is given in Table 4.13. Liquid expansion 
1.83 pt 
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Figure 4.52: Coefficient of 
cubical expansion of mercury 
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Table 4.13: Coefficient of cubical expansion and bulk modulus of some useful materials 


Bulk Bulk 
Solid B Modulus Liquid B Modulus 

GPa GPa 
Aluminum = 2.3x 107° 75.5 Alcohol 1.12x 107° 1.47 
Platinum 9x10 ° 228 Benzene 1.24x10 3 1.03 
Glass 2.76x 10° 43 Mercury 1.81x10~° 28.6 
Steel 2x10 160 Water 2.1x10 2.24 


thermometers may also be used by containing the liquid in a rigid metal bulb 
connected to a metal tube as shown in Figure 4.53(a). The expansion of the liquid is 
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curtailed by the rigid metal design and hence the pressure increases. The pressure is 
measured by a pressure sensor such as a Bourdon gage (see section 7.3). The metal 
bulb is exposed to the process environment, as shown. It is possible to compensate for 
the effect of ambient temperature on the measurement by using a second capillary 
that is exposed to the ambient as indicated in Figure 4.53(b). In this case the output 
is communicated to a differential pressure transducer. 


Metal bulb Metal bulb 


MMMM 
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Q ® Active 
= Capillary S capillary 
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gage Compensating 
N capillary 
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Figure 4.53: Construction details of liquid in metal thermometers 


Example 4.17 


Mercury has a cubical expansion of 18.1 x 105°C} while glass has a coeffi- 
cient of cubical expansion of 2.76 x 10~5°C71. A thermometer is constructed 
with the bulb having a volume of 200 mm?. The capillary has a bore of 0.2 mm. 
What is the sensitivity of this thermometer? 


Solution : 
We are given the following data: 
Cubical expansion of mercury: Byg = 18.1 x 10° Cc"! 
Cubical expansion of Glass: Glass = 2.76 x 1075 07! 
Relative cubic expansion is thus given by 


Brel = Bug — BGlass = (18.1 — 2.76) x 1075 = 15.34 x 105°C! 


This is also the fractional change in the volume of mercury for a change of 
temperature of 1°C. The change in volume of mercury is then given by 


AV = Brel V = 15.34 x 1075 x 200 = 30.68 x 1078 mm? Co} 


This change in volume gives rise to a change in the length of mercury column 

in the capillary given by A-AL where A, is the area of cross section of the 
D 0.22 

capillary, given by A, = ar = ae = 0.012 mm’. Noting that AL is in fact 

the sensitivity S of the thermometer, we have 


AV _ 30.68 x 107° 


= =0.977= 1 mm° C7! 
a ooa O? MG 


S=AL= 
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4.6.2 Bimetallic thermometer 


Different materials expand by different extents when heated. The coefficient of 


thermal expansion defined as a = —— varies from material to material. This 
property can be gainfully used by constructing a temperature sensor in the form 
of a bimetallic element. The sensor takes different shapes and two examples are 
shown in Figure 4.54. 


à Room temperature Sheath 
C E a AYER 
AS a 
Bimetallic 
Elevated temperature Temperature spiral 
dial 
(a) (b) 


Figure 4.54: Schematics of Bimetallic strip 
thermometers (a) Cantilever type (b) Spiral type 


In the example shown in Figure 4.54(a), it is in the form of bimetallic strip element 
that is fixed at one end. The element will be straight at a particular temperature 
that will be referred to as the reference temperature tọ. When the temperature 
of the element changes it will bend as indicated, the extent of the bend being a 
function of temperature. In the second example shown in Figure 4.54(b), the sensing 
bimetallic element is in the form of a helical coil that winds or unwinds depending 
on the temperature. In both cases a suitable mechanical arrangement may be used 
to transmit the movement to a dial that may be marked in temperature units. Thus 
the bimetallic thermometer does not require any external power for its operation. 


Bimetallic element analysis 


Consider a bimetallic element fabricated by joining together two strips of materials 
A and B as shown in Figure 4.55(a). The two strips that make up the bimetallic 
element have identical lengths at a certain temperature to (this may be the room 
temperature or some other temperature such as the temperature at which the 
bimetallic element is fabricated by joining the two strips together). The bimetallic 
element is flat at this temperature. When the temperature is different from to 
the bimetallic element takes on a bent or curved shape because of the different 
coefficients of thermal expansions of the two materials. For example, if the coefficient 
of thermal expansion a, of material A is more than az, the coefficient of thermal 
expansion of material B, the bimetallic element will take the bent form as shown in 
Figure 4.55(a) for t > tọ. The bent shape is characterized by the radius of curvature 
R. Strip A tends to expand more than strip B and hence internal stresses are 
developed as indicated Figure 4.55(b). For a simplified analysis we assume that 
both materials have the same Young’s modulus and are of the same thickness 6. The 
outer surface of strip A is in tension while at the interface it is in compression. Strip 
B experiences just the opposite as shown in Figure 4.55(b). At the interface plane 
between the two strips the compressive stress in strip A must be equal to the tensile 
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stress in B. Hence the internal stresses developed in the two materials are equal and 
opposite. 


T=To 
| 
TAT s 
35 j E 
<B 5 £ 
g a 
© 
O 
R 
(a) Geometry of straight and (b) Internal forces across a 
bent bimetallic element transverse section of the 


bimetallic element 


Figure 4.55: Bimetallic element analysis 


Consider the forces across the thickness of the strip A. These give rise to a net 
bending moment leading to the bent shape. The moment is clockwise as indicated 
in the figure. The forces across strip B also give rise a bending moment in the same 
sense. We notice that there can be no net moment about O on the interface since 
there is no external applied moment. Hence each of the moments taken with respect 
to O (either in material A or material B) should vanish. 


Now consider the strain as function of location across the section of material A. 
Let z represent the coordinate measured with O as the reference. The strain is a 
linear function of z and may be taken as s =a- bz . This form is chosen since the 
stress will undergo a change in sign somewhere within the thickness of the strip. 
The corresponding stress is ø = E(a — bz) where E is the Young’s modulus. The 
corresponding force is obtained by multiplying this by an elemental thickness dz. 
The elemental moment about O due to this force is obtained as dMo = E(a-bz)zdz = 
E(az-bz?)dz. We integrate this with respect to z from z = 0 to z = ¢ (the thickness 
of strip A or B) and set it equal to zero to get a relation between the coefficients a,b 
and the thickness ô. 


ô 
Mo -Í E(az—bz2)dz = E(— = 2) =0 (4.62) 
0 


Thus we have 2 
=-6 4.63 
3 ( ) 
: : cd 3z aat 
Thus the strain at any location z is given by s(z) = A(1 — os): The strain is zero at 
2 
z= 3° . Thus the strip A has its original length at this location! Similar analysis 


2 
would indicate that at z = —-—6 in material B it has its original length. Let the 


bimetallic strip in its flat state have a length equal to Lo. At temperature t > tg the 
length of element A would be LA = Lo[1+a@,(t—to)] . Similarly, for the material B, 
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Lpg = Loll + æp(t— to)] . These in fact are the lengths at the location where there is 
2 4 
no stress! The distance between these is given by 2 x 3° = 3° . The angle subtended 
by the bent strip at the center of curvature is 
_ Differential arc length La-Lg_ 3 


Distance 4 ô 46 


Lolaa — ag)(t — to) (4.64) 


Lat+L 
The length at the interface may be taken as SAT Lo since the strains are 


expected to be small compared to the length. The radius of curvature may then be 
approximated as 


Lo 46 


Rz = 
$ 3(a4-agy(t—to) 


(4.65) 


It is not difficult to do this analysis when the two materials have different thick- 
E 

nesses and different elastic constants. The ratio of the elastic moduli rg = z 

A 


ô 
and the ratio of thicknesses rs = = also appear in the formula for the radius of 
curvature. Note that the subscript B refers to the material of lower coefficient of 


thermal expansion. The corresponding expression for the radius of curvature is given 
by 


Oat da{31 tro? + A +rore\[rZ+ at I 


TsrE 
6(a4 — ap)\(t—to)\(1+r5)? 


(4.66) 


Note that Equation 4.66 reduces to Equation 4.65 when rg = rs = 1. Data useful in 
analyzing bimetallic elements is presented in Table 4.14. 


Example 4.18 


A bimetallic strip has been constructed of strips of yellow brass and Invar 
bonded together at room temperature of tọ = 25°C. Each strip is 0.2 mm 
thick. What is the radius of curvature of the strip and the angle subtended 
at the center of curvature when a length of 25 mm is subjected to steam point 
at 1 atmosphere pressure? If it is used in the cantilever arrangement shown 
in Figure 4.56 what will be the deflection at the free end? 


Solution : 
In solving this problem all lengths are used in millimeters. The properties of 
the two materials are given below. A refers to yellow brass and B to invar. 
The properties of the two materials are recalled here: 


a4 = 2.02 x 10°C tag = 1.7 x 10°C} 


E4 =96.5 GPa, ô4 =0.2mm; Ep=147GPa, ôg = 0.2mm 


The reference temperature is tọ = 25°C. The required ratios are calculated as: 
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Table 4.14: Coefficient of thermal expansion and Young’s modulus of some materials 


blane Coefficient of Thermal Young’s 
i Expansion a°C™! Modulus Gpa 
Aluminum 24x107 69 
Brasses 19 x108 100 - 125 
Yellow Brass 20.2 x10" 96.5 
Bronzes 18x10" 100 - 125 
Copper 17x108 124 
ea 9 x106 50 - 90 
(ordinary) 
Glass 6 
(Pyrex) 3x10 67 
Inconel 702 12.5x10 217 
Invar* 1.7 x10 © 147 
Tron 12 x10 © 196 
Lead 29x10 © 16 
Monel 400** 12.5 x108 179 
Stainless -6 
Steel 16 x10 193 
Nickel 13.6x10 Ë 214 


*Invar is an alloy steel containing 36%Nickel 


**Monel is a class of stainless metal alloys containing up to 67% 


Nickel, Copper and some Iron and other trace elements 


The temperature at which the radius of curvature of the bimetallic element is 
desired is t= 100°C. We make use of Equation 4.66 to calculate R. 
(0.2 + 0.2){3(1 + 1)? + (1+ 1x 1.523) [17+ —4,.]} 


1x1.523 = 194.35 mm 
6(2.02 x 10-5 — 1.7 x 1076)(100 — 25)(1 + 1)2 


Figure 4.56: Bimetallic element 
geometry in Example 4.18 


R 


Length of bimetallic strip is given to be L = 25mm. The angle subtended at 
the center of curvature is then given by 


L % 
— R 194.35 
Referring to Figure 4.56 we see that the deflection of the free end is given by 


6 = R(1-cos¢) = 194.35(1 — cos 0.129) = 1.606 mm 


=0.129rad 
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The arrangement shown in Example 4.18 is typical of a bimetallic element used as 
an on-off controller. The current to a heater passes through the bimetallic element 
that is exposed to the process space. If the temperature of the process space exceeds 
a set point (set by a mechanical arrangement) the bimetallic strip will open out 
thus switching off the current. When the process space dips below the set point 
the bimetallic strip straightens out and turns on the current to the heater. Another 
arrangement that is possible is shown in Figure 4.57. 


Invar rod 


Valve Figure 4.57: Thermostat for 
7 Process x maintaining constant tempera- 
space Gasout ture in a process space 
Brass tube p 
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The “thermostat” consists of an invar valve push rod surrounded by a brass tube. 
The two are intimately connected at one end. The brass tube is fixed at the other 
end to a rigid support. The Invar push rod is connected to a valve disk at the other 
end. The differential expansion between the brass tube and the Invar rod controls 
the valve position and hence the flow rate of the gas that is supplied to the burner 
that provides the heat to the process space. 


4.6.3 Liquid crystal thermometers 


The liquid crystal used in a thermometer is a chiral nematic liquid crystal that 
has a natural twisted structure such that the preferred molecular orientation is 
such as to give it a corkscrew shape. The pitch of the screw structure may be a 
few nanometers to many microns. When visible light is incident on the liquid crystal 
it gets reflected if the pitch is equal to the wavelength of the incident light. The 
pitch of the liquid crystal varies with temperature. The liquid crystal has a narrow 
temperature range over which its pitch will be the same as the wavelength of incident 
light. Hence a liquid crystal will reflect light and thus become visible against a black 
background when the temperature is in the correct range. 


A liquid crystal thermometer is made by having a small amount of the liquid 
crystal behind a digit shaped opening on a black plastic strip. The strip is glued on to 
the surface whose temperature one wishes to measure. Different digits have different 
liquid crystals with different temperature ranges in which the pitch becomes equal 
to the wavelength of the incident light. Hence the appropriate digit will “light up” 
when the temperature of the object has the corresponding value. Liquid crystal 
thermometers have a narrow temperature range and are used in applications such as 
the measurement of a patient’s temperature for clinical purpose. It may also be used 
while performing experiments with temperatures close to the ambient temperature. 


Liquid crystal sheets with adhesive on the back are available that may be attached 
to a surface whose temperature needs to be measured. If the surface has non uniform 
temperature the reflected light will show variation of hue that may be easily related 
to the temperature field. 
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4.6.4 IC temperature sensor 


Integrated chip temperature sensors are available to cover a range of temperatures 
from -55 to +150 °C. They are fairly linear with a response of 1 uA/K, for a typical 
IC AD 590 series available from Analog Devices. Alternately LM 135 series of IC 
temperature sensor from National Semiconductors may be used. This IC operates as 
a two terminal Zener (Figure 4.58) with breakdown voltage directly proportional to 
absolute temperature of +10 mV/K. When calibrated at 25 °C it has less than 1°C 
error over a 100°C range. The output voltage of the sensor may be represented by 


Supply 


Output 10 mV/K 


LM335 10 RO Pot 
Figure 4.58: IC Temperature 
sensor electrical schematic 
the linear relation r 
Vr = Vh z (4.67) 
To 


Note that the temperatures are in K. The output of the IC sensor is represented as V 
and the subscript represents the temperature. The reference temperature is usually 
taken as 25°C. Calibration of the sensor is done by connecting a 10 kQ potentiometer 
as shown in Figure 4.58 and with the arm tied to the adjustment terminal of the IC. 
The calibration is done at the single temperature of 25°C at which the output should 
be 2.982 V (= 298.2 K x 10mV/K). 
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Many processes of engineering relevance involve variations of process parameters 
with respect to time. The system variables like temperature, pressure and flow rate 
may vary with time. These are referred to as transients and the measurement 
of these transients is an important issue while designing or choosing the proper 
measurement technique and the probe. Here we look at the measurement of 
temperature transients. 


4.7.1 Temperature sensor as a first order system - Electrical 
analogy 


Let us look at a typical temperature measurement situation. We visualize the 
temperature probe as a system that is subject to the temperature transient. The 
probe is exposed to the environment whose temperature changes with time and it is 
desired to measure this temperature change by following it as closely as possible. In 
Figure 4.59 we show the schematic of the thermal model appropriate for this study. 
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Probe temperature: T(t) 
Probe characteristic length: | Len 
Fluid temperature: T 

Heat transfer coefficient: h 


Figure 4.59: Schematic of a 
temperature probe placed in a 
flowing fluid medium 


The model assumes that the probe is at a uniform temperature throughout at any 
time t. Note that ¢ represents time in this section. T is used to represent temperature 
even if it is in °C. This means that the probe is considered to be thermally “lumped”. 
The medium that flows over the probe is at a temperature that may vary with respect 
to time. Initially the probe is assumed to be at temperature To. Let the probe be 
characterized by the following physical parameters: 


° Density of the probe material: p, kg/m? 

e Volume of the probe material: V, m? 

e Surface of area of probe that is in contact with the flowing medium: S, m? 

e Specific heat of probe material: C, J/kg°C 

e Convection heat transfer coefficient for heat transfer between the probe and 
the process fluid: h, W/m?° C 


By conservation of energy, we have 


Rate of change of energy 
stored in the probe 


(4.68) 


Rate of heat transfer between 
the probe and the flowing fluid 


If we assume that the probe is at a higher temperature as compared to the fluid heat 
transfer will be from the probe to the fluid and the internal energy of the probe will 
reduce with time. Using the properties of the probe introduced above, the left hand 


dT 
side of Equation 4.68 is given by -pV C —. The right hand side of Equation 4.68 is 


given by AS(T - T). 
-ovo =AST-Ta) 4.69) 


After some rearrangement, Equation 4.69 takes the form 


dT hS hS 
Pe A m 4.7 
dt pCV pCV Cao 


Note that this equation holds even when the probe temperature is lower than the 


CV 
fluid temperature. The quantity ES has the unit of time and is referred to as the 
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time constant T of the first order system (first order since the governing differential 
equation is a first order ordinary differential equation). The first order time constant 
involves thermal and geometric properties. The volume to surface area ratio is 
a characteristic length dimension and is indicated as Len in Figure 4.59. Noting 
that the product of density and volume is the mass m of the probe, the first order 
time constant may also be written as ae The time constant may be interpreted 
in a different way also, using electrical analogy. The quantity mC represents the 
thermal capacity and the quantity aS represents the thermal resistance. Based on 
this interpretation an electric analog may be made as shown in Figure 4.60. In the 
Vi Vout 
R 


=C 
| Figure 4.60: Electrical analog of 
= a first order thermal system 


electric circuit shown in Figure 4.60 the input voltage represents the temperature of 
the fluid, the output voltage represents the temperature of the probe, the resistance 
R represents the thermal resistance and the capacitance C represents the thermal 
mass (mass specific heat product) of the probe. Equation 4.70 may be rewritten as 
dT T To 
le a 4.71 
dt T T ( ) 
Equation 4.71 may be simplified using the integrating factor et" to write it as 


dé" T 
dt 


Te! (4.72) 


t 
This may be integrated to get T =e" | f Toe! ‘ata where A is a constant of 


0 
integration. Using the initial condition T(t = 0) = To we get 
roze" [rox [ronal 4.79) 


This is the general solution to the problem. If the variation of fluid temperature with 
time is specified, we may perform the indicated integration to obtain the response of 
the probe as a function of time. 


4.72 Response to step input 
If the fluid temperature Ta is constant but different from the initial temperature 


To of the probe, the solution is easily shown to be represented by 


oF (4.74) 


Note that the temperature ratio ọ is non-dimensional and hence the solution 
represents a universal solution to a first order system subject to a step input. The 
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temperature difference between the probe and the fluid exponentially decreases with 
time. The variation is indicated in Figure 4.61. At the end of one time constant 
the temperature difference is some 37% of the initial temperature difference. After 
about 5 time constants the temperature difference is quite negligible. This means 
that the system has come to equilibrium with the medium. A step input may be 


[ Figure 4.61: Response of a first 
E order system to a step change in 
temperature 


experimentally realized by heating the probe to an initial temperature exceeding the 
fluid temperature and then exposing it quickly to the fluid environment. The probe 
temperature is recorded as a function of time. If it is plotted in the form ln(ọ) as a 
function of t, the slope of the line is negative reciprocal of the time constant. In fact, 
this is one method of measuring the time constant. Example 4.19 shows how this is 
done. 


Example 4.19 


A temperature probe was heated by immersing it in boiling water and then it 
was quickly transferred in to a fluid medium at a temperature of Tamb = 25°C. 
The temperature difference between the probe and the medium is recorded 
below at various time instances: 


t, s 0.35 0.6 0.937 1.438 2.175 3.25 
TETEE 60 50 40 30 20 10 


What is the time constant of the probe in this situation? 


Solution : 
The data is plotted on a semi-log graph as shown in Figure 4.62. It is seen that 
it is well represented by a straight line whose equation is given as an inset in 
the plot. EXCEL was used to obtain the best fit. The slope of the trend line is 
-0.6065 and hence the time constant is obtained as 


1 
Z slope 0.6065 


1.6487 = 1.65 s 
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A note on time constant It is clear from our discussion above that the time 
constant of a system (in this case the temperature probe) is not a property of 
the system. It depends on parameters that relate to the system as well as the 
parameters that define the interaction between the system and the surrounding 
medium (whose temperature we are trying to measure, as it changes with time). 
The time constant is the ratio of thermal mass of the system to the conductance 
(reciprocal of the thermal resistance) between the system and the medium. It is 
also clear now how we can manipulate the time constant. Thermal mass reduction 
is one possibility. The other possibility is the reduction of the thermal resistance. 
This may be achieved by increasing the interface area between the system and the 
medium. In general this means a reduction in the characteristic dimension Lep 
of the system. A thermocouple attached to a thin foil will accomplish this. The 
characteristic dimension is equal to half the foil thickness, if heat transfer takes 
place from both sides of the foil. Another way of accomplishing this is to use very 
thin thermocouple wires so that the bead at the junction has very small volume and 
hence the thermal mass. Indeed these are the methods used in practice and thin film 
sensors are commercially available. Lastly, if time constant data is to be specified 
for a particular installation it is necessary also to specify the thermal environment 
in which the time constant has been determined. For example, time constant is 
specified, for a particular thermistor as follows: 


¢ Time constant is 0.14 s (in water at room temperature) 
¢ Time constant is 2 2.2 s (in still air at 5- 25°C) 


The time constant of a first order thermal system is given as 0.55 min. 
The uncertainty in the value of the time constant is given to be +0.01 min. 
The initial temperature excess of the system over and above the ambient 
temperature is 45°C. Determine the system temperature excess and its 


uncertainty at the end of 50s from the start. 


T(t 
Hint: It is known that the temperature excess follows the formula o =e 


where T(t) is the temperature excess at any time t, T(0) is the temperature 
excess at t= 0 and T is the time constant. 
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Solution : 
We shall convert all times given to s so that units are consistent. The time 
constant is 
T = 0.55 min = 0.55 x 60 = 33s 


We need the temperature excess at t = 50s from the start. Hence 
T(50) = T(0)e“” = 45 x e733 =9.89°C 


We would like to calculate the uncertainty in this value. We shall assume that 
this is due to the error in time constant alone that has been specified to be 
+0.1 min. 

At=+0.1 min =+0.1x 60 = +0.6 s 


The influence coefficient I, is given by 


aT t 
tose = TO = = 45 x eB x 


OT |i=50s Tî |t=50s 


50 

— | = 0.454°C/s 
332 | 

Hence the uncertainty in the estimated temperature excess is: 


AT(50) = +I, AT = +0.454 x 0.6 = +0.272°C 


Example 4.21 


A certain first order system has the following specifications: 


e Material in the form of a shell: copper 
¢ Shell wall thickness: 6 = 1mm 

e Shell outer radius: R=6mm 

e Initial temperature of shell: Tọ = 50°C 
e Fluid; Air at Tamb = 30°C 


How long should one wait for the temperature of the shell to reach 40°C? 
Assume that heat transfer is by free convection. Use suitable correlation (from 
a heat transfer text) to solve the problem. 


Solution : 


Step 1 Heat transfer coefficient calculation 
Heat transfer from shell to air is by natural convection. The appropriate 
correlation for the Nusselt number is given by Nu =2+0.43Ra°*° where Ra 
is the Rayleigh number. The characteristic length scale is the sphere (shell) 
diameter D = 2R. The air properties are calculated at the mean temperature 


To+T 
Tm(0)= So at t= 0. From the given data, we have 
OD 2R=2x6=12mm=0.012m 
ID = OD-26=0.012-—2x0.001=0.01m 
50+30 
TAO) = PE Sage 


2 
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The air properties required are read off Table B.7 in Appendix B at 40°C: 
v=17.07x 10° m/s; Pr =0.0.699 and k = 0.0274 W/m°C 


In the above Pr is the Prandtl number of air. The isobaric compressibility p of 
air is calculated based on the ideal gas assumption. Thus 
1 1 


= = = = 38.3x 102K 
Taa 273430 0S% 


The temperature difference for calculating the Rayleigh number is taken as 
the mean shell temperature during the cooling process minus the ambient 
temperature. We are interested in determining the time to cool from 50 to 


SOAS dpo The 
temperature difference is AT = T shell — Tamb = 45 — 30 = 15°C. The value of 


the acceleration due to gravity is taken as g = 9.8 m/s”. The Rayleigh number 
is then calculated as 


= gBATD* , _ 9.8 x 3.3 x 1078 x 15 x 0.0123 
yo (17.07 x 10-6 


The Nusselt number is then calculated as 


40°C. Hence the mean shell temperature is Tshell = 


Ra x 0.699 = 2011 


Nu =2+0.43Ra°” = 2 + 0.43 x 2011975 = 4.88 


Thus the heat transfer coefficient is 
_ Nu-k _ 4.88 x 0.0274 


= 2o 
DF 0.012 = 11.14W/m*°C 


h 


Step 2 Time constant calculation 
Copper shell properties are 
p = 8954 kg/m?; C = 383.1 J/kg°C 
With copper shell thickness of ô = 0.001 m mass of the copper shell is 
calculated as 
D? -ID? .012? - 0.01? 
ae = 8954 x 7 x a = 3.413 x10 °kg 


Surface area of shell exposed to the fluid is calculated as 


m=p 


S = nOD? = n x 0.012? = 4.524 x 1074 m? 
The time constant is then estimated as 


_ mC _ 3.413 x 107? x 383.1 

~ hS 11.14 4.524 x 10-4 
Step 3 Time required for cooling 

Cooling follows an exponential process. We take natural logarithms of 

Equation 4.74 (after replacing To by Tamb) and solve for ¢ to get 

40-30 

50-30 


= 259.5 s 


T 


= 179.8 s x 180s 


t = -259.5 x In| 
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4.7.3 Response to a ramp input 


In applications involving material characterization heating rate is controlled to 
follow a predetermined heating program. The measurement of the corresponding 
temperature is to be made so that the temperature sensor follows the temperature 
very closely. Consider the case of linear heating and possibly linear temperature rise 
of a medium. Imagine an oven being turned on with a constant amount of electrical 
heat input. We would like to measure the temperature of the oven given by 


Toolt)= To + Rt (4.75) 


The general solution to the problem is given by (using Equation 4.73) 


r= a+— f 
T 


t R t 
e"dt+— f t" dt (4.76) 
0 T JO 


where A is a constant of integration. The first integral on the right hand side of 
Equation 4.76 is easily obtained as t(e*" — 1). Second integral on the right hand side 
is obtained by integration by parts, as follows. 


t t 
f te"dt = tre" 
0 0 


= tre" -re -1) (4.77) 


If the initial temperature of the first order system is T;, then A = T;, since both 
the integrals vanish for t = 0 (the lower and upper limit will be the same). On 
rearrangement, the solution is 


TO= Ti- Tot Rae" 4 (Tot Rt- RI) (4.78) 


We notice that as t — oo the transient exponentially decaying part tends to zero and 
the steady part (this part survives for t >> qt) yields 


To +Rt-T(t)=To(t)- T(t) = Rt (4.79) 


The steady state response has a lag equal to Rt with respect to the input. This 
may be treated as a “systematic error”! Figure 4.63 shows the response of first order 
system to a ramp input. The case shown corresponds to T; = 20°C,7 = 35°C,R = 
0.15°C/s and t= 10s. For t — oo (say, t > 5t = 50 s) the probe follows the linear 
temperature rise with a lag of Rt = 0.15 x 10 = 1.5°C. In this case it is advisable 
to treat this as a systematic error and add it to the indicated temperature to get 
the correct oven temperature, after the oven is on for more than a minute. Note 
that the large time behavior of the temperature sensor is independent of its initial 
temperature. If T; > Tọ the sensor response will cross over, after a short time such 
that the input is higher than the output! The reader should make calculations for 
the case shown in Figure 4.63 but with T; = 45°C to appreciate this. 


Example 4.22 


A thermistor has a dissipation constant of Pp = 2mW/°C and a time constant 
of t=1s. This thermistor is attached to an electric heater. Initially both the 
heater and the thermistor are at room temperature of To = T; = 30°C. The 
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Figure 4.63: Typical response of 
a first order system to ramp input 


—- Ramp input 
— Sensor response 


heater is turned on at a certain instant. The thermistor starts recording the 
temperature at the same time. The heater temperature is expected to increase 
linearly with time at a constant rate of R = 0.5°C/s. Heating continues till the 
temperature of heater rises to 90°C after which it remains constant. Make a 
plot of thermistor response with time. 


Solution : 
Since the heater temperature increases at a uniform rate till it reaches a 
temperature of 90°C, the response of the thermistor during this time follows 
that of a first order system subject to ramp input. Since T; = To = 30°C the 
solution is given by Equation 4.78 which modifies to 


T) =(Ti -To +Rt)e™*" +(To+Rt-R1t)=0.5e™ + [30 +0.5(t— 1)] 


The heater temperature reaches 90°C at t = 120 s as may easily verified. At 
this time, the temperature of the thermistor is 


T(t) = 0.5e 17° + [30 + 0.5(120— 1)] = 89.5°C 


The temperature of thermistor follows the step input response for t > 120 s. 
The solution is given by (based on exponential response) 


T(t = 120 s) =90-0.5e¢ 129) 


The response of the thermistor is interesting initially up to t = 10 s and again 
for t > 120s. These two responses are shown in Figure 4.64. The temperature 
difference between the thermistor and the heater shows the details of the 
transients near t = 0s and near t = 120s more clearly. The transients are 
exponentials that are similar. 


4.7.4 Response to a periodic input 


There are many applications that involve periodic variations in temperature. For 
example, the walls of an internal combustion engine cylinder are exposed to periodic 
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Figure 4.64: Thermistor response to heater input in Example 4.22 
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Figure 4.65: Temperature difference between thermistor and heater vs time in Example 
4.22 


heating and hence will show periodic temperature variation. Of course, the waveform 
representing the periodic temperature variation may be of a complex shape (non 
sinusoidal). In that case the waveform may be split up in to its Fourier components. 
The response of the probe can also be studied as that due to a typical Fourier 
component and combine such responses to get the actual response. Hence we look at 
a periodic sinusoidal input given by 


Too(t) = Ta costwt) (4.80) 


In the above expression T, is the amplitude of the input wave and w is the circular 
frequency. We may use the general solution given by Equation 4.73 and perform the 
indicated integration to get the response of the probe. The steps are left as exercise 
to the reader. Finally the T? is given by 


se era a8 


4.7. Measurement of transient temperature 181 


The term with single underline in Equation 4.81 is the transient part that drops off 
as t > co and the term with the double underline is the steady state response of the 
temperature sensor. There is a reduction in the amplitude of the response and also 
a time lag with respect to the input wave. Amplitude reduction and the time lag (or 
phase lag) depend on the product of the circular frequency and the time constant. 
The variations of these with wt product are as shown in Figure 4.66. 


| — Amplitude factor 
J| -- Phase lag/90° 
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Figure 4.66: Amplitude and phase of a first order system subject to 
periodic input 
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In order to bring out the features of the response of the probe, we make a plot 
(Figure 4.67) that shows both the input and output, for a typical case. The case 


T 
shown corresponds to —* = 0.25, w = 1 rad/s and t = 1s. The output response has 


an initial transient that adjūsts the initial mismatch between the probe temperature 
and the imposed temperature. By about 5 time constants (5 s since the time constant 
has been taken as 1 s) the probe response has settled down to a response that follows 
the input but with a time lag and an amplitude reduction, as is clear from Figure 
4.67. 
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Concluding remarks 


Temperature measurement is a well developed experimental activity with many 
different “thermometers” available for measuring temperature over a wide range. 
Two important techniques viz. thermoelectric thermometry and resistance 
thermometry have been discussed in great detail. Pyrometry which is a technique 
normally reserved for high temperatures has been discussed in sufficient detail. 
Other special methods have been discussed in moderate detail. Measurement of 
time varying or transient temperature has been discussed in detail. Many worked 
examples demonstrates the several issues involved in temperature measurement. 


Chapter 5 


Systematic errors in 
temperature measurement 


5.1 Introduction 


Earlier, in sections 4.7.3 and 4.7.4 we have seen 
how there is a systematic temperature difference when a transient temperature is 
measured using a temperature probe. 


Systematic errors are situation dependent. We look at typical temperature 
measurement situations and discuss qualitatively the errors before we look at 
the quantitative estimation of these errors. The situations of interest are the 
measurement of temperature: 


e at a surface 
e inside a solid 
¢ ofa flowing fluid 


5.2 Examples of temperature measurement 


5.2.1 Surface temperature measurement using a 
compensated probe 


Consider the measurement of the temperature of a surface by attaching a thermo- 
couple sensor normal to it, as shown in Figure 5.1. Of course, this arrangement may 
not be the best method of measuring the surface temperature. In some situation 
it may not be possible to use other better methods and hence this is a possible 
arrangement. 
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FA: 
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7, Lead wire 


Electric 
heater Figure 5.2: Schematic of a 


compensated probe 


This figure is based on “Industrial measurements with very short immersion & 
surface temperature measurements” by J.P. Tavener,D. Southworth, D. Ayres, N. 
Davies, Isothermal Technology Limited. The surface temperature, in the absence 
of the probe is at an equilibrium temperature under the influence of steady heat 
loss Q3 to an environment. The probe would involve an additional heat loss due 
to conduction. If we supply heat Q2 by heating the probe such that there is no 
temperature gradient along the thermocouple probe then Q; -Q2 = Q3 and the 
probe temperature is the same as the surface temperature. The above reference also 
demonstrates that the compensated probe indicates the actual surface temperature 
with negligible error. Compensated probes as described above are commercially 
available from ISOTECH (Isothermal Technology Limited, Pine Grove, Southport, 
Merseyside, England) and described as “944 True Surface temperature measurement 
systems”. 


5.2.2 Measurement of temperature inside a solid 


Figure 5.3 shows how one can arrange a thermocouple to measure the temperature 
inside a solid. The thermocouple junction is placed at the bottom of a blind hole 
drilled into the solid. The gap between the thermocouple lead wires and the hole is 
filled with a heat conducting cement. The lead wire is exposed to the ambient as it 
emerges from the hole. It is easy to visualize that the lead wire conduction must be 
compensated by heat conduction into the junction from within the solid. Let the solid 
be at a temperature higher than the ambient temperature. Then we expect the solid 
temperature to be greater than the junction temperature (this is the temperature 
that is indicated) which is greater than the ambient temperature. 
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Figure 5.3: Measurement of 
temperature within a solid 


junction 


5.2.3 Measurement of temperature of a moving fluid 


Often it is necessary to measure the temperature of a fluid flowing through a duct. 
In order to prevent leakage of the fluid or prevent direct contact between the fluid and 
the temperature sensor, a thermometer well is provided as shown in Figure 5.4. The 
sensor is attached to the bottom of the well as indicated. The measured temperature 
is the temperature of the bottom of the well and what is desired to be measured is 
the fluid temperature. 


+, Lead wire 


Duct wall 


Thermowell 
Figure 5.4: Measurement of 


Measuring temperature of a moving fluid 


junction 


If the duct wall temperature is different from the fluid temperature, heat transfer 
takes place by conduction between the fluid and the duct wall, via the well and 
hence the well bottom temperature will be at a value in between that of the fluid 
and the wall. There may also be radiation heat transfer between surfaces, further 
introducing errors. If the fluid flows at high speed (typical of supersonic flow of air) 
viscous dissipation - conversion of kinetic to internal energy - may also be important. 


The temperature of the sensor is determined, under the steady state, by a balance 
of the different heat transfer processes that take place, as indicated in Figure 
5.5. Not all the heat transfer processes may be active in a particular case. The 
thermometer error is simply the difference between the gas temperature and the 
sensor temperature. Estimation of the error will be made later on. 
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5.2.4 Summary of sources of error in temperature 
measurement 


1. Sensor interferes with the process - Conduction error in surface temperature 
measurement 

2. Sensor interferes with the process as well as other environments - Radiation 
error 

3. While measuring temperature of moving fluids convection and conduction 
processes interact and lead to error 

4. In case of high speed flow, viscous dissipation effects may be important 


5.3 Conduction error in thermocouple 
temperature measurement 


5.3.1 Lead wire model 


Heat transfer through the lead wires of a thermocouple introduces error in the 
measured temperature. Since a thermocouple consists of two wires of different 
materials covered with insulation, and since the error estimation should involve 
a simple procedure, we replace the actual thermocouple by a single wire thermal 
equivalent. How this is accomplished is indicated by referring to Figure 5.6. The 
cross section of an actual thermocouple is shown at the left in Figure 5.6. It consists 
of two wires of different materials with the indicated radii and thermal conductivity 
values. The insulation layer encloses the two wires as indicated. We replace the two 
wires and the insulation by a single wire of radius rı and a coaxial insulation layer 
of outer radius ro. 


Wire 1 Wire 2 
rw,kı Tw,k2 i 
r2 A 
7 T Tee 
= i C E =) g 
Insulation ' 


Figure 5.6: Single wire equivalent of a thermocouple 
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5.3.2 The single wire model 


The single wire model simplifies the lead wire conduction analysis. This model 
consists in replacing the two wire - insulation combination (twc) by a single wire - 
insulation combination (swm) according to the following scheme. 


1. The area thermal conductivity product is the same for the actual and the single 
wire model. Thus aap 
kA = kiwi + ko Awe 


swm twe 


If the two wires have the same diameter (this is normally the case) we may 
replace the above by 


—~ kit+k 
RA = Aulki +ko)= nr? (ki+ko)=  2ar2 2 
Swm twe Ar f ny 
SEO Mean thermal 
two wires 


conductivity 


where A, is the cross section area of each wire of radius r,, and hence equal 
to ar? Thus the thermal conductivity of the single wire equivalent is equal to 
the mean of the thermal conductivities of the two wires and the area of cross 
section of the single wire equivalent is twice the area of cross section of either 
wire. Hence the radius of the single wire equivalent rı indicated in Figure 5.6 
is given by r1 = V2ryp. 

2. The insulation layer is to be replaced by a coaxial cylinder of inner radius rı 
and the outer radius rg. The outer radius is taken as 


S Lı+Loə 


r2 4 


Note that if Lı = L2 = 2r (true for a cylinder of radius r), this formula gives 
r2 =r, as it should. 

3. Since the insulation layer is of low thermal conductivity while the wire 
materials have high thermal conductivities, it is adequate to consider heat 
conduction to take place along the single wire axially and across the insulation 
radially, as indicated in Figure 5.7(a). 

4. Finally the outer surface of insulation transfers heat to an ambient by 
convection as indicated in Figure 5.7(a). 


: R 
Tw Ri Ti f Tamb 


(b) 


Convection: 1 Radial conduction 
h, Tamb ¢ 1 => in insulation 


Axial conduction 


in wire Figure 5.7: (a) Heat flow 
(a) directions (b) Resistance model 
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5.3.3 Heat loss through lead wire 


Heat loss through the lead wire is modeled using fin analysis, familiar to us from 
the study of heat transfer.' Since the wire is usually very long (essentially extremely 
long compared to its diameter), it may be assumed to be infinitely long. 


Referring to Figure 5.7(b) we see that heat transfer from the thermocouple wire 
(temperature T„) to the ambient (temperature Tamb) takes place through two 
thermal resistance in series viz. R; the conduction resistance of the insulation layer 
and Rp the film resistance at the outer surface of insulation. These resistances are 


given by a 1 
"P, and 2ga 
‘The overall resistance Ro is then given by 


N, n 6D 


Figure 5.8: Nomenclature for lead wire 
conduction analysis 


See S.P. Venkateshan, Heat Transfer, 2rd Ed., Ane Books, 2011 
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5.3.4 Typical application and thermometric error 


Consider a typical application such as the measurement of surface temperature by 
a surface mounted thermocouple as shown in Figure 5.9(a). 


Lead wire - single wire equivalent 


Tamb Ti <T; 


Adiabatic Adiabatic Rs m, Rte 
Ts — \VW——_W'— Tamb 
(b) 


<— Heat flux lines _. 
(Illustrative) Figure 5.9: (a) Surface mounted thermo- 


couple in Example 5.1 (b) Thermal resistance 
(a) network model 


Heat loss from the thermocouple is modeled as shown above by discussion leading 
to Equation 5.3. Thermocouple is attached to the surface of a massive solid whose 
temperature we would like to measure. Excepting where the thermocouple has been 
attached the rest of the surface of the solid is assumed to be perfectly insulated. 
Since the thermocouple conducts away some heat from the solid there is a depression 
of temperature of the solid where the thermocouple has been attached. Thus T; < Ts 
if Tamb < Ts. The temperature field within the solid is axi-symmetric with the small 
area on the surface at temperature T; while the solid temperature far away from it 


is Ts. Heat transfer by conduction is quite closely represented by the relation 


© a» 


Using this condition (or Ohm’s law applied to the 


(5.5) 


Equation 5.5 shows that the sensor temperature is a weighted mean of the solid 
temperature and the ambient temperature. It is clear that the smaller the weight 
on the ambient side better it is from the point of view of temperature measurement. 
This is a general feature, as we shall see later, in all cases involving temperature 


measurement, The thermometer error is then given by the following expression: 
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T,-T 
T,=T,-T,= (Ts ~ Tamb) (5.6) 


G 


In typical applications the solid temperature is not known but the thermocouple 


reading T; is available. In that case Equation 5.6 may be rearranged to get 


R 
T,=Ti+(Ti-Tams) 


(5.7) 


te 


A thermocouple that may be considered as equivalent to a single wire of 
diameter of dı = 0.3 mm has an effective thermal conductivity of k; = 
20 W/m°C. It is insulated by an insulation layer of Teflon® of thickness 
6 = 0.2 mm and thermal conductivity k; = 0.24 W/m°C. This thermocouple 
is attached to a solid at a temperature T, that is to be estimated and indicates 
a temperature of 149.2°C. The solid thermal conductivity is k; = 14 W/m°C. 
The thermocouple loses heat from its insulated outer surface to an ambient at 
Tamb = 30°C via a heat transfer coefficient h = 1W/m?°C. Assume that there 
is no heat loss from the solid excepting via the thermocouple attached to it as 
shown in Figure 5.9. Estimate the value of T,. 


Solution : 
Solution to this problem follows the procedure discussed above. 
Step 1 Solid side resistance: 
Solid side resistance is calculated as 
1 1 1 


R = 119.05°C/W 
S 4ksrı 2ksd1 2x 14x 0.0003 


Step 2 Thermocouple resistance Rze: 


d 
With rı = z = 0.00015 m and insulation thickness ô = 0.0002 m the outer 
radius of insulation is given by 


rg =r1 +ô = 0.00015 + 0.0002 = 0.00035 m 


Considering the case where h = 1 W/m?°C, the overall resistance may be 
calculated using Equation 5.1 as 


R 


1 1 (ranama) 1 


2 = 455.29 m°C/W 
°= 3xnx0.24 (0.00015) | 2x x 0.00035 m 


The fin parameter is then obtained using Equation 5.2 as 


1 


m= =39.42 m7! 
V455.29 x x x 0.000152 x 20 


Finally we obtain the thermocouple thermal resistance as 


1 


~ 39.42 x 20 x x x 0.000152 — 17943.7 °C/W 


Rte 
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Step 3 Solid temperature T,: 
Solid temperature is then obtained using Equation 5.7 as 
119.05 


Ts = 149.2 + (149.2 — 30) x 179437 ” 149.99 = 150°C 


5.3.5 Measurement of temperature within a solid 


Now we shall look at the situation depicted in Figure 5.3. Temperature error is 
essentially due to conduction along the lead wires. However, the portion embedded 
within the solid (II) has a different environment as compared to the part that 
is outside (I). Both of these may be treated by the single wire model introduced 
earlier. Assume that the solid is at a temperature higher than the ambient. The 
thermocouple junction will then be at an intermediate temperature between that of 
the solid and the ambient. Heat transfer to the embedded thermocouple is basically 
by conduction while the heat transfer away from the part outside the solid is by 
conduction and convection. The embedded part is of finite length L while the portion 
outside may be treated as having an infinite length. 


Represent the temperature of the single wire equivalent as T; in a plane coinciding 
with the surface of the solid. Let T; be the temperature of the junction while T, is the 
temperature of the solid. Let the ambient temperature be Tamb. The fin parameter 
for the embedded part may be calculated based on the overall thermal resistance 


given by 
ea e 


In the above, ke is the thermal conductivity of the heat conducting cement, r3 is 
the radius of the hole and the other symbols have the earlier meanings. Note that 
Equation 5.8 is based on two conductive resistances in series. The corresponding fin 


parameter is 


1 
mI = — (5.9) 


yV Riz RA 
ED o h e2ereocoupl is given by the 


expression given earlier in Equation 5.1 which is reproduced here for easy reference: 


rn ae 


The fin parameter is again based on Equation 5.2 and is reproduced here for easy 
reference: 


1 
mī = — (5.11) 


VRrkå 


Referring now to Figure 5.10 we see that the heat transfer across the surface through 
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Thermocouple 


--Fh- Surface 
II 
Ts 


Figure 5.10: Nomenclature for thermal 
analysis 


Ti 


the thermocouple should be the same i.e. 


(5.13) 


Equating the above two expressions we solve for the unknown temperature T; to get 


no eitn Ew 


I In the familiar fin analysis the 


thermocouple indicated temperature corresponds to the “tip” temperature while the 
surface temperature corresponds to the “base” temperature. Assuming insulated tip 
condition, the appropriate expression is 


(5.16) 


Ford 


Following points may be made in summary 


¢ The longer the depth of embedding smaller the thermometric error 
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e Higher the thermal conductivity of the epoxy filling the gap between the 
thermocouple and the hole the smaller the thermometric error 

e The smaller the diameter of the thermocouple wires smaller is the thermomet- 
ric error 

e Smaller the thermal conductivity of the thermocouple wires smaller the 
thermometric error 

e If it is possible the insulation over the thermocouple wires should be as thin 
as possible in the embedded portion 


A thermocouple that may be considered as equivalent to a single wire of 
diameter of dı = 1mm has an effective thermal conductivity of k; = 25 W/m°C. 
It is insulated by an insulation layer of Teflon® of thickness 6 = 1 mm 
and thermal conductivity k; = 0.24 W/m°C. This thermocouple is used to 
measure the temperature of a solid of thermal conductivity ks = 14 W/m°C 
by embedding it in a dp = 4mm diameter hole that is L = 10 mm deep. The 
space between the thermocouple and the hole is filled with a heat conducting 
epoxy that has a thermal conductivity of 5 W/m°C. The lead wires coming out 
of the hole are exposed to an ambient at 30°C with a heat transfer coefficient of 
5 W/m?°C. If the temperature of the solid is 80°C, estimate the temperature 
indicated by the thermocouple. 


Solution : 
We use the data provided in the problem and calculate the following using the 
nomenclature provided in Figures 5.6 and 5.10. 


d 0.001 
ry = = = —5— = 0.0005 m 
rg = ry ,+6=0.0005+0.001 = 0.0015 m 
dy, = 4mm=0.004 m (Embed hole diameter) 
da 0.004 
= — = — =9, 2 
r3 2 z 0.002 m 


RA = kinr} = 25x n x 0.0005? = 1.9635 x 10” Wm C 


Step 1 Calculation of thermal resistances: 
Exposed lead wire /: Thermocouple insulation resistance is given by 


r: 
In(72) im (2.9048) 


= 0.7285 m°C/W 
Qnk;  2xnx0.24 4 


Film resistance is given by 


1 1 


R — = = 21.2207 °C/W 
f= Onroh 2xnx0.0015x5 am 


The overall resistance is then given by 


Ry = Rins + Rf = 0.7285 + 21.2207 = 21.9492 m°C/W 
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Step 2 Calculation of thermal resistance: 
Embedded lead wire II: Use Equation 5.8 to calculate the thermal 
resistance for the embedded part of the thermocouple. 


Ri 


1 0.002 ) 1 saan 


S = 0.7377 m°C/W 
Qxnx5  \0.0015 aor m 


+ n 
2xmx0.24 


Step 3 Calculation of weights: 
Weights are calculated using Equations 5.15. 


1.9635 x 10-5 0.01 
wi = | x tanh } = 5.155210 
0.7377 V0.7377 x 1.9635 x 10-5 
[1.9635 x 10-5 i 
= = 9.4581 x 107 
ue sion V PSLxI 


Step 4 Calculation of temperature T;: 
Temperature T; is calculated using Equation 5.14 as 


_ 5.1552 x 107? x 80+9.4581 x 1074 x 30 


= 72.25°C 
5.1552 x 10-3 + 9.4581 x 10-4 


i 


Step 5 Calculation of thermocouple indicated temperature T;: 
We now make use of Equation 5.16 to get 


72.25 — 80 
T;, = 80+ =79.70°C 


cosh { a \ 
V0.7377x 1.9635 x 10-5 


Step 6 Thermometer error: 
Thus the thermometer error in this installation is T, = T; — T; = 79.70 — 80 = 
—0.30°C. 


5.4 Measurement of temperature of a moving fluid 


There are many engineering applications where it is necessary to measure the 
temperature of a moving fluid. The temperature of the moving fluid may span a large 
range of temperatures and hence may require different temperature measurement 
techniques. Systematic errors in such measurements are discussed in this section. 


5.4.1 Temperature error due to radiation 


Errors in temperature measurement may occur due to surface radiation, especially 
at elevated temperatures. We consider a typical example shown in Figure 5.11. 
Temperature sensor is considered to be a small spherical structure to which a 
thermocouple has been attached. The sensor is situated in a duct whose walls are 
at a temperature T,, which is less than the temperature of a fluid at temperature 
Tp that is flowing axially along the duct with a velocity V. Outer surface of the 


sphere is gray and has an emissivity of e. The sphere loses heat because of lead wire 
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Lead wire 


Duct wall, Ty 


TeV RRadiation Figure 5.1 I: Radiation and lead 
ee eee fh E f wire conduction errors in tempera- 
Sensor, Tz ture measurement with Tf > T, > 

Tw 


conduction and radiation to the duct wall. Heat loss due to radiation is given by 
Qn =e08 (1-74) 6an 


where S is the surface area of the sphere. Note that the temperatures are to be 
expressed in K in Equation 5.17 and ø is the Stefan Boltzmann constant. The sphere 


ae Aam (5.19) 


The temperature of the sensor is determined by equating heat gain by convection to 
heat loss by conduction and radiation. Thus, we have 


Qn +Qe=@ (5.20) 


Thus we get 
(Ti T Tamb) 
Rte 


The fluid temperature T may then be estimated with the measured values of T;, Tw 


and Tamb as 


+e0S(T}- Tt) =hp S(T -T:) (5.21) 


A sensor in the form of a sphere of diameter D = 3mm is exposed to a fluid 
flowing in a large duct. The fluid is air that flows with a velocity of V = 1 m/s 
across the sphere. The walls of the duct are at a temperature of Tọ = 30°C. 
The sensor temperature is measured using a thermocouple whose wires are so 
thin that any conduction heat transfer through them may be ignored. What is 
the air temperature when the sensor temperature is measured as T; = 120°C 
if the surface of the sphere has an emissivity of £ = 0.9? 


Solution : 


Step 1 Flow Reynolds number: 
Convection heat transfer between air and the sphere is dependent on the 
Reynolds number which is to be calculated using the properties of air at film 
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Tr+T; 


temperature viz. where Tp is the air temperature. Since Tẹ is not 
known we shall take the air properties at T;. From table of properties of air, 
we have 


v=2.09x10-° m/s and k=0.0328 W/m°C 
The Reynolds number based on the sphere diameter is 


VD _ 1x0.003 


“500810 SS 


Rep= 
Step 2 Nusselt number Nu: 
McAdams has proposed a correlation for the convection heat transfer between 
a sphere and a gas as Nup = 0.37Re%6. Hence we have 


Nup = 0.37 x 143.36 = 7.28 


Step 3 Heat transfer coefficient h;: 
The heat transfer coefficient is then calculated as 


_ Nupk _ 7.28 x 0.0328 


& = 79. 20 
D 0.003 9.6W/m*°C 


hf 


Step 4 Estimation of air temperature T;: 
We make use of Equation 5.22, set the lead wire conduction part to zero, to 
obtain 


0.9 x 5.67 x 1078 
79.6 


Tp = 1204 ((120 + 273.15)* — (30 + 273.15)*) = 404.9 K = 131.7°C 
Step 5 Systematic error due to radiation 
It is seen that the systematic error due to radiation is substantial and is given 
by 
Te = T+- Tp =120-181.7 = -11.7°C 


Such a large correction is unacceptable in practice. We look for some method 
by which radiation error may be reduced. 


5.4.2 Reduction of radiation error: use of radiation shield 


Duct wall, Tw 


Tp, V Sensor T;, € Figure 5.12: Use of radiation 


--------- shield in fluid temperature mea- 


surement 
Radiation Shiela, Es 
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Radiation shield is essentially a thin tube of polished metal so that the surface 
emissivity is low. Simple buffing operation of a shield made of a metal will give an 
emissivity value (smaller the better) of around 0.1 . This may be sufficient for most 
practical purposes. The cross section is chosen to be in the form of a converging 
diverging nozzle to increase the flow velocity of the fluid as it passes across the 


sensor. 


(5.24) 


which assumes that heat loss from the sensor is now solely due to radiation 
interaction with the shield. These two equations are simultaneously solved to get 
the fluid and shield temperatures. 


S meena 5.4 
xample 5.3 the sensor is surrounded by a Ls = 4 cm long and ds; = 
0.75 cm diameter thin cylinder of aluminum. Its surface is buffed and has 
an emissivity of €s = 0.1. Estimate the thermometer error if all other data 
remains the same. 

Solution : 


The heat transfer coefficient hr calculated in Example 5.3 needs no revision. 
Step 1 Calculation of h,: 


Heat transfer between air and the shield is modeled as internal tube flow on 
the sensor side. The Reynolds number is based on the air velocity and the 
shield inner diameter. We have 


Vd; 0.0075 
eds = = 309x108 | 1920 
Since Reg, < 2300 flow is laminar. The length to diameter ratio of the shield 
is 
Ls 4 
— = 5.33 
ds ~ 0.75 


Since this is fairly small compared to the development length flow is treated 
as developing flow. We make use of Nusselt number correlation due to Hausen 
as 


0668Re,P 0.0668 x 1910 x 0.703 
NS eee EEE 3 664 x =9.315 


1+0.04(RePr&) 1+ 0.04 (1910 x 0.703 x Say 


The heat transfer coefficient is then calculated as 


Nusk 9.315 x 0.0328 jx 
ee 0.0075 H 
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Step 2 Energy balance on the shield: 
The worst case scenario is when the outer surface of the shield is assumed to 
not receive any heat from air by convection. We then recast Equation 5.23 as 


hT¢-Ts)=e,0(T) - T4) 
or, solving for T, we get 


EsO 
T;=T.+(4 


| (14-14) =T, +0, (74-4) 

s 

E30 

hg 

Step 3 Energy balance on the sensor: 

Similarly we may recast energy balance equation on the sensor in the form 


where C, = 


EO 
Te=T,+ (z) (T -T$) =T; +0: (T$-T$) 


Step 4 Equation for shield temperature T,: 
Equating the two expressions for Ty and on rearrangement the shield 
temperature is governed by the non-linear equation 


T; +(Cs+C)T4-(T;+C,T4+C,T$)=0 


Using the numerical data, the various quantities occurring in the above 
equation are 


C, = 7.4229x1071? K~, C; = 6.4148x 1071? K`, T; = 393.15 K, Ty = 303.15 K 


Non-linear equation for Tẹ may easily be solved by the Newton Raphson 
technique. Starting with a guess value of T, = 386 K the solution converges to 
T, = 384.50 K after two iterations. 

Step 5 Estimated air temperature Tp: 
Having calculated the equilibrium temperature of the shield we use any one 
of the two expressions for Tẹ to get the air temperature as 


Tp = T+ CT; — T$) = 393.15 + 6.4148 x 10° *° (393.154 — 384.50*) = 393.82°C 


Step 6 Radiation error: 
The radiation error is now given by 


Te = Ti- Tf = 393.15 — 393.82 = -0.67 K 


Thus the radiation shield has been successful in reducing the error to a large 
extent. 
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5.4.3 Analysis of thermometer well problem 


This is a fairly common situation as has been mentioned earlier. The well acts as a 
protection for the temperature sensor but leads to error due to axial conduction along 
the well. The external appearance of a thermometer well probe is shown in Figure 
5.13. The threaded arrangement is to facilitate the mounting of the probe through a 
side hole in to the process space.It is easily recognized that the well may be treated 
as a fin and the analysis made earlier will be adequate to estimate the thermometric 


error. 


Figure 5.13: External appearance 
of a thermometer well probe using 
a thermocouple 


/, Lead wire 


Duct wall, Ty 


eee ee ee ee ee el 


Thermowell 
ID =d;, OD =do, kw 
Measuring Figure 5.14: Nomenclature for 


junction, T; the thermometer well problem 


Nomenclature used in the analysis that follows is introduced in Figure 5.14. The 
following assumptions are made: 


1. Since the thermometer well has a much larger cross section area than the 
thermocouple wires conduction along the wires is ignored. 

2. The thermometer well is heated by the gas while it cools by radiation to the 
walls of the duct (based on Ty > T; > Ty). 

3. Well is treated as a cylinder in cross flow for determining the convection heat 
transfer coefficient between the gas and the well surface. 


| eae 


Nu=CRe™Pr” (5.26) 


In this relation Re, the Reynolds number is based on the outside diameter of the 
well and all the properties are evaluated at a suitable mean temperature. The 
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constants C,m and n are given in Table 5.1. They depend on the Reynolds number 
range. 


Table 5.1: Constants in the Zhukaskas correlation 


Re C m 
1-40 0.75 | 0.4 
40-10? 0.51 | 0.5 
10°-2x 10° | 0.26 | 0.6 
2x 10°-10° 0.076 | 0.7 
n 
Pr<10 0.37 
Pr>10 0.36 


In that case the well temperature 
variation along its length is also not too large. Thus we approximate the radiant 
flux qr = e0(T* —T4) by the relation qr ~ 4e0T3(T — Tw) where the factor 420 T3, 
is referred to as hr, the radiation heat transfer coefficient. Refer to Figure 5.15 and 


Figure 5.15: Sketch ex- 
plaining thermometer well 
analysis 


the inset that shows an expanded view of an elemental length of the well. Various 
fluxes crossing the boundaries of the element are: 


Qyp=hpPAX(Te-T) Qr=hrPAxT Tw) 
dT 


Qe,out = kuy 


x—Ax 


In the above the 


Energy balance requires that 


Qe,in + Qf = Qe out + QR 


Substituting the expressions for the fluxes and using Taylor expansion of the 
derivative, retaining only first order terms in the Taylor expansion, we have 
d?T 


kwA 
dx? 


dT 
dx 


dT 
ku A— 
° dx 


+hpPAx(T-T)=hwA 


x 


Ax+hpPAx(T - Ty) 


x x 


This equation may be rearranged as 


dT hp+hr,, heP hrP 


Tra Ty = 2 
dx? kwA RwA l kA” 9 (5.26) 
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Let Trap = MTEAIRTS bo a reference temperature Then Equation 5.26 is 
rewritten as 

qo > | 

ga eff 7O (5.27) 


where 0 = T—Tyer andimefp = is the effective fin parameter. Equation 


5.27 is the familiar fin equation whose solution is well known. Assuming insulated 
boundary condition at the sensor location, the indicated sensor temperature is given 


by 
bini- Trp = EE 628 


T=) = Cg tpe ee (6.29) 


° The longer the depth of immersion L smaller the thermometric error 

e Lower the thermal conductivity of the well material the smaller the thermo- 
metric error 

e Smaller the emissivity of the well and hence the hp smaller the thermometric 
error 

e Larger the fluid velocity and hence the h smaller the thermometric error 


Air at a temperature of 100°C is flowing in a tube of diameter 10 cm at an 
average velocity of 0.5 m/s. The tube walls are at a temperature of 90°C. A 
thermometer well of outer diameter 4mm and wall thickness 0.5 mm made of 
stainless steel is immersed to a depth of 5 cm, perpendicular to the tube axis. 
The steel tube is dirty because of usage and has a surface emissivity of 0.2. 
What will be the temperature indicated by a thermocouple that is attached 
to the bottom of the thermometer well? What is the consequence of ignoring 
radiation? 
Solution : 


Step 1 Well outside convective heat transfer coefficient: 
Given data: 


do = 0.004 m; U = 0.5 m/s; Tf = 1000C; Tw = 90 oC 
The fluid properties are taken at the mean temperature given by 


_Tp+Tw 100+90 


T 
i 2 2 


950C 
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From table of air properties (Table B.7, Appendix B) the desired properties at 
Tm are: 
v= 22x 107° m?/s;k = 0.0307 W/m°C;Pr = 0.706 


The Reynolds number based on outside diameter of thermometer well is 


Udo _0.5x 0.004 _ 


Re= 
v 22 x 1076 


90.9 


Zhukauskas correlation is used now. For the above Reynolds number the 
appropriate constants in the Zhukauskas correlation are 


C=0.51; m = 0.5; n = 0.37 
The convection Nusselt number is 
Nu = CRe” Pr” = 0.51 x 91.9% x 0.7%37 = 4.27 


Hence the convective heat transfer coefficient is 


_ Nuk _ 4.27 x 0.0307 


= 32.8 W/m?K 
do 0.004 = 


he 


Step 2 Radiation heat transfer coefficient: 
Linear radiation is used since the fluid and wall temperatures are close to 
each other. The pertinent data is 


o = 5.67x 1078 W/m7K*; e =0.2 
The radiation heat transfer coefficient is 


hp =4e0T®, = 4 x 0.2 x 5.67 x 1078 x (273.15 + 90)? = 2.2 W/m? K 


Step 3 Calculation of reference temperature: 


hpTp+hrTw _ 32.8x100+8.5x 90 


=99.4°C 
hp thr 32.648.5 


T ref = 


Step 4 Well treated as a fin: 
Well material has a thermal conductivity of k,, = 14 W/m K. Internal diameter 
of well is equal to outside diameter (do) minus twice the wall thickness (t) and 
is given by d;i = do — 2t = 0.004 — 2 x 0.0005 = 0.003 m. The fin parameter is 
then calculated as 


= 75.518 m7! 


4dol(h+hr) [4x 0.004 x (32.6 + 2.2) 
kuld? - d?) 45 x (0.0042 — 0.0032) 
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Step 5 Well bottom temperature: 
The well bottom temperature is given by 


Tw-Tref oo , , 90-994 


H =99.4+4 = 98.95°C 
i cosh(ueff) cosh 3.776 


Ty =T re 


Thus the thermometric error is Te = T} — Tf = 98.95 — 100 = —1.05°C. 


If radiation is ignored the above calculations should be done by taking hr = 0 
and Tef = Ty. This is left as an exercise to the reader. 


Concluding remarks 


Systematic errors in temperature measurement are intimately linked with heat 
loss due to conduction, convection and radiation. These effects depend on the way 
the sensor is attached to a system whose temperature is to be measured. Typical 
applications have been considered in this chapter. Estimation of systematic 
errors is possible with basic knowledge and equations sourced from heat transfer 
literature. 
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Chapter 6 


Heat flux and Heat Transfer 
Coefficient 


Heat flux and heat transfer coefficient may either be measured by a single measure- 
ment process or they may require the measurement of several quantities before they 
may be estimated. Of course, it is best if the required quantity is directly measurable. 
We will give as much detail as possible, keeping in mind the target reader of the book. 
Many techniques are beyond the scope of the book and require direct reference to the 
appropriate research literature. 


6.1 Measurement of heat flux 


Heat flux is defined as the amount of heat transferred per unit area per unit time 
from or to a surface. In a basic sense it is a derived quantity since it involves, in 
principle, two quantities viz. the amount of heat transfer per unit time and the area 
from/to which this heat transfer takes place. In practice, the heat flux is measured 
by the temperature field it creates within a sensor of known area. The heat flux 
to be estimated may set up, either a steady state temperature field or a transient 
temperature field, within the sensor. The temperature field set up may be either 
perpendicular to the direction of heat flux or parallel to the direction of heat flux. 


6.1.1 Foil type heat flux gauge 
The foil type heat flux gauge (also known as the Gardon gauge after its inventor),! 


useful for measuring radiant heat flux, consists of a thin circular foil of constantan 
stretched tightly over a cooled copper annulus as shown in Figure 6.1. Nomenclature 


1R.Gardon, “An instrument for the direct measurement of intense thermal radiation”, Rev. 
Sci. Instrum., 24, 366-370, 1953 
Gardon, R., “A Transducer for the Measurement of Heat-Flow Rate,” J Heat Transfer, 396- 
398,1960. 
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used in the analysis is also indicated in this figure. One surface of the foil is exposed 
to the heat flux that is to be measured while the other surface may be assumed to be 
insulated. A copper wire is attached at the geometric center of the foil as indicated 
in the figure. A second copper wire is attached to the cooled copper annulus. The 
constantan foil forms two junctions with copper, the first one at its center and the 
second one at its periphery. Under steady state, the thermoelectric voltage across the 
two copper leads is a direct measure of the temperature difference set up between 
the center and the periphery of the constantan disk. The temperature field set up 
within the sensor is thus perpendicular to the direction of the incident heat flux. The 
temperature difference itself is a measure of the incident heat flux as will be shown 
by the following analysis. 


1 Constantan foil, conductivity k 
2 Cooled copper annulus 


3 Blackened active part of foil 


Water in Figure 6.1: Schematic of a 


Gardon or foil type heat flux gauge 


Heat transfer analysis of an annular element of the foil shown in Figure 6.2 is 
made now. Heat is gained by the foil element because of the incident heat flux. It is 
given by 

Qg =q x (2nrAr) (6.1) 


Figure 6.2: Energy balance over a foil 
element in the form of an annular ring 


Heat is conducted in the radial direction because of the temperature field set up 
under the influence of the incident heat flux since the cooled copper annulus is at a 
lower temperature. The analysis is similar to the fin type analysis presented earlier 
in section 5.4.3. We have, by Fourier law 


dr 


dT 
Qe r = —20kd len dr 


T 
> Qer+Ar = —21k ten 


r r+Ar 


We Taylor expand the second conduction flux, retain two terms, to get 


QertAr = —20k6 LE) ar 
, dr is 


A (a) 
r ar\ dr 
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Net heat transfer by conduction Q-nez across the element is then given by Qe, — 
Q,+ar which leads to the following expression. 


d { aT 
c,net = yl ae 2 
Qe,net 2nkô z (r Tr Jar (6.2) 


For steady state to prevail in the foil Qg +Qenet = 0. We cancel the common factor 
2xAr to get 


d (dT gi 
Tr G a + zo” 0 (6.3) 
The boundary conditions are now specified as 
T is finite atr=0; T(r=R)=Tpr (6.4) 


Integrate Equation 6.3 once with respect to r to get 


where A is a constant of integration. This may be rearranged to get 


aT r A 
xt 5 sao (6.5) 
Integrate this once more with respect to r to get 
T+ ar? =Aln(r)+B (6.6) 
4kô 


where B is a second constant of integration. The constant A has to be chosen equal to 
zero in order that the solution does not diverge at r = 0 . The constant B is obtained 


R2 
from the boundary condition at r = R as B = TR + ae With this the solution for the 
temperature is obtained as 
pes (R? -r?) (6.7) 


~ Ak 


It may be noted that the constant B is nothing but the temperature at the center of 
the constantan disk. All we do is to put r = 0 in Equation 6.7 to verify this. In view 
of this, Equation 6.7 may be rearranged as 


=KAT (6.8) 


In Equation 6.8 To is the temperature at the center of the disk, coefficient K is the 


4kô 
gauge constant given by K = (=) with units of and AT is the temperature 


2 m2 K 
difference between the center of the disk and the periphery. AT is also the output 
that appears as a proportional voltage AV across the terminals of the differential 
thermocouple. There is thus a linear relationship between the heat flux and the 


output of the heat flux gauge. The gauge sensitivity is simply the reciprocal of the 
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‘ °C 
gauge constant. Thus the sensitivity is given in thermal units | | as 


W 
mZ 
1 R? 
S= K` Ike (6.9) 
ie . . n [EV 
The sensitivity may also be represented in electrical units w |as 
m2 
ge ee eel (6.10) 
°? K 4k6 i 


where ag is the Seebeck coefficient. 


Example 6.1 


Gardon gage of diameter 5 mm is 50 um thick. It is exposed to an incident heat 
flux of 1 W/cm?. What is the temperature difference developed by the gauge? 
If the Seebeck coefficient is assumed to be constant at ag = 39 uV/°C what 
is the electrical output of the gauge when exposed to the heat flux indicated 
above? If the diameter of the gage is uncertain to an extent of 1% and the 
thickness is uncertain to an extent of 2 %, what will be the uncertainty in the 
output when exposed to the heat flux mentioned above? At what rate do we 
have to remove heat from the copper annulus? 


Solution : 


Step 1 Gauge output (thermal) for specified heat flux: 


The diameter and thickness of the foil are given as D=5 mm = 0.005m and 
D 0.005 
6=50um=5x 1075 m. Hence the radius of the gage is R = OS ag T 


2 
0.0025 m. The incident heat flux is given to be q = 1W/cm? = 104 W/m?. 
Foil thermal conductivity is taken as k = 22.5 W/mK. Using Equation 6.8 
the temperature difference developed by the gauge (i.e. gauge output) is 


qR? 104 x 0.0025? 
4kô 4x 22.5x 50x 10-6 


AT = = 13.89°C 

Step 2 Gauge output (electrical) for specified heat flux: 
Seebeck coefficient is specified to be ag = 89uV/°C. Hence the electric output 
of the gauge is given by 


AV = agAT = 39x 10° x 13.89 = 541.7 uV = 0.542 mV 


Step 3 Uncertainty in gauge output for specified heat flux: 
Uncertainties have been specified in percentages given by up = ur = 1%; ug = 
2%. Logarithmic differentiation is appropriate to calculate the uncertainty 
in the gauge output because of the uncertainties in the values of the gauge 
parameters. Uncertainty in the gauge output is given by 


unt = \/ (2 x ug)? + (us)? = v (2 x 1)? + (2)? = 2.83% 
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The uncertainty in terms of the temperature difference developed by the gauge 
may then be calculated as 


_ 2.83 x 13.89 


T00 = 0.39°C 


UAT 
Step 4 Heat removal rate from the gauge: 
Rate at which heat is to be removed at the periphery is simply the product of 
heat flux and the frontal area of the gauge. 


Q, =q- n- R? = 104 x z x 0.00252 = 0.196 = 0.2 W 


The heat flux encountered in Example 6.1 is roughly 8 times the solar flux that 
arrives at the outer edges of the earth’s atmosphere. In typical applications involving 
rocket nozzles the heat flux 10 times this (i.e.10° W/m”)is possible. In reentry 
applications the heat flux on the surface of a reentry vehicle due to kinetic heating 
may be some 10 times this i.e. 10° W/m? or 1 MW/m?. A heat flux gauge suitable 
for such high heat flux values should be designed with more robust materials and 
one would have to remove much larger amount of heat to keep the gauge “cool”! If 
we were to use the gauge described in Example 6.1 the temperature difference is 
100 times the value obtained therein, and will equal 1889°C. This is certainly an 
impossible situation! The heat removal from the gauge would correspondingly be 
200 W which would be quite impossible to remove from such a small gauge! 


We have defined the gauge sensitivity earlier in Equations 6.9 and 6.10. We 
calculate the sensitivity for the gauge considered in Example 6.1 here as: 


z 2 2 o 
i= Saua = 0.001389 -C 
4 x 22.5 x 50 x 1076 w 
m 
or 2 
0.0025 u 
= 39. = 0.0542 —— 
Se 4 x 22.5 x 50 x 10-8 X 


V 
One may note that the unit of sensitivity will be H if both R and 6 are specified 
cm 


in mm. In Example6.1 the sensitivity is also equal to 0.542 as may easily 


z? 
be verified. In fact, it is customary to specify large heat flux values in the units 
of W/cm”, such as in aerospace applications. The above sensitivity unit will then 
be very appropriate. We see that the sensitivity depends on geometrical as well as 
thermal properties of the foil material. The advantage of using constantan is that it 
has a high melting point and also forms thermocouple junctions with copper wires. 
Of course, we may also use other foil materials, if necessary. 


Foil size and thickness may be chosen using Figure 6.3 when it is made of 


constantan foil. The three lines shown are for the indicated sensitivity values in 
mV 


cm 


units of 


3° 
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6.1.2 Transient analysis of foil gauge 


When the incident heat flux varies with time or when a steady heat flux is “turned 
on” it would be necessary to find out how the gauge responds to the incident flux. 
A transient analysis is necessary for this purpose. An approximate analysis is 
presented below for a thin foil gauge. We shall start from a steady state when the 
gauge is actually responding to a steady incident flux. We have seen above that 
the temperature distribution in the foil is a quadratic function of r and is given by 
Equation 6.7. We divide this by the temperature difference between the center and 


the periphery of the foil, given by T — TR = IR 2 to get 


4kô 
nats =(1 5) (6.11) 
To-Tr \ R? ` 
In the steady sate the energy stored in the foil is given by 
R 
E -Í pC6(T -TpR)2nrdr (6.12) 
0 


where C is the specific heat of the foil material. We make use of Equation 6.11 to 
write Equation 6.12 as 


R 2 
E=2pCOn(To -Tr) | r(1-GJar (6.13) 
0 R? 
The indicated integration may easily be performed to show that 
R r2 R? 
[ rhi- zjar: (6.14) 
Thus we finally get 
R2 
E = pCôn(To — Troy (6.15) 


Consider now the unsteady state heat transfer in the foil as the applied heat flux 
changes with time as q(t). The input heat flux is partially stored in the foil and 
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partially removed by the coolant at the foil periphery. The stored energy is the change 
in E with respect to time obtained by differentiating Equation 6.15 with respect to 
time. Thus, 

dE R? d(To-Tr) 


— = pC6xn— t at 
di pc as di (6.16) 


The heat loss at r = R, is in fact given by the instantaneous conductive heat transfer 
at the periphery , obtained by the use of Fourier law of heat conduction as Q(r = R) = 


dT dT —2(T 9 -T 
—22Rdk— . We make use of Equation 6.11 to obtain — = i ae 
dr |,-p dr |,-p R 
With these we get 
Q(r = R) = 4rkô(To- TR) (6.17) 


The sum of Equations 6.16 and 6.17 must equal the heat gain by the foil given by 
q(t)tR2. Thus the following equation results after some simplification: 
d(To-Tr) 8k q(t) 


di H DORZ? Tr)= C5 (6.18) 


We notice at once that the governing equation is a first order ordinary differential 
equation. The coefficient of the second term on the left hand side, in fact, is related 
to the first order time constant of the heat flux gauge given by 


_R?pC__ R? 
~ 8k Ba 


(6.19) 


where a is the thermal diffusivity of the foil material. Figure 6.4 shows the 
relationship (Equation 6.19) between the foil radius and the first order time constant 
of the sensor in graphical form. This figure may be used in tandem with Figure 6.3 
for determining the proportions and the time constant for the chosen dimensions of 
the gauge. Figure 6.5 shows the external appearance of a commercial heat flux gauge 
which has arrangement for cooling of the annulus by water. 


10-4} H 
£ 
& 1 
€ | | 
| | Figure 6.4: Time constant for a 
J L foil type heat flux gauge 
0.1 T TTT T TTT T mn oe J T se es | 
0.0001 0.001 0.01 0.1 1 


T, S 


212 Chapter.6 Heat flux and Heat Transfer Coefficient 


Constantan foil 

Leads of differential thermocouple 
Water inlet 

. Water outlet 

A (Black area on 1 is the active sensor area) 


W eo on 


Figure 6.5: External appearance of a water cooled 
Gardon gauge 


6.1.3 Thin film sensors 


The operation of a thin film heat flux sensor, shown schematically in Figure 6.6, 
and as a photograph in Figure 6.7 is very simple. A thin barrier of known thermal 
conductivity is attached to a surface that is receiving the heat flux to be measured. 
The barrier imposes a thermal resistance parallel to the direction of the heat flux and 
the heat conduction in the barrier is one-dimensional. The temperature difference 
across the barrier is measured using a differential thermopile arrangement wherein 
several hot and cold junctions are connected in opposition. The illustration shows 
only four hot and four cold junctions. In practice thermocouple materials are 
deposited as very thin but wide films of very small thickness of a few micrometers 
thickness. There may be hundreds of hot and cold junctions in a very small area. 
The output is proportional to the heat flux. Example 6.2 brings out the typical 
characteristics of such a heat flux gauge. 


1 Lead wire 
2 Lead wire 
3 Polyimide barrier 


Figure 6.6: Schematic of a thin 
m Negative element film film heat flux sensor. For clarity 
sss Positive element film the barrier has been shown as a 
transparent plate. 


Example 6.2 


The geometrical description of a thin film heat flux sensor is given in Figure 
6.6. The thermal conductivity of the barrier material viz. polyimide of 
thickness 6 = 0.25 mm is known to be k = 0.2 W/m K. Output of the gauge 
when exposed to a certain heat flux is V = 0.01 V i.e. 10 mV. Determine the 
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Figure 6.7: Photograph of a thin 


~ —tttt—=*d film heat flux sensor 
\ 
ù 


heat flux q from this data if there are 40 hot and 40 cold junctions in the 
sensor. 

Solution : 
Since there are 40 junctions, the total output corresponds to 0.01/40 = 
0.00025 V per junction. Assuming that 40 uV corresponds to 1 °C this 
translates to a temperature difference of 


_ 0.00025 
~ 40 x 10-6 


Using k = 0.2 W/m°C and 6 = 0.25 mm = 0.00025 m we get 


= 6.25°C 


_ RAT _ 0.26.25 
5 0.00025 


= 5000 W/m? 


Typically the solar heat flux is 1000 W/m”. The above heat flux is some 5 times 
larger than solar flux! 


6.1.4 Cooled thin wafer heat flux gauge 


The operational principle of the thin wafer type cooled heat flux gauge is the 
same as the thin film gauge above. Temperature drop across the constantan wafer 
is measured by the differential thermocouple arrangement shown in Figure 6.8 
(thicknesses of the gauge elements are highly exaggerated in this figure, for clarity). 
Note that the temperature gradient is in a direction parallel to the applied heat 
flux. There are two T type thermocouple junctions formed by the constantan wafer 
sandwiched between the two copper wafers. 


ZZZ > f: 
FEB WU: © 1 Cooled surface 


2 Base material 

3 Differential thermocouple 
copper lead wires 

m= Constantan wafer 

a. Copper wafer Figure 6.8: Sectional view of a thin wafer type 

cooled heat flux gauge 
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6.1.5 Axial conduction guarded probe 


This probe (see Figure 6.9) is based on conduction through the probe in a direction 
parallel to the heat flux that is being measured. The gauge consists of a cylinder of a 
material of known thermal conductivity with an annular guard. The guard consists 
of an outer annular cylinder made of the same material as that of the gauge. It is 
exposed to the same heat flux and cooled at the back by the same coolant that is also 
used to cool the probe itself. Since the outer annulus experiences almost the same 
axial temperature gradient as the probe, there is no heat transfer across the gap 
between the probe and the guard and hence one dimensional axial conduction takes 
place in the probe. The temperatures are measured by two embedded thermocouples 
as indicated in the figure. Fourier law is used to derive the heat flux from the 
measured temperature difference, the distance between the thermocouples and the 
known thermal conductivity of the probe material. 


Lead wires 


Guard 
ASS 
q NN SANN F M= Coolant Out 
=>- 1s Coolant In 


— È 
Ney, \ 
ie 

s Figure 6.9: Sectional view of an axial conduction guarded 
heat flux probe 


The coolant flow may be adjusted using the probe front surface temperature signal 
to operate the probe with a set front surface temperature. The coolant may be air for 
low heat flux applications while water may be used as the coolant for high heat flux 
applications. The axial conduction heat flux probe is conveniently positioned through 
a hole in the side wall of a furnace for monitoring the wall heat flux. The probe will 
respond to both convective as well as radiative heat fluxes. The front surface of the 
probe may be suitably treated for achieving high emissivity. 


Example 6.3 


Consider an axial conductivity guarded heat flux probe made of an alloy 
material of thermal conductivity equal to 45W/m°C. The two thermocouples 
are placed 1cm apart. The incident heat flux is known to be 10° W/m?. 
The probe has a diameter of 25mm. Determine the indicated temperature 
difference AT and the rate at which heat (Q) needs to be removed from the 
back surface of the probe. 


Solution : 
The data specified are: 
Probe diameter: d = 25 mm = 0.025 m 
Spacing between thermocouples: s = 1 ecm = 0.01 m 
Incident heat flux: q = 10° W/m? 
Probe material thermal conductivity: k = 45 W/m°C 


AT 
By Fourier law, we have q = k— where AT is the temperature difference 
s 
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indicated by the thermocouples representing the probe output signal. Hence 


we have 


qs 10°x0.01 
AT = — = ————_ = 22.2°C 
k 45 


The rate at which heat is to be removed from the back of the probe is nothing 
but the total heat transfer in to the probe at its front. This is given by the 
product of the incident heat flux and the probe frontal area. Thus 


d? 0.025? 
Q=qA=q~— =10"x POA 491W 


This amount of heat is removable by an air stream. 


6.1.6 Slug type sensor 


Schematic of a slug type heat flux sensor is shown in Figure 6.10. A mass m of a 
material of specific heat C is embedded in the substrate as shown. Frontal area A of 
the slug is exposed to the heat flux to be measured while all the other surfaces of the 
slug are thermally insulated as indicated. When the incident flux is absorbed at the 
surface of the slug, it heats the slug, and uniformly so if it is made of a material of 
high thermal conductivity. The transient temperature response of the slug is related 
to the incident heat flux and is, in fact, the measured quantity. The heat flux is 
inferred by either a theoretical model or by calibration. 


In the ideal case with no heat loss the equation for the temperature of the slug is 
given by 


mC—=qA (6.20) 


On integration this will yield the slug temperature as a linear function of time given 
by 


A 
mame 22% (6.21) 
mC 


where To is the initial slug temperature. Obviously we have to allow the process of 
heating to terminate by stopping the exposure of the slug to the incident heat flux 
when the slug temperature reaches its maximum allowable temperature Tmax- 


216 Chapter.6 Heat flux and Heat Transfer Coefficient 


Response of a slug type sensor with a small heat loss 


Consider now the case when there is a small heat leak from the slug sensor. Let 
the loss be proportional to the temperature excess of the slug with respect to the 
casing or the substrate temperature Te. The loss coefficient is given as K,W/°C. 
Equation 6.20 will now be replaced by 

dT 


mC di =qA-K,(T-T,) (6.22) 


K 
Let T-T, =0 and =a =e. With these Equation 6.22 will be recast as 
m 


— —- — = -e0 (6.23) 


Since Kz is expected to be small, the parameter e is small. The solution may be 
sought by expanding it in the form 0 = oP 4 OP +... Substituting this in equation 
6.23 we get 

de qA de®) 


Tag S [e0 + 79 4...] (6.24) 


Collecting terms of same order, the above is replaced by 


de qA 
- — =0 6.25 
dt mC ( ) 
(Both terms are multiplied by €?) 
de 
—_ =o 6.26 
Ji ( ) 
(Both terms are multiplied by €!) 
These equations are solved to get 
A 
gv, 6.27 
mC ( ) 
09-44 Ë (6.28) 
mC 2 ` 
These assume that To = Te. Thus the response of the slug follows the relation 
qA qA Ê qA K t? 
mC e 2 mC mC 2 ( ) 


Thus a slight amount of nonlinearity is seen in the response of the slug. 


Example 6.4 
A slug type of sensor is made of a copper slug of 3mm thickness. The 
specification is that the temperature of the slug should not increase by more 
than 40°C during its operation. 


e What is the time for which the slug can be exposed to an incident heat 
flux of 10000 W/m? when there is negligible heat loss from the slug? 
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e What is the time for which the slug can be exposed to an incident heat 
flux of 10000 W/m? when there is small heat loss from the slug specified 
by a loss coefficient of Kz = 50 W/°C? 


Note: Make all calculations based on unit area of slug exposed to the incident 
heat flux. 

Solution : 
No heat loss case: 
Properties of Copper are taken from hand book of thermo-physical properties. 
Density p = 8890 kg/m®, specific heat C = 398 J/kg°C. 
Mass of slug on unit frontal area basis is 


m = p6 = 8890 x 0.003 = 26.67 kg/m” 


The maximum temperature rise during operation is AT max = 40°C 
If there is negligible heat loss the temperature increases linearly and the 
maximum exposure time is given by Equation 6.21, by substituting AT max 
in place of T — To. Thus 

MCAT max 26.67 x 398 x 40 

tmax = = 
q 10000 

Heat loss case: 
When the heat loss is taken into account, what happens is worked out below. 
We have, from the given data 

_ KL 50 


= = ———___~=9 0048 m? 
ecne orea Oe 


= 42.46 s 


and 
qA _ 10000x1 


mC 26.67 x 398 
With these, we get, using Equation 6.29 


= 0.942 


2 
0 = AT max = 40 = 0.942 [tnax - 0.0047 


_ 


This may be rewritten as 


t 
0 = AT max = 40 = 0.942 x tmax F — 0.0047 a | 


For the last term on the right hand side we may conveniently substitute the 
tmax Value obtained earlier, ignoring the heat loss. Thus we have, solving the 
above equation for tmax 

S 40 

~ 0.942 x (1 — 0.0047 x 42:48) 
With heat loss taken in to account the slug gauge is useful over a slightly 
longer time! 


=47.2s 


tmax 


The effect of heat loss discussed in Example 6.4 is brought out graphically in Figure 
6.11. The temperature increase in the slug departs from the linear behavior (dashed 
line in Figure 6.11) when there is no heat loss and follows the non-linear variation 
shown (by the full line) in Figure 6.11. Curves such as those shown in Figure 6.11 
may be drawn for other heat flux values and used to estimate the incident heat flux 
from the time temperature excess plot. 
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6.1.7 Slug type sensor response including non uniformity in 
temperature 


In section 6.1.6 we have described the use of a slug type sensor for measurement 
of heat flux. It was assumed that the slug behaves as a lumped system. This 
meant that there is no spatial variation of temperature within the slug. In practice, 
however, it is likely that the temperature of the slug is measured at its back face 
(that is embedded in the body). This temperature will certainly lag behind the front 
surface temperature. Also the back surface temperature varies linearly with time 
for a certain duration, starting with a time delay with respect to the front surface 
temperature. Heat conduction theory provides the theoretical model for explaining 
these. We shall give below only the results without proof. 


As the slug is not at a uniform temperature across its thickness there is a time 
lag between the front surface and rear surface temperature responses. Accordingly 
we have to correct the heat flux inferred from that obtained based on the rear 
temperature response. If qa and q; are respectively the actual (incident on the front 
surface of the slug) and the inferred (from the rear temperature of the slug), we have 


qi= qa 


fol rat 
1-2e # | (6.30) 


at 
where a is the thermal diffusivity of the material of the slug. The grouping = is 


non-dimensional and is referred to as the Fourier number. If the maximum allowable 
front surface temperature rise is AT ax, we have, for the optimum thickness of the 
slug opz, the formula 


RAT max 


1.366q4 (6.31) 


Sopt = 


The period Atjinear over which the back surface temperature is linear (when a 
constant incident flux is present on the front surface of the slug) is given by the 
formula 
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0.366 ae 


Attinear =) aes ee q (6.32) 
a 


Example 6.5 


A slug type of sensor is made of a stainless steel (SS 304) slug of optimum 
thickness. The specification is that the temperature of the slug should not 
increase by more than 80°C. 


1. What is the optimum thickness of the slug if the front surface tempera- 
ture should be limited to 80°C when the heat flux incident on its surface 
is 10000 W/m?? 

2. What is the useful time over which the temperature of back surface of 
the slug may be used to estimate the heat flux? 


Note: Make all calculations based on unit area of slug exposed to the incident 
heat flux. 


Solution : 
The properties of SS 304 are taken from data hand book and are given below. 
Density: p = 7900 kg/m®, specific heat: C = 477 J/kg°C and thermal 
conductivity: k = 14.9 W/m°C 
The incident heat flux on the front face of the slug has been specified as 
qa = 10° W/m? 
The maximum allowed temperature of the front face of the slug is AT max = 
80°C 
1. Using equation 6.31, the optimum slug thickness is calculated as 

5 14.9 x 80 
oP! 1.366 x 105 

The thermal diffusivity of SS 304 is calculated as 


a- 149 
pC 7900x477 


= 0.00873 = 0.009 m =9 mm 


=3.95 x 1076 m?/s 


2. We now use Equation 6.32 to determine the time for which the slug back 
surface temperature is linear as 


0.366 14.9 x 80 
Atlinear = 


2 
3.95x10-6\ 10° l =13:198 


We may now calculate the ratio of heat fluxes, using Equation 6.30, as 
. 3.95x10~8 «13.15 
Gi ax eg cet = 0.997 
Ga 
The estimated heat flux based on back surface temperature of the slug will 
then be given by 


qi = 0.997 x qa = 0.997 x 10° = 99500 W/m? 
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6.1.8 Thin film heat flux gauge - Transient operation 


In section 6.1.3 we have described a thin film sensor that operates under the steady 
sate. We now describe a thin film sensor that operates in the transient mode that is 
capable of measuring extremely short heat flux events that are characteristic of high 
speed flows. In supersonic and hypersonic wind tunnels the flow duration may be 
from a few us to a few ms and the heat flux has to be estimated within the duration 
of the test. The basic theoretic model is one dimensional transient heat transfer in a 
semi-infinite medium that is treated in most books on heat transfer. Again we shall 
make use of the results form conduction theory without offering proof. 


The principle of operation of a thin film heat flux gauge may be understood by 
referring to Figure6.12. Assume that a constant heat flux q is incident on a thin 
platinum film of thickness 6 mounted on a thick substrate. The platinum film 
is of negligible thickness (usually a few um thick) and is assumed to take on a 
uniform temperature, at any instant of time, equal to the surface temperature of the 
substrate. For times short compared to the time required for the thermal disturbance 
to propagate through the thickness of the substrate the substrate may be assumed 
to be a semi-infinite solid. The transient response of the surface and an interior 
location are given by the solution of the one dimensional heat equation available 
from any book on heat transfer. 


Surface temperature response: 


AT(,t)= ral a =11982¥% Vj (6.33) 


k 


Here AT(0,t) is the increase in temperature of the platinum film with respect to the 
initial temperature of the platinum film as well as the substrate. 


Temperature response at a depth x inside the substrate: 


4 
aut en? x erfe(7) 
\ x 


AT(n, t) = (6.34) 


a 
k 


Platinum film ô thick 


Figure 6.12: Principle of operation of a 
thin film transient heat flux gauge 


In the above 7 = x/Vat is a non-dimensional composite variable, a is the thermal 
diffusivity of the substrate material and k is the thermal conductivity of the 
substrate material. The complementary error function erfc(x), a tabulated function 
makes its appearance in the equation. The response is thus determined by the 
thermal properties of the substrate material. The substrate material may be chosen 
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so as to give the desired response. The temperature of the surface may be inferred by 
monitoring the electrical resistance of the platinum foil treating it as an RTD. This 
is usually done by passing a constant direct current through the foil (a few mA) and 
monitoring the potential difference across the sensor. Figure 6.13 shows the response 
when different substrate materials are chosen (properties of these materials are 
given in Table 6.1) and subject to a constant heat flux of 10° W/m? at the surface. 
In each case the heat flux sensor is at an initial temperature of 30 °C. 


Table 6.1: Typical substrate material thermal properties 
k,W/m°C 


: 3 o 2 
Material p,kg/m C,J/kg°C at 25°C a,m*/s 
MACOR* 2520 790 1.46 7.33 x 1077 
Corning 2230 754 1.005 5.98 x 10" 
PYREX 7740 
Quartz 2600 819 3.0 1.41 x 107° 


*MACOR is a machinable ceramic that withstands temperatures up to 1000°C 


The substrate is normally an electrically insulating material with low thermal 
properties to obtain a sizable surface temperature response. The surface film 
materials are typically like those shown in Table 6.2. 


Table 6.2: Properties of common film materials 


Material p,kglm®? C,J/kg°?C k,W/m°C a,m?/s 
Platinum 21500 130 70 2.5 x 1075 
Nickel 8900 450 84 2.1x10” 
Copper 8900 380 397 11.74x 10” 
100 eeii 
9o 4 [ 
x 4 — Pyrex 
® 80 -- MACOR 
g J -- Quartz 
$ | ” 
L 60 aa 
PE p 
S J aT 
5d br, cea 
E0 a a To al 
= ] A ae | Figure 6.13: Surface temperature 
g 20477 Sat [response with three different substrates 
a W | given in Table 6.2.Incident flux is q = 
Ot ee ees a lO Win 
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The choice of the substrate thickness depends on the duration for which the sensor 
needs to be used and the material of the substrate. This is gleaned by looking at the 
ratio of temperature at a depth to that at the surface as shown in Figure 6.14. This 
ratio is in fact given by 

AT(x,t) _ 


AT(0,t) _ 


e` — ynn. erfe(n) (6.35) 
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If this ratio is taken as 0.01 for deciding the duration of operation, Figure 6.14 
indicates that it need be only 0.6 mm for test duration of 50 ms. The figure has 
been made for quartz as the substrate material. Thin film gauges are normally used 
in transient experiments that last from a microsecond to possibly a few milliseconds, 
typical of aerospace applications. 

0.0008 Hi + 


—t=5ms 
-- t=50ms 


Figure 6.14: Thickness of sub- 
strate of a thin film gauge with 
quartz substrate. Incident flux is 
q = 10% W/m?. 


0.01 0.1 1 
AT,/ATo 


The construction detail of a typical thin film gauge is shown in Figure 6.15. The 
platinum film is deposited on a Zirconium oxide substrate of suitable thickness. The 
electrical connections are through constantan leads embedded in the substrate.” 


1. Platinum coating 

2. Ceramic substrate 
(zirconium oxide) 

3. Platinum leads for 
electrical connections 


Figure 6.15: Construction detail of a thin film 
gauge 


Example 6.6 
A thin film of platinum of size 10x 2 mm is deposited on a substrate of MACOR. 
The thickness of the platinum film is 0.01 mm. Discuss the performance of 
this as a heat flux gage. Assume that the film and the substrate are at 20°C 
initially and the maximum temperature of the film is not to exceed 200°C 
when it is exposed to a flux of 1 MW/m?. 


Solution : 


2For more details of this sensor the reader may visit the web site 
http://www.swl.rwth-aachen.de/en/industry-solutions/thin-films/ 


6.2. Measurement of heat transfer coefficient 223 


The surface heat flux has been specified as q = 1 MW/m? = 10°W/m?. The 
initial temperature is Tọ = 20°C and hence the surface temperature increase, 
at the end of the useful interval tmax of the gage, is AT(0,tmax) =200 - 20 = 
180°C. 

The substrate is MACOR having a thermal diffusivity of 7.33 x 10-’m?/s and 
thermal conductivity of 1.46 W/m°C. The useful time interval is then given, 
using Equation 6.33 as 


E [PRO tnas 1 F 
a q 1.128 V/a 
or 2 
1.46 x 180 1 
t = = 0.074s = 74ms 
es | 10° 1.128V7.33 x 10-7 


We now calculate the ratio of temperature at depth x inside the substrate to 
the surface temperature at time t = 74 ms. The calculation uses Expression 
6.35, using tabulated values of complementary error function. The data is 
then plotted as shown in Figure 6.16 


10°+ 


Figure 6.16: Temperature at 
various depths within the substrate 
at t=tmax = 74 ms 


104 +H 
0 2104 4104 6.104 8104 10° 
x,m 


It is seen from Figure 6.16 (compare with Figure 6.14) that the value of 
the temperature ratio is 0.01 at a depth of 0.000675 m or 0.675 mm, at a 
time of 75 ms. Hence the substrate need only be this thick for the present 
application. 


6.2 Measurement of heat transfer coefficient 


Heat transfer coefficient is an important quantity that is needed for design of 
thermal systems. It is usually introduced through the so called “Newton’s law of 
cooling”. This law postulates that the heat flux from/to a surface is linearly related 
to the difference in temperature between a surface and a moving fluid in contact with 
it. The proportionality constant h (which has dimensions of W/m?°C) is called the 
heat transfer coefficient. Thus, we have 
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(6.36) 


where qs is the heat flux from the surface, Ts is the surface temperature and T+ is 
the fluid temperature. We see that the estimation of h requires the measurement 
of the three quantities, two temperatures and one heat flux, that enter on the right 
hand side of Equation 6.36. 


6.2.1 Film coefficient transducer 


In the relevant literature the heat transfer coefficient is also referred to as the 
film coefficient and hence the name of this transducer. The heat transfer coefficient 
is visualized via a conductive layer of the fluid called the “film” next to the surface 
that is assumed to be stationary. The film coefficient is the conductance of this fluid 
layer. 


A possible arrangement for the measurement of heat transfer coefficient is the 
film coefficient transducer whose schematic is given in Figure 6.17. This transducer 
makes use of the guard principle that has been dealt with earlier while discussing 
the axial conduction type heat flux probe (see section 6.1.5). The transducer 
consists of an electrically heated plug with an embedded thermocouple to measure its 
temperature. The plug is surrounded by a guard cup that is independently heated 
electrically. When the temperature difference between the plug and the guard is 
zero, all the heat that is supplied to the plug leaves from it to the fluid flowing over 
its surface. If the wetted frontal area (the area in contact with the flowing fluid) 
of the plug is S, the electric heat input is Qe, the plug temperature is Tp and the 
temperature of the fluid is Tr, then Equation 6.36 becomes 


Qe 
he 
S(T —T}) 


(6.37) 


Note that all the quantities that appear on the right hand side of Equation 
6.37 are measurable quantities. The sensing plug is made of a material of high 
thermal conductivity such that it is very nearly isothermal throughout and hence, in 
principle, we may measure its temperature at any convenient location on it. 


Wo 2. Guard cup 
A\W, A © 3. Sensing plug heater 
IE NI } @ : Paar cup heater 
6. Sensing plug thermocouple 
—© © 7. Guard cup thermocouple 


@ Figure 6.17: Schematic of a 
: film coefficient transducer (section 
view) 
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6.2.2 Cylindrical heat transfer coefficient probe 


A variant that is very often used in practice is the cylindrical probe shown in 
Figure 6.18. In many applications we desire the mean heat transfer coefficient 
from the surface of a tube or pipe immersed in a flowing medium. The experiment 
is conducted in the so called “cold” mode wherein the fluid is at or near room 
temperature and the probe is heated to a higher temperature. The principle of this 
probe is no different from the film coefficient gauge shown in Figure 6.17. The heat 
transfer area is S = nDL, the heat input is Qm and the heat transfer coefficient is 
given by 


7 Qm 
h= 1DLTn TA (6.38) 
We may account for radiation by subtracting 
Qr = SoeTn — Tyg) (6.39) 
from Qm and evaluating the heat transfer coefficient as 
Qm = Qr 
h=——_ (6.40) 
Sha) 


In the above £ is the emissivity of the surface of the probe and Tp zg is the effective 
temperature of the background with which the probe exchanges heat by radiation. 
Both these also need to be measured. 


kH Heat | Tempera- 
Input | ture 


Ñ 1. | Main heater Qm Tm 
7 ---- 2. | Guard heater Qg Tg 


3. | Guard heater Qg Tg 
4. | Cylindrical probe | - - 

| Adjust Qm and Qg such that Tm = Tg 

© Figure 6.18: Schematic of a cylindrical heat 
transfer coefficient probe 


Example 6.7 


A cylindrical heat transfer probe of diameter 12.5 mm is made of rough 
polished copper with a surface emissivity of € = 0.15. The main heater is 
25 mmwide and the two guard heaters are each 12 mm wide. In a certain 
forced flow experiment in air, the heat supplied to the main heater has been 
measured to be 2.67 +0.02 W when the surface temperature was 42.7 + 0.2°C. 
The air temperature was measured at 20.4 + 0.2°C. The effective background 
temperature is found to be the same as the air temperature. Estimate the 
convection heat transfer coefficient and its uncertainty. 


Solution : 
The nominal values of all the quantities specified are written down as: 


D = 12.5 mm = 0.0125 m; L = 25 mm = 0.025 m;£ = 0.15 
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Tm = 42.7°C = 315.9 K; Tf = Torg = 20.4°C = 293.6 K 


The heat input to the main heater is Qm = 2.67 W The surface area involved 
in heat transfer is calculated as 


S = z x 0.0125 x 0.025 = 0.00098175 m? 
The heat loss by radiation is estimated, using Equation 6.39 as 
Q, = 0.00098175 x 5.67 x 1078 x 0.15 x (315.94 — 293.64) = 0.021 W 


The convection heat transfer coefficient may now be estimated using Equation 


6.40 as 
2.67 — 0.021 


~ 0.00098175(42.7 — 20.4) 
We assume that only the temperatures and heat input are subject to error 
since nothing is mentioned about the errors in the geometrical parameters. 
Measured temperatures are subject to errors of AT = 0.2 °C. Hence the 
temperature difference is subject to an error of A(T m — Tozg) = 0.2V2 = +0.2 x 
1.414°C = 0.283°C (this may easily shown by using the error propagation 
formula). In addition we shall assume that the background temperature is 
subject to the same error as the air temperature. The error is to be estimated 
in the radiant heat loss. Only temperature measurement errors are assumed 
to be important. The influence coefficients are calculated as: 


= 120.99W/m2°C 


ô 
oer =4eoST? = 4 x 0.15 x 5.67 x 1078 x 315.98 = 0.00105 W/K 
m 
ô 
wr = 40ST}, = —4 x 0.15 x 5.67 x 107° x 315.9° = -0.00084 W/K 
bkg 


Hence we get the expected error in the radiation heat loss, using error 
propagation formula, as 


0Q, 4 ( ôQr ) 
A + AT + AT 
ij \ (2 n) OT bkg oe 


AQ, = +O. 00105 x 0.2)? + (—0.00084 x 0.2)? = +0.0003 W 
With AQ, = +0.02 W we have 


A(Qm —Qr) = +\/ AQ + V 0.02? + 0.00032 = +0.02 W 


It is thus seen that the uncertainty in the estimated value of h is (using 
logarithmic differentiation) 


= 2 1 A(Tm—T 2 
NE a) | ( bkg) 


or 


Qm-Qr Tm —Tokg 


or 


02 2 2 
i= #120.99%) we | | 0:283 


2.67 — 0.021 42.7 — 20.4 
Thus the heat transfer coefficient is specified as h = 120.99 + 1.77 W/m”. 


2 
| =+1.77 W/m?°C 
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Concluding remarks 


Measurement of heat flux is important in many applications with time scales 
range from a few milliseconds to hours and hence different types of gages are 
needed and have been discussed in this chapter. In industrial applications 
measurement of heat transfer coefficient is an important activity. Applications 
are to be found in furnaces, heat exchangers, ovens etc. Transient applications 
require thin film sensors while more robust gages are useful for steady heat flux 
mesurement applications. 
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Exercise II 


II.1 Temperature measurement 


Ex II.1: Use library resources and write a note on International Practical Temper- 
ature Scale of 1968 (IPTS68) and International Temperature Scale of 1990 
(ITS90). Bring out the major differences between these two. 


Ex II.2: Temperature of a gas of known composition may be measured by acoustic 
thermometry. Search the recent literature and prepare a short bibliography 
on this topic. 

Discuss any one of the references from this bibliography in full detail. 


Ex II.3: The following data pertains to measurement of the temperature of a 
certain freezing metal using a constant volume gas thermometer. The pressure 
at triple point and the corresponding pressure at the freezing point of the 
metal are tabulated below: 


Pip,mmHg 15.6 45.7 112.3 
p:mm Hg 112.5 358.0 890.2 


Determine the freezing point of the metal according to the ideal gas scale. 
Make a plot to indicate how the intercept is estimated from a quadratic fit to 
data in the form of pressure ratio vs. pressure at the triple point. 


Ex II.4: Following readings were taken with a medium precision constant volume 
gas thermometer. The bulb of the thermometer was immersed in hot water 
at a constant temperature for these measurements. The amount of gas in the 
bulb was systematically varied to gather data. 


Pip, mm Hg 40 60 80 101 120 
Pt,mmHg 51.2 76.7 102.1 128.7 152.6 


Estimate the temperature of water bath using the above data. 
Hint: Fit straight line to data of pressure ratios. Use the precision of slope to 
specify an error bar to the temperature derived by you. 
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Ex II.5: We would like to use K type thermocouple to measure temperature in the 
range 30 to 1000°C with the reference junction at the ice point. It is desired 
that the resolution should be +1°C. Specify the range and least count of a 
voltmeter for this purpose. 
Make use of thermocouple reference tables for answering this problem. 


Ex II.6: A K type thermocouple is used to measure the temperature of a system 
that is known to be 850°C. The potentiometer binding posts are known to be 
at 31°C act as the reference junction. What is the mV reading indicated by 
the potentiometer? If an observer takes the mV reading and calculates the 
temperature assuming the reference temperature to be the ice point what will 
be temperature error? 

Make use of thermocouple reference tables for answering this problem. 


Ex II.7: Figure II.1 shows the way connections have been made for measuring 
temperature using K type thermocouple. What is the correct temperature if 
the output is 16 mV? 


70C K- 


K- K* Figure 11.1: Thermocouple circuit 
for Exercise 11.7 


Ex II.8: A millivolt recorder is available with a range of 0 to 10 mV and an accuracy 
of 0.5% of full scale. A copper-constantan thermocouple pair with a reference 
junction at the ice point is used with the recorder. Determine the temperature 
range and the accuracy of the installation. 

Note: For a copper-constantan thermocouple 10 mV corresponds approxi- 
mately to 213°C and the Seebeck coefficient is approximately 40uV/°C. 


Ex II.9: For a certain thermocouple the following table gives the thermoelectric 
output as a function of temperature ¢t°C. The reference junction is at the ice 
point. 


ts © 10 20 30 40 50 
E,mV 0.397 0.798 1.203 1.611 2.022 


i C 60 70 80 90 100 
E,mV 2.486 2.850 3.266 3.681 4.095 


The manufacturer of the thermocouple recommends that the following inter- 
polation formula should be used for calculating E as a function of T: 


E(t) = 0.03995t + 5.8954 x 1078? — 4.2015 x 10794? + 1.3917 x 10713 ¢4 


How good is the polynomial as a fit to data? Base your answer on all 
the statistical parameters and tests you can think of. Obtain the Seebeck 
coefficient at 50 and 100 °C. 
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Ex II.10: Table below gives data for a T type thermocouple. It has been decided 
to approximate the thermocouple Seebeck emf by the relation E = 0.03865t + 
4.15018E —5t7. What is the error in use of the approximation at the lowest 
and highest temperatures in the range shown in the table? 


FE 50 55 60 65 70 75 
E,mV 2.036 2.251 2.468 2.687 2.909 3.132 


rE 80 85 90 95 100 
E,mV 3.358 3.585 3.814 4.046 4.279 


Above thermocouple is used as a differential thermocouple to measure the 
temperature difference between inlet and outlet to a small heat exchanger. 
The differential thermocouple gave an output of 0.125 mV. What is the 
temperature difference? Base your answer on the Seebeck coefficient at 75°C. 
What is the Peltier emf for the T type thermocouple in the above problem at 
t=75°C? 

A thermopile consisting of 40 cold and 40 hot junctions is made using T type 
thermocouple wires. The hot junctions are all maintained at 75°C while the 
cold junctions are all at a temperature of 50°C. What will be the output of the 
thermopile in mV? 


Ex II.11: In a certain calibration experiment the following data was obtained: 


tC (standard) 22.5 46.8 64.7 78.8 93.3 103.5 112 
t°C (candidate) 22.8 46.5 64.2 79.2 91.9 102.9 113.2 


Comment on the distribution of error between the candidate and the standard. 
Can you specify a suitable error bar within which the candidate is well 
represented by the standard? 


Ex II.12: Write a note on the constructional details of wire wound and film type 
Platinum Resistance Thermometers. Comment on their relative merits. 


Ex II.13: The resistance of a certain sensor varies with temperature as R(t) = 
500(1 + 0.005¢ — 2 x 10752”), where the resistance R(t) is in Q and the tem- 
perature ¢ is in °C. Determine the resistance and the sensitivity at 100°C. 


Ex ITI.14: A four wire PRT100 is fed a current of 5 mA by suitable external power 
connected using two of the four lead wires. A digital voltmeter is connected 
across the RTD by using the other two lead wires. The RTD is exposed to 
an ambient at 65°C. What will be the voltage reading? If the RTD has a 
dissipation constant of 0.001 WC what will be the voltage reading? Base 
your answers taking in to account the Callendar correction. 


Ex ITI.15: A thermistor code named 20 A is in the form of a glass coated bead 0.75 
mm diameter. Its resistance at three different temperatures are given below: 
t,C 0 5.6 50 
R,Q 8800 3100 1270 
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Determine f for this thermistor. If resistance is measured with a possible 
error of +100 Q, what is the error in estimated t when the nominal value of 
resistance is 1500 Q? 


Redo the problem using the Steinhart - Hart model. 


Ex II.16: A thermistor has a resistance of 100 Q at 20°C and a resistance of 3.3 Q at 
100°C. Determine the value of p for this thermistor. Determine also the ratio 
of resistance of the thermistor when the temperature changes from0 to 50°C. 
What are the sensitivities of the thermistor at these two temperatures. Based 
on the above, make suitable comments, in general, on the use of thermistors. 


Ex IT.17: A typical thermistor has the following specifications as given by the 
manufacturer. 


Nominal Resistance at 25°C 10kQ 


p value (25 <t < 85°C) 3480 K 
Dissipation Constant 0.4mW/K 
Heat capacity 1.8 mJ/K 
Thermistor Diameter 0.8+0.1mm 
Thermistor Length 14+0.4mm 


Determine: (a) Ratio of resistance of thermistor Ro5/Rg5 and (b) Temperature 
error when the thermistor carries a current of 1 mA and has a resistance value 
of 1500Q. 


Ex IT.18: The resistance of a certain temperature detector is given by the data 
given below: 


Temperature,°C 0 12.7 241 462 638 769 98.6 
Resistance, Q 2757 2556 2354 1955 1691 1464 1054 


Estimate the temperature when the resistance is a) 1500, b) 2000 and c) 
2600 Q. You are expected to develop a relation between the temperature and 
resistance and use it to get the answers. 


Ex II.19: A thermistor is connected in series with a variable resistance Rs such 
that the current through the thermistor is limited to 1 mA when the battery 
voltage is 9 V and the thermistor is at room temperature of 20°C (see Figure 
II.2). The thermistor is characterized by a resistance of 2 kQ at 20°C and 
a p value of 3000 K. Determine the value of the series resistance when the 
thermistor is at 20°C. The thermistor is exposed to an environment at 40°C. 
The variable resistance is to be adjusted such that the current is again 1 mA. 
What is the series resistance? 


Rs R: 


Figure ll.2: Thermistor circuit for 


Exercise 11.19 
Battery 
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Ex II.20: For a certain thermistor 6 = 3100K and the resistance at 70°C is 998 + 
5Q. The thermistor resistance is 1995 + 4Q when exposed to a temperature 
environment that is to be estimated. Estimate the temperature and its 
uncertainty. 


Ex II.21: Thermistor manufacturer has provided the following data on a special 
order thermistor. 
a) Resistance at ice point: Ro = 2050 Q 
b) “Beta" value for the thermistor: p = 3027 K 
It was decided to verify this data by conducting a carefully conducted “cali- 
bration" experiment using a precision constant temperature bath capable of 
providing an environment within +0.02°C of the set value. The following data 
was obtained from this experiment: 


Temperature °C Resistance Q 


22.3 890 
46.7 404 


The measured resistance values are within an error band of +0.50. Based 
on the experimental data comment on the “outcome” of the calibration 
experiment. 


Ex II.22: The thermistor of Example II.21 is connected in series with a standard 
resistor of 1000 Q. A well regulated dc power of 9 V is connected across 
the resistor - thermistor combination. The thermistor is subject to change 
in temperature in the range 5— 80°C. Plot the output across the standard 
resistor in this range. 


Ex II.23: A thermistor is in the from of glass coated bead 0.75 mm in diameter. 
Its resistance at two different temperatures are given as R(t = 0°C) = 88000 
and R(t = 50°C) = 1270 Q. Determine 6 for this thermistor. If resistance is 
measured with an error of +10 Q what is the error in temperature when the 
nominal value of R is 1600 Q? What is the sensitivity of the thermistor at this 
temperature? 


Ex II.24: The resistance of a certain semi conductor material varies with tempera- 
ture according to the relation R(T) = 120013100 7- w7a.15)| where the resistance 
is in Q and the temperature is specified in K. At a certain temperature the 
resistance has been measured as 600 + 10 Q. Determine the temperature and 
its uncertainty. Make a plot of R vs T in the range 273.15 < T < 500K. 


Ex II.25: A thermistor follows the resistance temperature relationship given by 
R(T) = 1500e[3000(7- z757) where the resistance is in Q and temperature is 
in K. This thermistor is connected in series with a resistance of 500 Q. 
A DC power supply of 1.5 V is connected across the resistance -thermistor 
combination. A voltmeter measures the voltage across the series resistor. 
What is the voltage reading when the thermistor is at the ice point? What 
is the indicated voltage when the thermistor is at room temperature of 30°C? 
If the voltmeter used for measuring the voltage across the fixed resistance has 
a resolution of 1 mV what is the resolution in temperature at 30°C? 
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Ex IT.26: An RTD with a = 0.0034/°C and R = 100 Q at the ice point has 
a dissipation constant of 0.04 WC. This RTD is used to indicate the 
temperature of a bath at 50°C. The RTD is part of bridge circuit with all 
other resistances of 100 Q each. The battery connected to the bridge provides 
6V . What voltage will appear across the RTD? Take into account the self- 
heating of the RTD due to the current that flows through it. When is the effect 
of self-heating more significant, at t = 0°C or at t= 100°C? Explain. 


Ex II.27: A thermistor has a resistance of 1000 Q at 20°C and a resistance of 
38 Q at 100°C. Determine the value of $ for this thermistor. Determine also 
the ratio of resistance of the thermistor when the temperature changes from 
0 to 50°C. The above thermistor is connected in parallel with a resistance of 
500 Q and the parallel combination is connected in series with a resistance of 
500 OQ. A DC power supply of 9 V is connected across the combination. If the 
thermistor is exposed to a process space at 40°C what is the voltage across 
it? What is the temperature error if the dissipation constant is known to be 
10 mW/C? 


Ex IT.28: A certain incandescent solid is at a temperature of 1200 +5 K. The total 
emissivity of the object is known to be 0.85+0.02. Estimate along with the 
uncertainty the brightness temperature of the object. 


Ex II.29: Estimate the actual temperature of an object whose brightness tempera- 
ture has been measured using a vanishing filament pyrometer to be 1000°C. 
The spectral emissivity of the object at 0.665 um is 0.55. If the emissivity is 
subject to an error of 0.5% what is the corresponding error in the estimated 
actual temperature? 


Ex II.30: The actual, brightness and color temperatures of a target are respectively 
given by 1185 K, 1136 K and 1212 K. The brightness temperature is at an 
effective wavelength of 0.66 um. The color temperature is based on a second 
wavelength of0.45 um. Determine the emissivities at the two wavelengths. 


Ex II.31: Estimate the actual temperature of an object whose brightness temper- 
ature has been measured using a vanishing filament pyrometer to be 850°C. 
The transmittance of the pyrometer optics is known to be 0.95+0.01. The 
spectral emissivity of the object at 0.66um is 0.58. If the emissivity is subject 
to an error of +1.5% what is the corresponding error in the estimated actual 
temperature? 


Ex II.32: The brightness temperature of a metal block is given as 950°C. A 
thermocouple embedded in the block reads 1032°C. What is the emissivity 
of the surface? The pyrometer used in the above measurement is a vanishing 
filament type with an effective A of 0.65 um. Assuming that the thermocouple 
reading is susceptible to an error of +5°C while the brightness temperature is 
error free determine an error bar on the emissivity determined above. 


Ex 11.33: The emissive power of a black body in W/m? is given by the formula 
E,(T) = 5.67 x 10° °T* where T is in Kelvin. A certain black body has the 
temperature measured at 1100+25 K. Specify the emissive power along 
with its uncertainty. Express the uncertainty in physical units as well as in 
percentage form. If the uncertainty in the temperature is reduced by a factor 
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of two what is the corresponding reduction in the uncertainty in the emissive 
power? 


Ex II.34: Brightness temperature of a target is estimated, using a vanishing 
filament pyrometer operating at 0.66 um wavelength, to be 1245+10K. Tar- 
get temperature was measured independently using an embedded precision 
thermocouple as 1400 +2 K. What is the effective target emissivity and its 
uncertainty? 


Ex II.35: Total emissivity of a certain surface varies with temperature according to 
the relation e(T) = 0.068 + 0.00012 T where 300 < T < 1200 K. The brightness 
temperature of such a surface has been measured using a thermal detector as 
Tg = 700K. What is the actual temperature of the surface? 

(Hint: Iterative solution is required) 


Ex II.36: Repeated measurements, using a vanishing filament pyrometer, by 
different operators indicates a mean brightness temperature 900 K with a 
standard deviation of 5 K while an embedded thermocouple gives a reading 
of 946 K with an uncertainty of +2 K. The transmittance of the pyrometer is 
known to be 0.95. If the effective wavelength of the pyrometer is 0.655 um 
what is the emissivity of the target? What is its uncertainty? 


Ex I1.37: If the volume of mercury in the bulb of a thermometer is 200 ml and the 
diameter of the capillary is 0.08 mm, how much will the mercury column move 
for a 1°C change in the temperature of the bulb? The difference in the cubical 
expansion of mercury and glass is given as 0.0002°C"!. 


Ex II.38: A bimetallic strip 40 mm long is made of yellow brass and Monel bonded 
together at 30°C. The thickness of both the materials is 0.3 mm. The 
bimetallic strip is in the form of a cantilever beam and is used for “on - off" 
control with a set point of 75°C. Calculate the deflection at this temperature 
of the free end for a temperature increase of 0.5°C above the set point. 


II.2 Transient temperature measurement 


Ex II.39: An experiment is conducted to determine the time constant of a K type 
thermocouple as under. We prepare a beaker of boiling water, insert the 
thermocouple into it, and allow it to reach equilibrium with the boiling water. 
Then we quickly remove it to a stand so that it is cooled by air moving 
across the junction by convection. The emf generated by the thermocouple 
is amplified with a DC amplifier with a gain of 100 and is then recorded, on 
a chart recorder at a speed of 25 mm/s during the cooling period. From this 
record the following data has been gathered. 


T°C 85 75 65 55 45 35 
ts 0.350 0.600 0.987 1.438 2.175 3.250 


Determine the time constant of the system. Also estimate the initial tem- 
perature of the thermocouple. Comment on this value. Assume that air 
temperature remains constant at 25°C. 
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Ex ITI.40: A thermocouple is attached to a thin rectangular sheet of copper of 
thickness 0.5 mm and extent 50 x 150 mm. The copper sheet is initially at 
a temperature of 75°C and is suddenly exposed to still air at 15°C. How long 
should one wait for the thermocouple to read 50°C? It may be assumed that 
the entire plate cools uniformly with time and the heat loss is by natural 
convection. Assume that the 150 mm edge is vertical. The heat transfer 
coefficient may be based on an average plate temperature of 62.5°C. Use 
suitable natural convection correlation from a book on Heat Transfer. 


Ex IT.41: A first order system is subjected to a ramp input given by Ty = 20 + Rt 
where R = 1,2,5, 10 °C/s. The initial temperature of the probe is 30 ‘circC. 
Consider two cases with t = 2 s and 10 s and for these two cases draw graphs 
showing input as well as output responses of the system. 


Ex IT.42: Consider a first order system subjected to a periodic input. The initial 
temperature of the system is To =30 °C/s. The amplitude of the periodic input 
is Ta = 10 °C/s, with wr = 1,2,5. Plot the response of the system as a function 
of t/t for all these cases. 


Ex IT.43: A first order system is subject to a ramp input given by T = 20+5t where 
temperature is in °C and t is in s. The initial temperature of the probe is 30°C 
and the time constant of the probe is t = 2 s. Determine the probe temperature 
at t= 25 s. What is the response of the probe if t > t? Explain your answer. 


Ex IT.44: The time constant of a first order thermal system is given as 30s. The 
uncertainty in the value of the time constant is given to be +0.5 s. The initial 
temperature excess of the system over and above the ambient temperature 
is 25°C. It is desired to determine the system temperature excess and its 
uncertainty at the end of 30s from the start. 


Hint: System temperature excess variation is exponential. 


Ex IT.45: A certain first order system has the following specifications: 


e Material: copper shell of wall thickness 1 mm, outer radius 6 mm 

e Fluid: Air at 30°C 

e Initial temperature of shell: 50°C 
How long should one wait for the temperature of the shell to reach 40°C? 
Assume that heat transfer is by free convection. Use suitable correlation from 
a heat transfer text to solve the problem. 


Ex IT.46: In order to determine the time constant of a temperature sensor an exper- 
iment was conducted by subjecting it to a step input. The ambient temperature 
remained constant at 40°C throughout the experiment. Temperature time 


data was collected by a suitable recorder at 1 s intervals as shown in the 
table. 


ts 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 
T°C 75.28 69.65 64.82 60.90 57.73 55.54 53.44 51.08 49.31 


ts 2.25 2.5 2.75 3 3.25 3.5 3.75 4 
T°C 47.67 46.87 46.05 44.39 43.89 43.40 42.61 43.40 


What is the time constant of the sensor? 
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II.3 Thermometric error 


Ex II.47: A temperature sensor is in the form of a long cylinder of diameter 2mm. 
It is placed in a duct carrying air at a temperature of 300°C moving with a 
speed of 2 m/s such that the flow is normal to the axis of the cylinder. The 
duct walls are known to be at a temperature of 200°C. What is the error in 
the indicated temperature if the emissivity of the sensor surface is 0.65 and 
conduction along the sensor is ignored? 

If the sensor has an effective thermal conductivity of 12 W/m°C and is 
immersed to a length of 25 mm what will the thermometer error when the 
conduction error is included? What is the minimum depth of immersion if the 
thermometric error should not exceed 1°C? 

Make a plot of thermometric error as a function of surface emissivity of the 
sensor. 


Ex II.48: A temperature sensor is in the form of a long cylinder of diameter 1.5 mm. 
It is placed in a duct carrying air at a temperature of 200°C moving with a 
speed of 5 m/s such that the flow is normal to the axis of the cylinder. The 
duct walls are known to be at a temperature of 180°C. What is the error in 
the indicated temperature if the emissivity of the sensor surface is 0.80 and 
conduction along the sensor is ignored? Air properties given below may be 
made use of: 

Density = 0.6423 kg/m®, Dynamic viscosity = 2.848 x 10-°kg/m s, 
Thermal conductivity = 0.0436 W/m°C, Prandtl number = 0.680. 


Ex ITI.49: a) A thermocouple pair consists of 0.25 mm diameter wires of copper and 
constantan placed 0.75 mm apart by encapsulating the two wires in a sheath 
material of thermal conductivity equal to 1 W/m°C. The external dimensions 
of the sheath are Lı = 1.25 mm and Lgo = 0.75 mm. The thermocouple is 
inserted in a solid up to a depth of 15 mm and is so installed that there 
is perfect contact between the sheath and the surface of the hole. The 
temperature indicated by the thermocouple is T; = 125°C when the exposed 
leads of the thermocouple is convectively cooled by ambient medium at 
T 5 = 35°C via a heat transfer coefficient of h = 4.5 W/m? C. Estimate the 
temperature of the solid. 

b) If the solid temperature is maintained at the value you have determined in 
the above part what should be the depth to which the thermocouple is to be 
inserted if the thermometer error should be less than 0.5°C? 


Ex II.50: A thermocouple may be idealized as a single wire of diameter 0.5 mm of 
effective thermal conductivity of 25 W/m°C. The insulation may be idealized 
as a layer of thickness 0.5 mm and thermal conductivity of 0.4 W/m°C. The 
thermocouple is attached to a disk of 12 mm diameter and is exposed to a 
flowing fluid at a temperature of 300 W/m°C and a heat transfer coefficient of 
67 W/m°°C. The disk has a surface emissivity of 0.2. The disk is also able to 
see a background which is at 250°C. The thermocouple lead is taken out of the 
back of the disk and is exposed to an ambient at 30°C and a convective heat 
transfer coefficient of 7.5 W/m°2C. Assuming that the lead wire is very long, 
determine the thermocouple reading. 
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Ex II.51: Air is flowing in a tube of diameter D = 100 mm with a Reynolds number 
based on tube diameter of Re = 1.5x 10° . In order to measure the temperature 
of the air a thermometer well is installed in the pipe, normal to its axis. The 
thermometer well material has a thermal conductivity of 45 W/m°C, has an 
ID of 3 mm and an OD of 4.5 mm and has a depth of immersion of 50 mm. 
Determine the true air temperature if a thermocouple attached to the well 
bottom indicates a temperature of 77°C while a thermocouple attached to 
the pipe wall indicates a temperature of 56°C. Assume that the thermal 
conductivity of air is 0.03W/m°C and the Prandtl number of air is 0.7. 


Ex IT.52: A certain temperature measurement system has the following specifica- 
tions: 
Material: copper shell of wall thickness 1 mm, outer radius 6 mm. Thermo- 
couple is attached to the shell and is made of wires of very small radii such 
that lead wire conduction may be ignored. 
Fluid: Air at 65°C surrounds the spherical shell. The surface of the shell has 
an emissivity of 0.65. 
Determine the temperature indicated by the thermocouple if the shell inter- 
acts radiatively with a background at 25°C. 
Assume that heat transfer from air to the shell is by free convection. Use 
suitable correlation from a heat transfer text to solve the problem. 


Ex II.53: A thermometer well has an OD of 6 mm and an effective area conductivity 
product of 6 x 10` Wm/°C. The well is attached to the walls of the duct at 
90°C. Air at a temperature of 100°C is flowing through the duct at an average 
speed of 1 m/s. Axis of the thermometer well is normal to the flow direction. 
The surface of the well is polished metal surface of emissivity of 0.05. What is 
the thermometer error if the well is 50 mm long? 


Ex II.54: A temperature sensor is in the form of a long cylinder of equivalent 
diameter 2 mm. It is placed in a duct carrying air at a temperature of 300°C 
moving with a speed of 2 m/s such that the flow is normal to the axis of the 
cylinder. The duct walls are known to be at a temperature of 280°C. Assume 
that the conductivity of the cylinder is 14 W/m K. 

(a) What should be the length of immersion if the temperature error should be 
less than 0.5°C? 

Air properties given below may be made use of: 

Density= 0.6423 kg/m®, Dynamic viscosity= 2.848 x 10°° kg/m s, Thermal 
conductivity = 0.0436 W/m K, and Prandtl number= 0.680. 

(b) Assume that the depth of immersion has been chosen as above. The 
emissivity of the sensor surface is known to be 0.05? How will it affect the 
thermometric error? 


Ex IT.55: A mercury in glass thermometer has a diameter of 6mm and is placed in 
a vertical position in a large room to measure the air temperature. The room 
walls are exposed to the sun and are at 45°C. The heat transfer coefficient for 
heat exchange between the room air and the thermometer is 5.5W/m”°C. The 
thermometer may be assumed a gray body with an emissivity of 0.65. What is 
the true air temperature if the thermometer reads 35°C? 
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II.4 Heat flux measurement 


Ex II.56: A Gardon gauge is made with a foil of radius R = 2.8 mm and thickness 
6 = 20 um. The foil material has a thermal conductivity of k = 19.5 W/m°C, 
specific heat of c = 390 J/kg°C and density of p = 8900 kg/m®. Determine the 
gauge constant as well as the time constant. What will be the temperature 
difference between the center of the foil and the periphery when radiant flux 
of 1000 W/m? is incident on the foil? 


Ex 11.57: A Gardon gauge uses a constantan foil of 3 mm diameter and 40 um 
thickness. The thermal conductivity of the foil material may be taken 
as 22 W/m°C. Determine the gauge constant assuming that the Seebeck 
coefficient for Copper-Constantan pair is 40 wV/°C. It is desired to make 
the gauge twice sensitive as compared to above by suitable choice of the foil 
diameter-thickness combination. Mention what would be your choice of the 
diameter-thickness combination? 


What is the differential temperature generated in the two cases if the incident 
heat flux is 10° W/m?? 


Ex II.58: A Gardon gauge of diameter 2.7 mm is 20 um thick. It is exposed to an 
incident heat flux of 1.2 W/cm”. What is the temperature difference developed 
by the gauge? If the diameter of the gauge is uncertain to an extent of 2% and 
the thickness is uncertain to an extent of 5%, what will be the uncertainty in 
the output when exposed to the heat flux mentioned above? 


Ex II.59: A Gardon gauge of diameter 2.7 mm is 20 um thick. It is exposed to an 
incident heat flux of 1.2 W/cm”. What is the temperature difference developed 
by the gauge? What is the time constant of the gauge? If the diameter of the 
gauge is uncertain to an extent of 2% and the thickness is uncertain to an 
extent of 5%, what will be the uncertainty in the output when exposed to the 
heat flux mentioned above, if the heat flux itself is uncertain to the extent of 
2.5%? What is the uncertainty in the time constant of the gauge? 


Ex II.60: A slug type sensor has a slug of mass 0.005 kg made of a material of 
specific heat equal to 300 J/kg°C. It is in the form of a short cylinder with 
a flat frontal area exposed to the incident flux of 1 cm”. The exposed surface 
of the slug which has an emissivity of 0.86 receives incident radiation flux 
of 10°W/m?. How long can the slug be exposed to the incident flux if the 
temperature of the slug is not to exceed 150°C? Take in to account only the 
heat loss by radiation from the exposed surface of the slug. 


Ex II.61: A cylindrical heat transfer probe has a diameter of 12.5mm. The main 
heater is 20mm wide. Suitable guards heaters are provided to prevent heat 
transfer along the axial direction. In a certain cold experiment the heat input 
to the main heater was 2W and the temperature of the sensor was noted 
to be at 60°C. The temperature of the ambient medium was recorded at 
32°C. Estimate the heat transfer coefficient. What is the uncertainty in the 
estimated value of heat transfer coefficient if the temperatures are subject to 
errors of +0.5°C and the main heater input input has an uncertainty of 2%? 


Ex IT.62: An axial conduction heat flux probe has the main probe exposed to 
heat flux of 10° W/m”. The frontal area of the main probe is 8mm. The 
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probe is made of an alloy having a thermal conductivity of 45 W/m°C. Two 
thermocouples are used to sense temperatures within the probe body with 
an axial separation of 4mm. The temperature difference indicated is 12°C. 
Determine the amount of heat that has to be removed by the cooling system, 
assuming that the guard is an annulus with an ID of 8.75 mm and an OD of 
12.5 mm. Suggest a cooling arrangement for this probe. 


Ex II.63: Consult the paper “The Plate Thermometer- A Simple Instrument for 
Reaching Harmonized Fire Resistance Tests” by Ulf Wickström. Based on 
this paper explain the principle of a plate thermometer and what it measures. 


3Fire Technology, Volume 30, Issue 2, May 1994, pp 195-208 


Module II 


Measurement of Pressure, Fluid 
velocity, Volume flow rate, Stagnation 
and Bulk mean temperatures 


Most engineering applications involve the measurement of quantities that 
are given in the title to this module. Temperature and pressure are two 
parameters that govern and affect processes that are dealt with by mechanical 
and other engineers. Pressure measurement has matured over a long period 
and instruments are available from manufacturers for every need and in a wide 
range. Chapter 7 deals with the basic principles of all pressure measuring 
instruments. Also addressed are such important things as the transient 
response of pressure measuring devices, their calibration and estimation of 
errors. Most processes involve the flow of fluids - either gas or liquid. We leave 
out the measurement of flow of solid materials, a topic that is usually considered 
under “Mechanical Handling”. Chapter 8 deals with the measurement of fluid 
velocity, presumably a point function, just like temperature. However, the 
measurement of fluid velocity is complicated by the fact that velocity has both a 
magnitude and a direction. The emphasis here is to deal with the most common 
methods and lead the interested reader to specialized literature. Volume flow 
rate, on the other hand, is a gross entity being concerned with the total flow rate 
and hence the average or the mean velocity across a section. Several methods 
that deal with volume/mass flow rate are dealt with in Chapter 9. Chapter 10 
deals with the applications of the material that has been covered in the previous 
chapters to the measurement of temperatures in moving media. These are very 
important in the flow of non-isothermal fluids and in all process applications 
including high speed flows of interest in the aerospace field. 


Copyrighted Material 


This page intentionally left blank 


Copyrighted Material 


Chapter 7 


Measurement of Pressure 


Most physical and chemical processes are affected by temperature and 
pressure. Having considered measurement of temperature in Module I it is 
logical to consider measurement of pressure as the next topic. Since pressure 
spans a large range from vacuum pressures in the ubar to very high 
pressures in GPa it is necessary to device suitable techniques to cover the 
wide range. Simplest of the techniques useful for measurement of pressure is 
by manometers. Since these are useful in laboratory practice we discuss 
manometers in detail. Subsequently we discuss the use of pressure 
transducers that are based on measurement of displacement of a spring 
element on application of pressure. Vacuum measurement requires special 
methods that are discussed towards the end of the chapter. 
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7.1 Basics of pressure measurement 


Measurement of pressure is an important activity in the laboratory and industry 
since it is one of the most important variables that affects most processes. Many 
other properties of systems are affected by the operating pressure. For example, in 
an IC engine cylinder, the pressure varies continuously with time and determines 
the power output of the engine. Chemical reactions are affected by the operating 
pressure. In thermal power plants, the operating pressure of the boiler, for example, 
needs to be closely monitored during operation. The following tell us why it is 
important to measure pressure: 


e Pressure is an important quantity that describes a thermodynamic system 

e Pressure is invariably an important process parameter 

e Pressure difference is used many a time as a means of measuring the flow rate 
of a fluid 


Pressure level spans some 18 orders of magnitude from the lowest to the highest 


pressures encountered in practice. The pressure measuring devices and their ranges 


Table 7.1: Pressure gauge types and ranges 


Lower Upper 
NOE LES limit Tah 
1 Ionization gauge 1078 107 
2 Pirani gauge 10-4 1 
3 McLeod gauge 10-6 1 
4 Manometer 10°? 107 
5 Piezoelectric trans- 102 10° 

ducers 

6 Bellows type gauge 10 107 
7 Diaphragm gauge 1 10° 
8 Bourdon gauge 1 10" 
9 Resistance gauge 104 10° 


Entries in the Table are in mm of mercury column 
1mm of mercury column is equal to 1 Torr 
(named after Torricelli) 


We give below some useful units of pressure and conversion factors: 


e 1Pa=1N/m? 

* latmosphere or 1atm = 760mm mercury column = 1.013 x 10° Pa 
° 1mm mercury column = 1 Torr 

e 1Torr = 1.316 x 10° atm = 133.3 Pa 

e 1bar=10"Pa 
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7.2 U -Tube manometer 


The simplest of the gauges that is used for measuring pressure is a U - tube 
manometer shown in Figure 7.1. The U tube which has a uniform bore is vertically 
oriented and the acceleration due to gravity is assumed to be known. 


h Tube of uniform bore 


Figure 7.1: Schematic of a U tube 
manometer 


The pressure to be measured is that of a system that involves a fluid (liquid or a 
gas) different from the manometer liquid. 

Equilibrium of the 

manometer liquid requires that there be the same force in the two limbs across the 


plane AA. We then have 
p+preh= pat pueh aD 


This may be rearranged to read 


P-Pa=(Pm-ppgh (7.2) 


Even though mercury is a common liquid used in manometers, other liquids are 
also used. A second common liquid is water. 


Ppa = nah a3) 


The manometer liquid is chosen based on its density with respect to the density of the 
fluid whose pressure is being measured and also the pressure difference that needs 
to be measured. In practice small pressure differences are measured using water 
or some organic liquid as the manometer liquid such that the height h measured is 
sufficiently large and hence measured with sufficient precision. 


(a) A U tube manometer employs special oil having a specific gravity of 0.82 
as the manometer liquid. One limb of the manometer is exposed to the 
atmosphere at a pressure of 740 mm Hg and the difference in column heights 
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is measured as 20 cm+1 mm when exposed to an air source at 25°C. Calculate 
the air pressure in Pa and the uncertainty. 

(b) The above manometer was carelessly mounted with an angle of 3° with 
respect to the vertical. What is the error in the indicated pressure due to this, 
corresponding to the data given above? 


Solution : 
Part (a): 
Specific gravity uses the density of water at 25°C as the reference. From table 
of properties, the density of water at this temperature is 996 kg/m’. The 
density of the manometer liquid is 


Pm = Pspecial oil = Specific gravity of special oil x Density of water at 25°C 
0.82 x 996 = 816.7 kg/m? 


Density of process fluid, air, is calculated using the ideal gas relation. The 
gas constant for air is taken as Rg = 287 J/kgK. The air temperature is T = 
273 + 25 = 298 K. The air pressure is converted to Pa as 


740 
Pa= wap * 1.013 x 10° = 98634.2 Pa 


Air density is thus given by 


Pa _ 98634.2 
RT 287x298 


Pa = Pf= =1.15kg/m® 


The column height is given to be h = 20 cm =0.2 m. The measured pressure 
differential is then obtained using Equation 7.2 as 


P — Pa = (816.7 — 1.15) x 9.8 x 0.2 = 1598.5 Pa 


The uncertainty calculation is straight forward. It is the same as the % 
1 
x 100 = +0.5% . The 


error in the measured pressure difference is thus given by 


uncertainty in the column height i.e. Ah% = + 


A(p — Pa) = oe x 1598.5 = +7.99 = +8 Pa 
100 
Part (b): 
The mounting error has been given as 9 = 3° with respect to the vertical. It 
is clear that the manometer liquid height difference, with mounting error is 
given by 
h' = hcos@ = 0.2 x cos3° = 0.2 x 0.0086 = 0.1997 m 


Indicated pressure difference is then given by 
P — Pa = (816.7 — 1.15) x 9.8 x 0.1997 = 1596.3 Pa 


Note that there is thus a systematic error of 1596.3— 1598.5 = —2.2 Pa because 
of mounting error. This is about 25% of the error due to the error in the 
measurement of h. 
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7.2.1 Well type manometer 


A well type manometer is many a time used instead of a U - tube manometer. 


The schematic of 


a well type manometer is shown in Figure 7.2. 
Pa 


1 


4 d 
l 
h pf= Density of process fluid 
Pm= Density of manometer liquid 
------- +E 
F 
D h! Figure 7.2: Schematic of a well type 
manometer 


The dashed line indicates the datum with reference to which the manometer 


height is measured. 
ith enough manometer liquid being and 


hence the following holds: 
WA=ha 74) 


This expression simply states that there is no change in the volume of the liquid and 
aD 
hence also the mass. Here A is the well cross section area given by A = PS while a 


nd? 


is the tube cross section area given by a = -j Equation 7.1 is recast for this case 
D+ prg +h= pa pmsth +h!) as 


Using Equation 7.4 in Equation 7.5, after some rearrangement we get 


[i] (7.6) 


p~Pa=(om~ppigh an 


In case the measured pressure difference is small one may use a well type manometer 
with inclined tube shown in Figure 7.3. Incompressibility of the manometer liquid 
requires that Ah’ = aR. The manometer height is now given by R{sin6 + Ai 
Equation 7.6 is replaced by 
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ppa (pn p7) e [eino =] (7.8) 


It is clear that the inclination of the tube amplifies (recall the mechanical advantage 
of an inclined plane) the measured quantity and hence improves the precision of the 
measurement. 


P wo Pa 


Density of 
process fluid 
Density of 
manometer 
liquid 


Figure 7.3: Well type inclined tube 
manometer 


(a) In an inclined tube manometer the manometer liquid is water at 20°C 
while the fluid whose pressure is to be measured is air. The angle of the 
inclined tube is 20° . The well is a cylinder of diameter 0.05 m while the tube 
has a diameter of 0.001 m. The manometer reading is given to be 150 mm. 
Determine the pressure differential in mm water and Pa. What is the error 
in per cent if the density of air is neglected? 

(b) Determine the error in the measured pressure differential if the reading 
of the manometer is within 0.5 mm and the density of water has an error of 
0.2%. Assume that all other parameters have no errors in them. Neglect air 
density in this part of the question. 


Solution : 
Part (a): 
Figure 7.3 indicates the notation used in this example. From the given data 
we calculate the area ratio as 
a_(d)\_ (0.001 
A ($) ( 0.05 


2 
) = 0.0004 


Water density at the indicated temperature of 20°C is read off a table 
of properties as 997.6 kg/m? (pressure is taken as 1 atmosphere for this 
purpose). The fluid is air at the same temperature and its density is obtained 
using ideal gas law. We use pa = 1.013 x 10° Pa, T = 273 + 20 = 293 K, Rs = 
287 J/kg K to get 


Pa _ 1.013 x105 


ae = = 1.205 kg/m? 
aS PP" RT 287x293 ov 


p 


The density of air has been calculated at the atmospheric pressure since it is 
at a pressure very close to it! The indicated pressure difference is then given 
by (using Equation 7.8) 


P — Pa = (997.6 — 1.205) x 9.81 x (sin20° + 0.0004) x 0.15 = 500.85 Pa 
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This may be converted to mm of water column by dividing the above by pmg. 


Thug 500.85 x 1000 
x x 
P-Pa= 9976x981 = 51.2 mm water column 


If we neglect the density of air in the above, we get 


P — Pa = 997.6 x 9.81 x (sin 20° + 0.0004) x 0.15 = 501.49 Pa 


The percentage error is given by 


_ 501.49 — 500.85 
m 500.85 


Part (b): 
The influence coefficients are now calculated. We have 


x 100 = 0.12% 


O(p — Pa) 


=g (sina $ =) = 9.81 x (sin 20° + 0.0004) x 0.15 = 0.5058 
ðpf A 


O(p — Pa) 
ôR 


The errors have been specified as 


=prg (sino + 5) = 997.6 x 9.81 x (sin 20° + 0.0004) = 3363.7 


0.2 
AR = £0.5 mm = +0.0005 m; Apr = +700 x 997.6 = +1.995 kg/m? 


Use of error propagation formula yields the error in measured pressure as 


A(p — pa) = + V (0.5058 x 1.995)? + (3363.7 x 0.0005)? = +1.96 Pa 


7.2.2 Dynamic response of a U tube manometer 


Recall the measurement of temperature transients that we considered in Section 
4.7. The transient response of the temperature sensor was seen to depend on its 
own properties as well as the strength of the interaction between the sensor and the 
process space. In general, similar is the case 


We shall look at the transient response of a U - tube manometer based on a 
simplified analysis. Because the manometer liquid is assumed to be incompressible 
the total length of the liquid remains fixed at L. We assume that the manometer is 
initially in the equilibrium position (the liquid level is the same in the two limbs) and 
the pressure difference Ap is applied across it, for t > 0. The liquid column will move 
and will be as shown in Figure 7.4 at some time t > 0. The forces that are acting on 
the length L of the manometer liquid are: 


¢ Force due to acceleration of the liquid given by 
d*h 
Fa = Mass of manometer liquid multiplied by acceleration = PmAL 3 
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Pm Density of manometer liquid 
u Dynamic viscosity of manometer liquid 
h Manometer height difference at time t 
Ap Applied pressure difference 

across manometer 


d 
| Nomenclature: 
h 


Figure 7.4: Transients in a U tube manometer 


e Force supporting the change in A given by F, =aAp 
e Forces opposing the change: 
— Weight of column of liquid W = p,ahg 
- Friction force due to viscosity of the manometer liquid 


The symbols have the usual meaning, with a representing the cross sectional area 
of the U - tube. The viscous force opposing the motion is calculated based on the 
assumption of fully developed Hagen-Poiseuille (laminar tube) flow. The velocity of 
the liquid column is expected to be small and the laminar assumption is thus valid. 
We know from Fluid Mechanics that the pressure gradient and the mean velocity are 
related, for fully developed laminar flow, as 


dh d? dpr d? App 
~ dt  32udh 32u L 


where u is the dynamic viscosity of the manometer liquid and Ap, is the friction 
pressure drop across the moving column of liquid. 


In Section 4.7.1 we have looked at the transient response of a temperature sensor 
and introduced thermal resistance as the reciprocal of the heat transfer coefficient 
surface area product. This resistance controls or regulates the rate at which heat 
transfer can take place between the sensor and the surroundings. The input is a 
temperature change and the response is transfer of heat. The ratio of temperature 
change to the heat transfer rate, in fact, represents the thermal resistance. In the 
electrical analogy the temperature change is analogous with potential difference, the 
heat transfer rate is analogous with the electrical current and the ratio of these two 
is analogous with the electrical resistance. 


In the case of the U - tube manometer the manometer liquid has to move in 
response to the applied pressure difference. The movement involves mass flow and 
the rate of mass flow is regulated by the viscous resistance to flow. The analogy may 
easily be seen in that the ratio of the pressure drop to the mass flow rate represents 
flow resistance. Hence we define fluid resistance R as the ratio of frictional (viscous) 
pressure drop (potential difference in electrical circuit or temperature difference in 
a thermal circuit) to the mass flow rate (current in electrical circuit or heat transfer 
rate in thermal circuit). We note that the mass flow rate is given by 


d? d? Apf ndt Apr 
T = 
4 32u L °"198y L 


M = PmAUm =—Pm 
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Hence the fluid resistance due to friction is given by 
qa? «ie (7.9 
h  npmdt 


Note that the resistance involves only the geometric parameters and the liquid 
properties. The frictional force opposing the motion is thus given by 


Ff = maR 


dh 
Note that the mass flow rate is itself given by m = pnaum = Pma rr: Hence the 


frictional force opposing the motion is 


dh 
Ff =(Pmaum)aR = Pma” Rir 


We may now apply Newton’s law to the moving manometer liquid as 
F,=F,-W-Fr 
Introducing the expressions given above for the various terms, we get 


d*h dh 
PmaL yg = aAp Pmagh Pma Rk (7.10) 


We may rearrange this equation as 


Ld?h aRdh 
} th= 7.11 
gd? gdt Pmg ee? 


This is a second order ordinary differential equation that resembles the equation 
governing a spring mass dashpot system that is familiar to us from mechanics. The 
system is thus inherently a second order system. We define a characteristic time 
given by 


10,2 (7.12) 


(Reader: does it remind you of a simple pendulum?) and damping ratio 


cg (7.13) 


to recast Equation 7.11 in the standard form 


h 
2 h= 7.14 
"de aa dt Pm Ta 


The above equation may easily be solved by standard methods. The response of the 
system is shown in Figure 2.74 for three different cases. The system is under-damped 
if ¢ < 1, critically damped if ¢ = 1 and over-damped if ¢ > 1. When the system is 
under-damped the output shows oscillatory behavior, exhibits an overshoot (a value 
more than the input) and the output settles down slowly. In the other two cases the 
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response is monotonic, as shown in the figure. In the over-damped case the response 
grows slowly to eventually reach the full value. 


(Pmgh)/Ap 


Figure 7.5: Response of U - tube 
manometer to step input 


AU tube manometer uses mercury as the manometer liquid having a density 
of 13580 kg/m? and kinematic viscosity of v = 1.1 x 1077 m?/s. The total length 
of the liquid is 0.6 m. The tube diameter is 2mm. Determine the characteristic 
time and the damping ratio for this installation. Redo the above with water 
as the manometer liquid. The density and kinematic viscosity of water are 
996 kg/m? and 10 ° m?/s respectively. 


Solution : 
Manometer liquid is mercury 
The given data is 


L=0.6m;d =2mm = 0.002 mand we take g = 9.81 m/s” 
Pm = 13580 kg/m?; v=1.1« 107! m/s” 


Hence the characteristic time using Equation 7.12 is 


L [06 
=|= =\/—— =0.247 
Pe > \ ot E 


The liquid viscous resistance is calculated using Equation 7.9 as 


_ 128x 1.1x 1077 x 0.6 


RH; = =1 7.6 Pa s/k 
Hg x00024 68067.6 Pa s/kg 
The area of cross section of the tube is 
2 
ao OUE amri a 


4 


The damping ratio is then calculated using Equation 7.13 as 


_ 3.142 x 10~ê x 168067.6 


=0.109 
2 x 9.81 x 0.247 
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The system is under-damped since ¢ < 1. 
Manometer liquid is water 
The manometer liquid properties are changed to 


Pm = 996 kglm®;v = 1076 m/s? 


The characteristic time remains unchanged since it is purely a function of 

length of manometer fluid column. The damping ratio changes because of the 

change in the liquid viscous resistance. With water as the manometer liquid 

we have 

128 x 10°© x 0.6 
m x 0.0024 


The damping ratio is then calculated as 


Rio = = 1527887.5 Pa s/kg 


_ 3.142 x 10° x 1527887.5 


= 0.9905 
2x 9.81 x 0.247 


¢ 


The system is very nearly critically damped since ¢ ~ 1. 


7.3 Bourdon gauge] 


c> Cross section of Bourdon tube 


1 | Bourdon tube || 2 | Linkage 

3 | Rack and link || 4 | Pinion 

5 | Pointer 6 | Hair spring and cage 
7 | Fixed end 8 | Pressure connection 


Figure 7.6: Internal details of a Bourdon pressure 
gauge 
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external appearance of a Bourdon gauge is as shown in Figure 


7.7. Bourdon E >) available for measuring pressures higher/lower than the 
atmospheric pressute—rhe pressure indicated is referred to as the gauge pressure if 
it is with respect to the atmospheric pressure outside the Bourdon tube. 


Figure 7.7: Photograph of a 
Bourdon gauge 


7.3.1 Dead weight tester 


Bourdon gauges may be calibrated by using a dead weight tester, schematic of 
which is shown in Figure 7.8. The weight tester consists of an arrangement by 
which a piston may be allowed to float over a liquid (usually oil), under internal 
pressure and a force in the opposite direction, imposed on the piston by weights 
placed as indicated in the figure. The oil pressure is changed by screwing in the 
piston. The pressure is calculated as the weight placed on the piston divided by the 
cross section area of the piston (the piston is to be oriented with its axis vertical!). 
The gauge under test experiences the same pressure by being connected to a side 
tube communicating with the oil. A dead weight tester is a precision device and 
is available from many manufacturers. Precision dead weight tester DWT1305 
available from Omega USA has 0.1% accuracy, in the range of pressures from 1atm 
to 650 atm (visit: www.omega.com for more details). 
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Figure 7.8: Schematic of a dead weight 
tester 
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7.4 Pressure transducers 


Here we discuss several pressure transducers that are grouped together, for 
convenience. These are: 
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e Pressure tube with bonded strain gauge 
¢ Diaphragm/Bellows type transducer 

e Capacitance pressure transducer 

e Piezoelectric pressure transducer 


7.4.1 Pressure tube with bonded strain gauge 


The principle of a pressure tube with bonded strain gauge may be understood 
by referring to Figure 7.9. The pressure to be measured is communicated to the 
inside of a tube of suitable wall thickness, one end of which is closed with a thick 
plate. Because the end plate is very thick it undergoes hardly any strain. The tube, 
however, experiences a hoop strain due to internal pressure (indicated by the arrows 
in the figure). A strain gauge mounted on the tube wall experiences the hoop strain. 
The quantity to be measured, the pressure, is thus converted to the measurement of a 
change in length of a strain gauge element. The strain gauge element itself responds 
to the strain in a material on which it is attached. The principle of operation of a 
strain gauge is explained below. 


1. Active gauge responds to hoop 
stress due to internal pressure 

2. Dummy gauge is used for 
temperature compensation 


Figure 7.9: Pressure tube with bonded 
strain gauge 


Hoop stress 


Strain gauge theory 

Strain gauge consists of a resistance element whose resistance is a function of its 
size. A wire subject to strain undergoes a deformation as indicated in Figure 7.10. 
— Original shape, area of cross section A 


Changed shape, area of cross section A — AA 


JE Figure 7.10: Deformation of a wire 


; k— L—— | kA element 


Electrical resistance of a wire of Length L, area of cross section A and made of a 
material of specific resistance p is given by 
pL 


R= zx (7.15) 


Logarithmic differentiation yields 


dR dp dL dA 
= + a 
R P L A (7.16) 


Equation 7.16 represents the fractional change in the wire resistance due to 
fractional changes in the specific resistance, the length and the area of cross section 
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due to an imposed deformation on the wire. The specific resistance is a strong 
function of temperature but also a weak function! of pressure. Note that the second 
term on the right hand side of Equation 7.16 represents the longitudinal strain and 
the third term represents the fractional change in the cross sectional area of the wire. 
If the wire is of circular cross section of radius r, we have A = mr” and hence 


ead (7.17) 


Recall from mechanics of solids that Poisson ratio v for the material is defined as the 
ratio of lateral strain to longitudinal strain. Hence we have 


=2— =-2v (7.18) 


Combining these, Equation 7.16 becomes 


dR do 
R 


+(14 my ae ELS (1+ 2v)e, (7.19) 
L p 


In the above the longitudinal strain is represented by €; . An incompressible material 
has Poisson ratio of 0.5. In addition if the change in specific resistance due to strain 
is negligible the fractional change in resistance is equal to twice the longitudinal 
strain. The ratio of fractional resistance change of the wire to the longitudinal strain 
is called the gauge factor (GF) or sensitivity of a strain gauge and is thus given by 

1 dR 


GF = —— =(1+2v) (7.20) 
€] R 


The gauge factor is thus close to 2. Poisson ratio for some useful materials is given 
in Table 7.2. 


Table 7.2: Poisson ratio of some useful materials 


Material Steel Concrete Gold Glass Elastomers 
Poisson ratio 0.3 0.2 0.42 0.20-0.25 0.5 


However, in general we may include the change in specific resistance also and 
introduce an engineering gauge factor such that 


1d 
= =(1+2v)4 (7.21) 
ey R € p 


Table 7.3 presents typical gauge factor values with different materials. 


I Specific resistance changes due to longitudinal strain are brought about by the changes 
in the mobility of the free electrons due to change in the mean free path between collisions. 


7.4. Pressure transducers 257 


Table 7.3: Typical gauge materials and gauge factors 


Material Sensitivity (G) 
Platinum (Pt 100%) 6.1 
Platinum-Iridium (Pt 95%, Ir 5%) 5.1 
Platinum-Tungsten (Pt 92%, W 8%) 4 
Isoelastic (Fe 55.5%, Ni 36% Cr 8%, Mn 0.5%)! 3.6 
Constantan / Advance / Copel (Ni 45%, Cu 55%) 2.1 
Nichrome V (Ni 80%, Cr 20%)! 2.1 
Karma (Ni 74%, Cr 20%, Al 3%, Fe 3%)! 2 
Armour D (Fe 70%, Cr 20%, Al 10%)* 2 
Monel (Ni 67%, Cu 33%)! 1.9 
Manganin (Cu 84%, Mn 12%, Ni%)! 0.47 
Nickel (Ni 100%) -12.1 


7 Isoelastic, Constantan, Advance, Copel, Nichrome V, 


Karma, Armour D, Monel, and Manganin are all trade names 


Strain gauge construction details 


Figure 7.11 shows the way a strain gauge is made. The strain element is a 
serpentine metal layer obtained by etching, mounted on a backing material that may 
be bonded on to the surface whose strain needs to be measured. The active direction 
is as indicated in the figure. When a force is applied normal to this direction the 
serpentine metal layer opens up like a spring and hence does not undergo any strain 
in the material (actually the response will be something like 1% of that along the 
active direction). When the length of the metal foil changes the resistance changes 
and the change in resistance is the measured quantity. Connecting wires are used to 
connect the strain gauge to the external circuit. 


Backing material 


Etched, Figure 7.11: Strain gauge con- 
metal foil a : 

struction schematic (not to scale). 
L is the active gauge length, < - 
Alignment marks 


Strain direction 
(Active) 
—_- 


Connecting wires 


By making the element in the form of a serpentine foil the actual length of the 
element is several times the length of the longer side of the element (referred to as 
gauge length in the figure). The gauge length may vary from 0.2 to 100 mm. For 
a given strain the change in length will thus be the sum of the changes in lengths 
of each leg of the element and hence the resistance change will be proportionately 
larger. Gauges with nominal resistances of 120, 350, 600 and 700 Q are available. 
However 120 Q gauges are very common. 
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Example 7.4 


A typical foil strain gauge has the following specifications: 


e Material is Constantan of thickness ô = 6 um 
e Resistance R = 1200 + 0.5% 
e Gauge factor GF = 2 + 2% 


Such a strain gauge is bonded on to a tube made of stainless steel of internal 
diameter d = 6 mm and wall thickness t = 0.3 mm. The tube is subjected to an 
internal pressure of p = 10MPa gauge. The outside of the tube is exposed to 
the standard atmosphere. What is the change in resistance of the strain gauge 
if the Young’s modulus of stainless steel is E = 207 GPa? Specify an error bar 
on this. Assume that all other quantities have negligibly small uncertainties. 


Solution : 


Step 1 The tube is subject an internal pressure of p = 10 MPa gauge and 
hence the pressure difference between the inside and the outside is Ap = 
10 MPa = 10" Pa. 

Step 2 Tube is assumed to be thin and the radius r is taken as the mean 

d+t 0.006+0.0003 
radius given by r = = = 0.003815 m. 

Step 3 The Young’s modulus of stainless steel is specified to be E = 207 GPa = 
2.07 x 101! Pa. 

Step 4 The hoop stress developed in the tube is given by 


_ Apr _ 10” x 0.00315 


= = 1.05 x 10°P 
eer 0.0003 Borie? 
Step 5 The hoop strain may now be calculated as 
op 1.05108 
Ch = = D.07x 191 ~ 0008 


For Constantan the maximum allowable elongation is 1% and the above value 
is hence acceptable. 
Step 6 With the gauge factor of GF = 2 the change in resistance as a fraction 
of the resistance of the strain element is 
AR 


Rp GF'ep = 2 x 0.00051 = 0.00102 


The change in resistance of the strain gauge is thus given by 
AR = 0.00102 x 120 = 0.1220 


Step 7 Uncertainty in the resistance change may be calculated using error 
propagation formula. With 2% uncertainty in gauge facor and 0.5% uncer- 
tainty in gauge resistance, the uncertainty in AR is obtained as 


UaR = V 2? + 0.57 = 2.06% 


2.06 x 0.122 
Hence the resistance change has an uncertainty of — = 0.003 Q. 
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7.4.2 Bridge circuits for use with strain gauges 


While discussing resistance thermometers we have already seen how a bridge 
circuit may be used for making measurements (see section 4.4.3). Since a strain 
gauge is similar in its operation to an RTD, in that the electrical resistance of the 
strain gauge element changes with strain, it is possible to use a similar bridge circuit 
for measuring the strain and hence the pressure. Lead wire compensation is also 
possible by using a three wire arrangement. For the sake of completeness and to 
bring out some details which are specific to strain gauges, these will be discussed 
here. 


The basic DC bridge circuit is shown in Figure 7.12. The output voltage V is 
related to the input voltage (or supply voltage) V; by the relation (derived using 
Ohm’s law and theory of de circuits) 


z RıR3-R2R4 
° (Rı +R4)\(R2 + R3) 


Vo (7.22) 


Figure 7.12: Basic DC bridge circuit for 
strain measurement. Vg = Battery voltage 
Vo = Gauge output 


If all the resistances are chosen equal (equal to R = 120Q, for example) when the 
strain gauge is unstrained, the output voltage will be zero. Let us assume that Rg is 
the strain gauge element and all others are standard resistors. This arrangement is 
referred to as the “quarter” bridge circuit. The other variants such as the half and 
the full bridge circuits will be discussed at appropriate places. When the strain gauge 
is strained the resistance will change to Rg + AR3 where AR3 « R3. The numerator 
of Equation 7.22 then becomes 


R,(R3 + AR3)- RəR4 = R(R +AR)- R? = RAR 
The denominator is approximated by 
(R1 +R3)(Ro+R4)=(R+R+AR\R+R)=4R? 


since all resistances are equal when the strain gauge is unstrained. We thus see that 
Equation 7.22 may be approximated by 


Vo = Vs —> = V; — (7.23) 


Using the definition of gauge factor given by Equation 7.20 the above equation may 
be recast as 


F 
Vo vy Ea (7.24) 
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Thus the output voltage is proportional to the strain experienced by the strain gauge. 
For a gauge with sensitivity of GF = 2 the ratio of output voltage to input voltage is 
equal to half the strain. In practice Equation 7.24 is rearranged to read 


_ AV, 
” GFV,; 


€] (7.25) 
Since the pressure is proportional to the strain, Equation 7.25 also gives the pressure 
within a constant factor. Note that V, needs to be measured by the use of a 
suitable voltmeter, likely a milli-voltmeter. In practice one may use an amplifier to 
amplify the signal by a known factor and measure the amplified voltage by a suitable 
voltmeter. Another method is to make the resistance Re a variable resistor and null 
the bridge by using a controller as shown in Figure 7.13. 


Vo 


Figure 7.13: Null balanced bridge 


Amplifier : 
for strain measurement 


The controller uses the amplified off balance voltage to drive the bridge to balance 
by varying the resistor Rg. The voltage V, indicated is then a measure of the strain. 


In practice, the quarter bridge circuit is actually arranged with one active gauge 
Rs and one dummy gauge R4. Both the gauges respond to ambient temperature 
variations by identical amount and hence do not disturb the null under “no load”. 
However, the active gauge alone responds to the strain and hence gives a signal 
whenever the pressure is different from the atmospheric pressure. 


An improved bridge may be obtained by having two active gauges R; and R3, and 
two dummy gauges Rə and R4 (Figure 7.12). The active elements may be mounted 
on the pressure tube, at two different positions, for example at two locations 180° 
apart along the circumference of the pressure tube. The two dummy gauges may be 
mounted side by side on the end plate (see Figure 7.9). The bridge circuit is referred 
to as half bridge circuit. In this case the bridge is driven away from balance by 
changes in both R; and Rg and hence the output is twice that in the quarter bridge 
circuit. Equation 7.24is replaced by 


F 
Vo = Vs Za (7.26) 


Example 7.5 


The supply voltage in the arrangement depicted in Figure 7.12 is Vg =5V. 
All the resistors are equal when the strain gauge is not under load. When the 
strain gauge is loaded along its axis the output voltage registered is 1.13 mV. 
What is the axial strain of the gauge if the sensitivity is GF = 2? 
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Solution : 
The given data is written down as Vs = 5V; Vp = 1.13 mV = 1.13 10° V; GF = 
2. The axial strain €; is obtained by using Equation 7.25 as 


_ 4Vo _ 4x1.13x 1073 
GFVs 2x5 


€l = 4.52 x 1074 = 452 u — strain 


where (1 u- strain is 1078) 


Example 7.6 


Consider the data given in Example 7.4 again. This gauge is connected in a 
bridge circuit with an input voltage of V =9 V. What is the output voltage in 
this case? 

Solution : 
From the results in Example 7.4 the change in resistance has been obtained as 
AR = 1.220. The supply voltage has been specified as V; = 9V. Hence, using 
Equation 7.23, we have 


AR , 1.22 
4R 4x120 


= 0.0229 V = 22.9 mV 


Three wire gauge for lead wire compensation 


Electrical connections are made as shown in Figure 7.14 while using a strain gauge 
with three lead wires. Let each lead wire have a resistance of Rz as shown. Also let 
R, = R2 + Rz and R; = Rg + RL. Equation 7.22 is then recast as 


RıRz-R,R4 | Rı(R3+R1)-R4(R2+R2) 
(R1 +R4R} +R) ° (Ri +R4)(Ro+ R3 +2Rz) 
(Ri R3—-RoR4)+ RL(Rı-R4) 


= YV, (7.27) 
(Ri + R4)(Ro+R3+2Rz) 


Vo 


If all the resistances are identical under no strain condition the second term in 
the numerator is zero and hence the balance condition is not affected by the lead 
resistance. Let R3+ARz3 be the resistance in the strained condition for the gauge. 
Again we assume that AR3 « R3 and, in addition, we assume that AR3 « Rz. With 
these Equation 7.27 may be approximated by the relation 


Figure 7.14: Three wire arrangement for 
lead wire compensation 
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R,R3-—R2R4+R,AR AR AR R 
ecg et os ay 3 aVe Jl £) (7.28) 
(Ri +R4)XR2 + R3 +2R2) aR, (1+7) 4Rı Rı 
1 
In writing the above we have additionally assumed that the lead resistance is small 
compared to the resistance of the gauge. Thus Equation 7.24 is recast as 
GF R 
Vo =Vs——(1- =e 


7.29 
1 Ai ( ) 


Thus the three wire arrangement provides lead wire compensation but with a 


R 
reduced gauge factor of GF’ = GF [1 — =}; 
1 


Example 7.7 


A three wire strain gauge with a lead resistance of Rz = 4 Q and a gauge 
resistance under no strain of R = 120 Q is used to measure a strain of 
ce; = 0.001. What will be the output voltage for an input voltage of Vs =5 V if 
1. the lead resistance effect is not included? and 2. if the lead wire resistance 
is included? 
The gauge factor GF has been specified to be GF = 1.9. 

Solution : 
1. Lead resistance not included: 
The effective gauge factor in this case is the same as GF = 1.9. The output 
voltage with a strain of e; = 0.001 is obtained by using Equation 7.24 as 


GF 1.9 
Vo = Vs ES 5x A 107? = 0.00238 V = 23.8 mV 


2. Lead resistance included: 
With the lead resistance Rz = 4 Q and the gauge resistance of R = 120 Q, the 
effective gauge factor GF’ is obtained as 


R 4 
GF'=GF(1- =) =1.9x [:- al = 1.837 


The output voltage with a strain of e; = 0.001 is obtained by using Equation 


7.29 as ap ia 
Vo= Vs- €155 x a x 1073 = 0.0023 V = 23 mV 


7.4.3 Diaphragm/Bellows type transducer 


Pressure signal is converted to a displacement in the case of diaphragm/bellows 
type pressure gauge. The diaphragm or the bellows acts as a spring element that 
undergoes a displacement under the action of the pressure. Schematic of diaphragm 
and bellows elements are shown respectively in Figures 7.15 and 7.16. 
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SCo Diaphragm 


PC: Primary coil 

SCi: Secondary coil 1 

SCo: Secondary coil 2 

CPR: Core (ferrite) and 

t +t push rod (stainless steel) 
Pi P2 LVDT: Linear voltage 

differential transformer 


SSSSSSSSSSSSS 


Ñ 


Figure 7.15: Schematic of “diaphragm” type pressure gauge 
that uses LVDT for displacement measurement 


Figure 7.16: Schematic of ‘bel 
lows” type pressure gauge that 
uses LVDT for displacement mea- 
surement 


In both cases a Linear Variable Differential Transformer (LVDT) is used as a 
displacement transducer - a transducer that measures displacement by converting it 
to an electrical signal. The working principle of LVDT will be discussed later. 


Diaphragm pressure gauge with strain gauges 


In the case of the diaphragm type gauge one may also use a strain gauge for 
measuring the strain in the diaphragm by fixing it at a suitable position on the 
diaphragm (Figure 7.17). 

Diaphragm 


Strain gauge 


Figure 7.17: Diaphragm gauge 
with strain gauge for displacement 
measurement 


In the case of the bellows transducer the relationship between the pressure 
difference and the displacement is given by 


= (pı-p2)A 


ô 
K 


(7.30) 


Here ô is the displacement of the bellows element, A is the inside area of the bellows 
and K is the spring constant of the bellows element. In the case of the diaphragm 
element the following formula from strength of materials is useful: 


3(p1- pea? - r?) 
ATIE 16E: 


In Equation 7.31, 6(r) is the deflection at radius r, a is the radius of the diaphragm, 
t is its thickness, E and v are respectively the Young’s modulus and Poisson ratio of 


a-y?) (7.31) 
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the material of the diaphragm. This formula assumes that the displacement of the 
diaphragm is small and the deformation is much smaller than the elastic limit of the 
material. The perimeter of the diaphragm is assumed to be rigidly fixed. The force 
is assumed to be uniformly distributed over the surface of the diaphragm. It is seen 
that the maximum deflection takes place at the center of the diaphragm. 


Since the strain gauge occupies a large area over the diaphragm it is necessary 
to integrate the strain of the element over its extent. The displacement given by 
Equation 7.31 is normal to the plane of the diaphragm. Because of this displacement 
the diaphragm undergoes both radial as well as circumferential strains. As indicated 
in Figure 7.18 strain gauge elements are arranged so that they respond to both the 
radial as well as tangential (circumferential) strains. The numbers represent the 
leads and the strain gauges are connected in the form of a “full” bridge. In this case 
all the four strain gauges in the bridge are active and respond to the appropriate 
strains. The four elements are so connected that the resistance changes and hence 
the voltage changes all add up. Hence the full bridge circuit has a higher sensitivity 
as compared to the quarter bridge circuit that was considered earlier in Section 7.4.2. 
The strain gauges that respond to the radial strain are arranged near the periphery 
of the diaphragm while those that respond to the tamgemtial strain are placed close 
to the center of the diaphragm. Terminals are provided for external connections and 
for compensating resistors. Different strain gauge elements of the bridge respond 
to radial (eg) and circumferencial (eg) strains as indicated in Figure 7.18. It is 
apparent that the resistances of all the strain gauges change due to the flexure of 
the diaphragm. 


€r Radial strain 
co Circumferencial strain 


Figure 7.18: Strain gauges mounted 
on a diaphragm gauge (Based on ‘Strain 
Gages and Instruments”, Tech Note TN-510- 
1, Document Number: 11060, Revision: 01- 
Nov-2010, Vishay Precision Group accessible 
at www. micro-measurements.com) 


The ratio of output to input is then given by the approximate formula (from Vishay 
Intertechnology, Inc., Manufacturers of Diaphragm pressure gauges) 


Vo (p1— pa\(1—v*) 
=0.75 
V; E 


(=) x 1000 mV/V (7.32) 


The above formula assumes that the diaphragm is perfectly rigidly held over its 
perimeter. This is achieved by making the diaphragm an integral part of the body of 
the pressure transducer. It is also assumed that the sensitivity of the strain gauge 
is 2. While measuring transient pressures it is necessary that the transients do 
not have significant components above about 20% of the natural frequency fn of the 
diaphragm given by the following expression. 
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_469t | E 


fn= A I=) (7.33) 


In the above expression p is the density of the material of the diaphragm in kgim?. 
The diaphragm is again assumed to be rigidly clamped along its periphery. 


Example 7.8 
Steel diaphragm of 15 mm diameter is used in a pressure transducer to 
measure a maximum possible pressure of 10 MPa. Choose the thickness of 
the diaphragm such that the transducer gives an output of 3 mV/V at the 
maximum pressure. Also determine the maximum out of plane deflection of 
the diaphragm and its natural frequency. 


Solution : 


Step 1 We take the properties of the steel diaphragm as E = 207 GPa; v = 
0.285; p = 7830 kg/m. 
Step 2 The given data is written down using appropriate notation. 


V, 15 
— = 83mV/V; a= > = 7.5mm; p1—p2=10MPa=10" Pa 


sS 


Step 3 We solve for t, the diaphragm thickness from Equation 7.32 and get 


= 1.580 mm 


0.75 x 107 x (1 — 0.2852) x 103 
t=7.5 
2.07 x 101! x 3 


Step 4 The maximum out of plane deflection is obtained by putting r = 0 in 
Equation 7.31. 


3 x 107 x 7.54 x (1 — 0.2852) 


16x207x 101x1580 ` 0107mm 


ôlr=0)= 


Step 5 The ratio of the maximum deflection to the diaphragm thickness is 


6(r=0) 0.107 
t 1580 0:069 


This ratio is less than 0.25 and hence is satisfactory. 
Step 6 The natural frequency of the diaphragm is obtained using Equation 
7.33 as 


= 17667.3 Hz 


h- 469 x 1.580 2.07 x 1011 
"O 752 7830 x (1 — 0.2852) 


The sensor is thus useful below about 3.4 kHz 
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Diaphragm/Bellows type gauge with LVDT 


A diaphragm/bellows element may be used to measure pressure by accurate direct 
measurement of the displacement. This may be done by using a Linear Variable 
Differential Transformer (LVDT) as indicated in Figure 7.15. This figure also shows 
a schematic of an LVDT. A schematic of electric circuit of LVDT is shown in Figure 
7.19. LVDT consists of three coaxial coils with the primary coil injected with an ac 
current. The coils are mounted on a ferrite core carried by a stainless steel rod. The 
two secondary coils are connected in electrical opposition as shown in Figure 7.19. 
One end of the stainless steel rod is connected to the diaphragm/bellows element 
as indicated in Figure 7.16. When the ferrite core is symmetrical with respect to 
the two secondary coils the ac voltages induced by magnetic coupling across the two 
secondary coils V;,V2 are equal. When the core moves to the right or the left as 
indicated the magnetic coupling changes and the two coils generate different voltages 
and the voltage difference Vo = Vi — V2 is proportional to the displacement (see Figure 
7.20). 


PC: Primary coil 
(SC1) = 2 
Emn Vo = (V1 - V2) SC1: Secondary coil 1 


SC2: Secondary coil 2 
Vo: Electrical output 


Figure 7.19: Electrical circuit schematic 
of the LVDT 


Figure 7.20: Output of an LVDT excited 
by alternating current supply. The phase 
($) is with respect to the phase of the 
Core movement supply. 


Typical LVDT circuit with signal conditioner is shown in Figure 7.21. The primary 
input voltage is 1-3 V (rms). Full scale secondary voltage is between 0.1-3 V 
(rms). Gain is set between 2 and 10 to increase the output voltage to 10 V. The 
two secondary coils are connected in opposition and sum and difference signals are 
obtained from the two coils, after demodulating the two voltages. The ratio of these 
is taken and is output with a gain A as indicated in the figure. The output is 
independent of the gain settings of the sum and difference amplifiers as long as they 
are the same. In Example 7.8 the diaphragm undergoes a maximum deflection of 
0.126 mm or 126 um. As Table 7.4 shows we can certainly pick a suitable LVDT for 
this purpose. 


7.4.4 Capacitance type diaphragm gauge 


Schematic of a capacitance type pressure transducer is shown in Figure 7.22. The 
gap between the stretched diaphragm and the anvil (held fixed) varies with applied 
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ma 


Difference 


Vo 


: Primary coil 
SC1: Secondary coil 1 
SC2: Secondary coil 2 

DM1: Demodulator 1 

DM2: Demodulator 2 

Vo: DC output 


Figure 7.21: Typical LVDT signal conditioner circuit 


Table 7.4: Common specifications for commercially available LVDT 


Power input is a 3 to 15 V (rms) sine wave with a 
frequency between 60 to 20,000 Hz (the two most 


Lpa common signals are 3 V, 2.5 kHz and 6.3 V, 60 
Hz). 

Stroke Full-range stroke is from 125 um to 75 mm 
Sensitivity usually ranges from 0.6 to 30 mV per 

Sensitivity 25 um und er normal excitation of 3 to 6 V. 
Generally, the higher the frequency the higher the 
sensitivity. 

r A Inherent nonlinearity of standard units is on the 
Nonlinearity 


order of 0.5% of full scale. 


pressure due to the small displacement of the diaphragm. The displacement of the 
diaphragm changes the capacitance of the gap. The theoretical basis for this is 
explained below. Consider a parallel plate capacitor of plate area A, cm” and gap 


Variable gap 


Figure 7.22: Schematic of a capacitance 
pressure transducer 


between plates of x, cm. Let the gap contain a medium of dielectric constant x. 
The capacitance C of the parallel plate capacitor is then given in pico -— Farads 
(1 pF = 10° F) by 


A 
C = 0.0885x — (7.34) 

x 
The dielectric constants of some common materials are given in Table 7.5. The effect 
of change in the gap may be seen by differentiating Equation 7.34 with respect to x. 


a A c 
GC 2 2568s SS (7.35) 
Ox x2 x 
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Table 7.5: Dielectric constants of some common materials 


Material K Material K 
Vacuum 1 Plexiglass 3.4 
Air(1 atm) 1.00059 | Polyethylene 2.25 
Air(10 atm) 1.0548 | PVC 3.18 
Glasses 5-10 Teflon 2.1 
Mica 3-6 Germanium 16 
Mylar 3.1 Water 80.4 
Neoprene 6.7 Glycerin 42.5 


In fact, the partial derivative given by Equation 7.35 is nothing but the sensitivity 
S of the capacitance gauge. As an example consider a capacitance type gauge with 


air as the oe with A = 1 cm?, x = 0.3 mm = 0.03 cm. We then have C = 0.0885 x 
2.95 
1.00059 x 0038 = 2.95 pF. The sensitivity of this gauge is then given by S = -—— = 


; 0.03 
—98.3 pF/cm. 
Bridge circuit for capacitance pressure gauge 


A capacitance gauge requires ac excited bridge arrangement for generating a 
signal proportional to the displacement. The circuit is hence driven by alternating 
current input at high frequency, as shown in Figure 7.23. 


AC Input / m Diaphragm 


Figure 7.23: Bridge circuit for 
capacitance pressure gauge 


Table 7.6: Electrical input and output of pressure transducers 


Standard In- 5-24 V,DC for amplified voltage output transducers 
put 8-30 V,DC for 4-20 mA current output 


0-5 or 0-10 V,DC output (used in industrial 
environments) 4 - 20 mA current output (pressure 
transmitters) 


Standard 
Output 


Either a balanced or unbalanced mode of operation of the bridge circuit is possible. 
In the balanced mode of operation the variable capacitor is adjusted to bring the 
bridge back to balance. The position of a dial attached to the variable capacitor 
may be marked in pressure units. Alternately the output may be related to the 
pressure by direct calibration. Table 7.6 indicates the typical electrical input output 
pairs for pressure transducers. In the current output type of instrument 4 mA 
corresponds to 0 pressure and 20 mA corresponds to full scale (dependent on the 
range of the pressure transducer). The full scale may be a few mm of water column 
up to pressures in the MPa range. The scale is linear over the entire range of 
the transducer. Note that this type of gauge may also be used for measurement 
of pressures lower than the atmospheric pressure. 
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7.4.5 Piezoelectric pressure transducer 


will be dealt in greater detail in section 14.3.3 


of Chapter 13. It may also b 


In Figure 7.24 we show the constructional details 
of a piezoelectric pressure pickup used for measurement of pressure under high 
temperature condition, such as that prevails inside the cylinder of an internal 
combustion engine. This transducer has fast response that makes it faithfully follow 
the transient pressure variations within the engine cylinder. The transducer is 
mounted on the cylinder using a water cooled bulkhead. The signal is communicated 
to a suitable voltmeter using coaxial cable via a BNC (Bayonet Neill Concelman 
connector) connector. The diameter of the piezoelectric crystal is around 3 mm in the 
example shown in the figure. 


Figure 7.24: Water cooled piezo- 
electric pressure pickup 


7.5 Measurement of pressure transients 


Like temperature transients, pressure transients occur in many process applica- 
tions. For example, the pressure in the cylinder of an internal combustion engine 
varies periodically during its operation. The pressure variations are due to the cyclic 
processes that take in the cylinder. The pressure in a compressed air storage tank 
changes as the air supply is drawn from it. In some applications one may want to 
apply time varying pressure for a process to proceed according to a pre determined 
plan. In all these cases it is essential that one is able to measure the time varying 
pressure accurately, as it varies. Transient analysis of a U - tube manometer in 
section 7.2.2 has given us some ideas about these. In light of these, the following 
should be kept in mind: 


e Transient behavior of pressure measuring instruments is needed to under- 
stand how they will respond to transient pressures. 

e Measurement of transient or time varying pressure requires a proper choice of 
the instrument and the coupling element between the pressure signal and the 
transducer. 

e Usually process pressure signal is communicated between the measurement 
point and the transducer via a tube of suitable material. 

e The tube element imposes a “resistance” due to viscous friction. 
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e Viscous effects are normally modeled using laminar fully developed flow 
assumption (discussed earlier while considering the transient response of a 
U tube manometer). 


Before we proceed with the analysis we shall look at a few general things. These 
are in the nature of comparisons with what has been discussed earlier while dealing 
with transients in thermal systems and in the case of the U tube manometer. We 
shall keep electrical analogy in mind in doing this. 


Thermal system 


Thermal Capacity defined as C, J/K is the product of the mass M, kg and the 
specific heat (c J/kgK). With temperature T representing the driving potential, he 
representing the enthalpy, the specific heat capacity is given by 


Ohe 
2 7.36 
c ar ( ) 
Then, we have, 
C=Mc= vole (7.37) 
pen T 


1 
Thermal resistance is given by R = aS where A is the heat transfer coefficient and 
S is the surface area. The time constant is given,using electrical analogy, as 
_C Mce pV dh. 
hS hS hS OT 


(7.38) 


T 


Pressure measurement in a liquid system 


Driving potential is the head of liquid h m. Volume of liquid V m? replaces 
enthalpy in a thermal system. Thus the capacitance is defined as 
_ Ov 


OF oi 


(7.39) 


and has units of m°. We have already seen that the resistance to liquid flow is defined 
d 
through the relation R = — we with p standing for pressure and m standing for the 


m 
mass flow rate. The time constant is hence given by 


a ROE E (7.40) 


Pressure measurement in a gas system 


Potential for bringing about change is the pressure p. The mass of the gas m 
replaces the enthalpy in the thermal system. The capacitance is given by 


_dm 


QE 
dp 


(7.41) 
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With m being given by the product of density p and volume V, we have m = pV. 
The capacitance depends on the process that the gas undergoes while the pressure 
transducer responds to the transient. If we assume the process to be polytropic, then 


a = constant (7.42) 


where n has an appropriate value = 1. If, for example, the volume of the gas is held 
constant, we have 


C=V— (7.43) 


er a a AR (1.44) 


With this the capacitance becomes 


4 
c= (7.45) 
np 
Assuming the gas to be an ideal gas p = pRgT the capacitance is 
V 
= 7.46 
nRT l ) 


The resistance to flow is again given by the Hagen-Poiseuille law as in the case of a 
liquid, assuming low speed flow, which is always the case. The time constant is then 
given by 


T RECZ (7.47) 


7.5.1 Transient response of a bellows type pressure 
transducer 


The bellows element may be considered as equivalent to a piston of area A (in m?) 
- spring arrangement as shown in Figure 7.25. Let the bellows spring constant be K 
(in N/m). Let the displacement of the bellows element be b (in m). Let the bellows 
gauge be connected to a reservoir of liquid of density p (k g/m?) at pressure P (in Pa). 
At any instant of time let p (in Pa) be the pressure inside the bellows element. The 
displacement of the spring is then given by the relation 


Force pA (7.48) 


= Spring constant -K 
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Connecting tube 
Length L 
Radius r 


Displacement Fixity 
element 
Pressure 
vessel Figure 7.25: Transient in a bellows type gauge 


Let the connecting tube between the reservoir and the gauge be of length L (in m) 
and radius r (in m). If the pressure P is greater than the pressure p, the liquid will 
A i . dô 
flow through the intervening tube at a mass flow rate given by m = pA T We know 
P- 
from the definition of connecting tube resistance that this should equal m = ane ad 


All we have to do is to equate these two expressions to get the equation governing 
the transient. 

A— = =— 4 7.49 

PTR R ee) 


The latter part of the equality follows from Equation 7.48. The above equation may 
be rearranged in the form 


A?oR dé AP 
ô= 7. 
K di K (7.50) 


We see that the transient of a bellows type gauge is governed by a first order ordinary 
differential equation with a time constant given by 
A2 
re we 
K 


(7.51) 


Hence the bellows type gauge is a first order system just like the first order thermal 
system we considered in section 4.7. We infer from the above that the capacitance of 
a bellows type gauge is 


A?o 


Example 7.9 


A bellows pressure gauge of area lcm”, spring constant K = 4.4 N/cm is 
connected by a 2.5mm ID tubing that is 15m long in a process application. 
Measurement is of pressure of water at 30°C. Determine the time constant of 
this gauge. 


Solution : 
The given data for the gauge is written down first using the notation used 
previously: 
A=1cm?=10-4 m?; K =4.4N/em = 440 N/m 
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The given data for the connecting tube is: 


ID 2.5 
Neg oe gr Kamm oD ay L=15m 


Properties of water required are taken from tables. These are 
p =995.7kg/m®; v = 0.801 x 107 m?/s 


Note that v = u/p represents the kinematic viscosity. The tube resistance is 
calculated (using Equation 7.9) as 


p- BVE _ 8x 0.801x 1078 x 15 


= 7 -1 
s 00 = 1.2532 x 10‘ (m s) 


The capacitance is given (using Equation 7.52) by 


Ap _ (1074)? x 995.7 


= 2.26 x 10-8ms? 
K 140 6x10 °ms 


C = 
The time constant is then given by 


t = R x C = 1.2532 x 10" x 2.26 x 1078 = 0.284 s 


7.5.2 Transients in a force balancing element for measuring 
pressure 


Figure 7.26 shows the arrangement in a force balance element. It consists of a 
diaphragm gauge that is maintained in its zero displacement condition by applying 
an opposing force that balances the pressure being measured. The required force 
itself is a measure of the pressure. Let us assume that the pressure being measured 
is that of a gas like air. If the diaphragm displacement is always in the null the 
volume of the gas within the gauge is constant. If the pressure P is greater than 
pressure p mass flow takes place from the pressure source in to the gauge to increase 
the density of the gas inside the gauge. The time constant for this system is just the 
one discussed earlier and is given by Equation 7.47. In case the instrument is not 
the null type (where the diaphragm displacement is zero at all times), the capacity 
should include both that due to density change and that due to displacement. Since 
the displacement is very small, it is appropriate to sum the two expressions 7.46 and 
7.52 together and write 


V _ Ave 
nRT K 


(7.53) 


The above is valid as long as the transients are small so that the changes in density 
of the fluid are also small. In many applications this condition is satisfied. 
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Connecting tube 
Length L 
Radius r 


Force 


Diaphragm 


Figure 7.26: Transient in a force 
balance transducer 


Example 7.10 


A bellows type pressure gauge of effective area A = 0.25 em’, spring constant 
K = 100 N/m is connected by a 1.5 mm ID 10 m long stainless tubing 
in a process application. The volume of the effective air space in the 
bellows element is V = 2 cm. Determine the time constant if the pressure 
measurement is a pressure around 5 bar and the temperature is 27°C. 
Compare this with the case where the gauge is a null type one. 


Solution : 


Step 1 We assume that the pressure hovers around 5 bars during the 
transients. The air properties are taken from appropriate tables under the 
following conditions: 


p=5bar =5x 10° Pa;T = 27°C = 300K; Rg = 287 J/kg K 
Step 2 The density of air is calculated as 


p 5x 105 3 
ope =5.807 kgl 
P= RT 287x300 ee 


The dynamic viscosity of air, from table of properties, is u = 1.846 1075 kg/ms. 
The kinematic viscosity is hence given by 


_ u _ 1.846 x 10-° 


= 3.179 x 107° m?/ 
p 5.807 ERA SAR 


Step 3 The capacity is calculated based on Equation 7.53 as 


(0.25 x 10-4)” x 5.807 2 1078 


} = 5.9523 x 1071! m s? 
100 287 x 300 7 eee 


In the above we have assumed a polytropic index of 1 that corresponds to an 
isothermal process i.e. the gas remains at room temperature throughout. 


Step 4 The fluid resistance is calculated using Equation 7.9, as 


p- 8%3-179x 10-8 x 10 


= 2.559 x 108 (ms)! 
z x 0.000754 
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Step 5 The time constant of the transducer is then given by 


T = R x C = 2.559 x 108 x 5.9523 x 1071! = 0.0152 s 


Step 6 Ifthe gauge operates as a null instrument, the capacitance is given 
by Equation 7.46 as 
C= 2x10 9 3999x 10" ms? 
= = 4 x m:s 
287 x 300 
The resistance is still given by the value evaluated earlier. Hence the time 
constant for null mode operation is 


T=RxC=2.559 x 108 x 2.3229 x 1071! = 0.0059 s 


7.6 Measurement of vacuum 


Pressure below the atmospheric pressure is referred to as vacuum pressure. The 
gauge pressure is negative when we specify vacuum pressure. Absolute pressure, 


however, is certainly positive! 
In the case 


of the U - tube with mercury as the manometer liquid we can practically go all the 
way down to -760 mm mercury but there is no way of using it to measure vacuum 
pressures involving a fraction of a mm of mercury (also referred to as Torr). A U - 
tube manometer can thus be used for rough measurement of vacuum. Figure 7.27 


shows how it is done. 


nd the pointer going above zero, 
while measuring pressures above the atmosphere. Again a Bourdon gauge can not 
be used for measurement of high vacuum. 


|p. TTo vacuum 


l |: 
< Tube of uniform bore 
A 


Figure 7.27: Measurement of vacuum by a U tube 
manometer 
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7.6.1 McLeod gauge 


This range translates to 
to 10+ bar. 


absolute pressure in the range of 0.001 to 10 Pa. or 107 


To vacuum 


o 
T 
OF 
ne 
Reference_4 Movable 
level reservoir 
Capillary 
Flexible hose 


Bulb 


Figure 7.28: Schematic of a 
McLeod gauge 


A known volume (V) of the gas at the vacuum pressure (p), given by the volume of 
the capillary, the bulb and the bottom tube up to the opening, is trapped by lowering 
the movable reservoir down to the appropriate extent. It is then slowly raised till 
the level of the manometer liquid (usually mercury) in the movable reservoir is in 
line with the reference level marked on the stem of the forked tube. This operation 
compresses the trapped gas to a pressure (pc) equivalent to the head y indicated by 
the manometer as shown. The corresponding volume of the gas is given by the clear 
volume of the capillary V; = ay where a is the area of cross section of the capillary. 


PV =DPcVe = Decay (7.54) 


Manometer Equation 7.2 gives 
Pc—P=Y (7.55) 


area of cross section a is in mm* and the volume V is in mm”. We eliminate pe from 
Equations 7.54 and 7.55 to get 
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2 
g @ » (7.56) 


The approximation is valid if the initial volume V is much greater than the final 
volume ay. 


A McLeod gauge has a volume of 100 ml and a capillary of 0.5 mm diameter. 
Estimate the pressure indicated by a reading of 25 mm of mercury. What will 
be the error if the approximate formula is made use of? 


Solution : 


Step 1 Volume of trapped gas V = 100 ml = 100 x 10? = 10° mm? 
Step 2 Capillary bore is d = 0.5mm and hence the area of cross section of 


2 2 
the capillary is a = n% =x os = 0.196 mm? 


Step 3 The gauge reading is y = 25mm 
Step 4 Using accurate formula given by first part of Equation 7.56, we have 
0.196 x 257 


= xA _ _9.000122724 T 
P = 105 — 0.196 x 25 i 


Step 5 If we use the approximate formula (latter part of Equation 7.56), we 
get 

0.196 x 257 

p= —_ 


105 
Thus there is negligible error in the use of the approximate formula. 


= 0.000122719 Torr 


Step 6 The answer may be rounded to 1.227 mTorr. 


7.6.2 Pirani gauge 


The rise in temperature changes its resistance just as we found in the case of RTD 
(see Section 4.4). 


hat corresponds to 0.1— 100 Pa the 


absolute pressure range. 
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Figure 7.29: Pirani gauge 
with temperature compen- 
sation 


Evacuated 
and sealed 


7.6.3 Ionization gauge 


a ee Electrical schematic of such a gauge is shown 


in Figure 7.30 along with the constructional details of an ionization gauge. 


Ion collector wire 


— To vacuum 


<= Glass envelope 


Figure 7.30: lonization gauge - (a) circuitry and (b) schematic 


The ion gauge is similar to a triode valve which was used in radio receivers built 
with vacuum tubes before the advent of transistors. The gauge consists of a heated 
cathode that emits electrons. These electrons are accelerated towards the grid, 
basically a wire screen, which is maintained at a potential positive with respect to the 
cathode. The high speed electrons suffer collisions with the molecules of the residual 
gas in the bulb (that is exposed to the vacuum space) and ionizes these gas molecules. 
The electrons move towards the grid and manifest in the form of grid current ig. The 
positive ions move towards the plate that is maintained at a potential negative with 
respect to the grid. These ions are neutralized at the plate and consequently we have 


the plate current ip. ‘The pressure in the bulb is then given by 
ip (7.57) 


The gauge cannot be used when the pressure 
is greater than about 10 °Torr since the filament is likely to burn off. In practice 
the following is what is done. 
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The vacuum space is provided with different pressure measuring devices such as 
those listed below and used at appropriate conditions mentioned therein: 


e U tube mercury manometer for indicating that the initial evacuation is 
complete, usually achieved by a rotary pump or a reciprocating pump. 

e A Pirani gauge to measure the reduced pressure as the higher vacuum is 
achieved by a diffusion pump or a turbo-molecular pump coupled with a cold 
trap. 

e After the pressure has reduced to below 10-°Torr the ion gauge is turned on 
to measure the pressure in the high vacuum range. 


For more details the reader should refer to specialized books dealing with high 
vacuum engineering. 


7.6.4 Alphatron gauge 


To vacuum 


Radioactive 


Figure 7.31: Schematic of 
an Alphatron gauge 


source collector 


In the Alphatron gauge ionization of the residual gas is brought about by alpha 
particles that are emitted by a radioactive material. The gauge is similar to a 
common smoke detector in its operation. Since there is no hot cathode as in the 
case of ion gauge considered earlier, the gauge may be exposed to the atmospheric 
pressure without any fear of losing a filament! The rate of ion production is 
dependent on the residual pressure in the gauge, and this pressure is the same as 
the vacuum pressure that is being measured. A collector electrode is maintained at 
a positive potential as shown in Figure 7.31. The ion current produces a potential 
drop V, across the load resistor and this is indicative of the pressure. The output 
is fairly linear over the entire range from 1 mTorr to the atmospheric pressure or 
0.1 to 10° Pa. 


Concluding remarks 


Measurement of pressure spans a wide range from sub atmospheric to very high 
pressures several thousand times the atmospheric pressure. Different sensors are 
thus necessary to cover the range of pressures met with in practice. Measurement 
of pressure transients require an understanding of transient response of pressure 
sensors. These aspects have been covered in this chapter. 
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Chapter 8 


Measurement of Fluid 
Velocity 


Applications involving moving fluids are very common in engineering. The 
fluid velocity is a quantity that directly affects thermal processes such as 
cooling, heating, chemical reactions and so on. Measurement of fluid velocity 
is hence very important. Also important, in some applications, a knowledge 
of the direction of velocity. The present chapter describes different techniques 
of velocity measurement, intrusive as well as non-intrusive. It also deals 
with some discussion on the measurement of direction of velocity. 
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8.1 Introduction 


Fluid flow - liquid or gas - occurs in most processes. In applications where the 
details are important, the fluid velocity needs to be measured as a field variable. A 
detailed velocity map may be required for optimizing the fluid flow system from the 
view point of pressure drop and the consequent pumping power requirement. It may 
also play an important role in heat transfer effectiveness. Hence, in what follows, 


e Velocity map using Pitot tube and Pitot static tube: Intrusive method, 
based on fluid flow principles 

¢ Hot wire anemometer: Intrusive, based on thermal effect of flow 

° Doppler Velocimeter: Non-intrusive, based on Doppler effect due to scatter- 
ing of waves by moving particles 

e Time of Flight (TOF) Velocimeter: Non-intrusive, based on travel time of 
sound wave through a moving medium 


The size of the probe tends to average the measurement over an area around 
the point of interest and also introduces a disturbance in the measured quantity by 
modifying the flow that would exist in the absence of the probe. The size of the probe 
should be chosen such that there are no ‘blockage’ effects. The term ‘intrusive’ refers 
to this aspect, in the case of intrusive methods! The measurements also are prone 
to errors due to errors in alignment of the probe with respect to the flow direction. 
For example, a Pitot tube should be aligned with its axis facing the flow. If the 
flow direction is not known, it is difficult to achieve this with any great precision. 
One way of circumventing such a problem is to use a specially shaped probe (reader 
should consult advanced texts on flow measurement) that is not very sensitive to its 
orientation with respect to the flow direction. 


8.2 Pitot - Pitot static and impact probes 


8.2.1 Pitot and Pitot static tube 


Figure 8.1 shows the streamlines in the vicinity of a blunt nosed body. 
‘that, if the flow is that of a gas, like air, the velocity of the fluid is much smaller than 
the speed of sound in air such that 


The stagnation point is located as shown. 
Streamlines bend past the body as shown. The pressure at the stagnation point is 
the stagnation pressure. 


e Incompressible flow assumption is valid for liquid flows 

e Incompressible flow assumption is also valid for gases if the flow velocity (V) 
is much smaller than the speed of sound (a) 

° The Mach number is defined as M = V/a 

e Generally density variations are important if M > 0.3 or thereabout! 
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Blunt 


tn JX 
Stagnation nosed body 
point 
—— Figure 8.1: Flow of a fluid in the vicinity 
of a blunt nosed body 


I 


ao. The Pitot tube consists of bent tube of small diameter (small compared 


to the diameter or size of the duct) with a rounded nose. The flow is axi-symmetric 
and in the vicinity of the nose is like the flow depicted in Figure 8.1. The Pitot tube 
is connected to one limb of a U tube manometer. The other limb of the manometer is 
connected to a tap made on the tube wall as indicated. The tube tap and the nose of 
the Pitot tube are roughly in the same plane 


(for low speed flow, fluid velocity 
much less than sonic velocity in the fluid) 


po-p= gpv? 68.) 


The above assumes, in addition, that the Pitot tube is horizontal. In Equation 8.1 
p is the density (constant in the case of low speed flow) of the fluid whose velocity 
is being measured. We see that in case of gas flow the temperature also needs to be 
measured since the density is a function of static pressure and temperature. With 


Po=p=(Pm- Pgh (8.2) 
Combining Equations 8.1 and 8.2, we get 


v= en PE (8.3) 


Manometer 


pressure tap 


a -— — -= === EA 
Pitot tube Figure 8.2: Pitot tube arranged 
to measure fluid velocity 


284 Chapter.8 Measurement of Fluid Velocity 


An example for the use of a Pitot static tube for the measurement of velocity of 
an air stream issuing out of a rectangular duct is shown in Figure 8.3. The pressure 
difference is converted to velocity and is displayed as velocity in m/s by the digital 
micro-manometer. 


Figure 8.3: Photograph of a 
Pitot tube with a digital micro- 
manometer that displays velocity 
directly 


The stagnation pressure is obtained from the Pitot probe mounted on the aircraft 
wing. The static pressure is sensed by a static pressure hole elsewhere on the 
aircraft, as for example, on the fuselage. The diaphragm element (we have already 
seen how pressure can be converted to a displacement, see section 7.4.3) with a dial 
indicator completes the instrument. 


The 
proportions of the probe are very important in order to have accurate measurement 
of the velocity. Typically the probe diameter (D) would be 6 mm. The length of the 
probe would then be around 10 cm or more. 


1: Static holes (4 - 8) 

Ø) 1mm diameter 

2: Sattic pressure connection 
3: Total pressure connection 


Figure 8.4: Pitot static tube 
(or Prandtl tube) showing typical 
proportions 


> 4D —>k—— 8D ——| 


lNamed after Ludwig Prandtl 1875-1953, German fluid dynamicist. 
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The static pressure holes are positioned more than 4D from the stagation point. A 
suitable manometer may be connected between the inner and outer tubes to measure 
the fluid velocity. The probe is inserted through a hole in the side of the duct or wind 
tunnel, as the case may be. 


A Pitot static tube is used to measure the velocity of an aircraft. If the air 
temperature and pressure are 5°C and 90kPa respectively, what is the aircraft 
velocity in km/h if the differential pressure is 250mm water column? 


Solution : 


We take density of water (manometric liquid) as 999.8 kg/m?. We calculate 
first the density of air at T = 5°C = 278 K and p = 90 kPa using ideal gas 
relation with gas constant of Rg = 287 J/kg K 


p 90 x 10° 


ae a 3 
P= RT 287x278 Pra 


The pressure difference given in terms of head of water as h = 250 mm = 
0.25 m may now be converted to SI units as 


Ap = pmgh = 999.8 x 9.8 x 0.25 = 2446.8 Pa 


The aircraft speed is thus given by Equation 8.3 as 


2 x 2446.8 
= 1| ————— = 65.87 
V y L128 65.87 m/s 


This may be specified in km/hr by noting that 1 km/h = 1000/3600 = 1/3.6 m/s. 
V = 65.87 x 3.6 = 237.1 km/h 


We shall verify whether the incompressible assumption is good enough. The 
speed of sound is calculated by assuming that the ratio of specific heats for air 


is y = 1.4. 
lyp 1.4 x 90 x 103 
a . 1128 334.2 m/s 


The corresponding Mach number is 


65.87 
= >z = 0.197 
334.2 


Since M < 0.3 the incompressible flow assumption is reasonable. 


A Pitot static tube is used to measure the velocity of water flowing in a pipe. 
Water of density p = 1000 kg/m? is known to have a velocity of V = 2.5 m/s 
where the Pitot static tube has been introduced. The static pressure is 
measured independently at the tube wall and is 2 bar. What is the head 
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developed by the Pitot static tube if the manometric fluid is mercury with 
density equal to pm = 13600 kg/m?? 


Solution : 
The static pressure that is measured independently is p = 2 bar = 2 x 10° Pa. 
The dynamic pressure is calculated based on the water velocity and water 
density as 
pV” _ 1000 x 2.5” 
2 2 
This is also the pressure difference sensed by the Pitot static probe. Hence 
this must equal (pm — p)gh . Thus the head developed A is given by 


= 3125 Pa 


Pd = 


Pa 3125 


= —_ = —_____— = 0.02531 25.31 l 
h On pg (136001000) x 9.8 m or mm mercury column 


8.2.2 Effect of compressibility 


In Example 8.1 the Mach number of the aircraft is about 0.2. It was mentioned 
that the incompressible assumption may be acceptable, for this case. Let us, however, 
look at what will happen if the compressibility effects have to be taken into account. 
We discuss here subsonic flows (M < 1) where it may be necessary to consider the 
effect of density variations. In such a case we use well known relations from gas 
dynamics? to take into account the density variations. We shall assume that the gas 
behaves as an ideal gas. 


Shel oo 


M is the Mach number 
and y is the ratio of specific heats. Equation 4.53 will have to be replaced by 


T 


-1 y-1 
(po- Pp) =p (eee) 1 =(Pm—p)gh (8.5) 


tal 
ape Wo | [n 22e] i} 
yo P 


In order to appreciate the above we present a plot of pressure ratio recorded by a 
Prandtl tube as a function of flow Mach number in 


2See, for example, H.W. Liepmann and A. Roshko, “Elements of Gas Dynamics”, Wiley, NY 
1957 
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eg ] Figure 8.5: Pressure ratio 
= iai recorded by a Prandtl tube as a 
“ function of Flow Mach number 
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Mach number, M 
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P 
c [ 
So | [ 
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NN 44 | Figure 8.6: Percent difference in 
] | Pressure ratio with compressible 
2 and incompressible assumptions 
] | recorded by a Prandtl tube as a 
"i r- function of flow Mach number 
0 0.2 0.4 0.6 0.8 1 
Mach number, M 
Equation 8.4 may be rearranged as 
y-1 
mMm- [2 “| a | 
y-1|\p 
f Po Ap 
Let the pressure difference be defined as Ap = po- p. Then — = 1+ —. 
T Ap\ F 1A 
(2) 7 = (1+2) 7 et ee 
P P y P 
Correspondingly we have 
2 -14 A v\; 
Mx | Mir 1] P | ) 
y-1 Y pP yp \a 
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With a? = a we then get 


E (8.7) 
0s 


This expression is identical to the one obtained by the use of Equation 4.52. 


Thus we solve for the Mach number first and then obtain the flow velocity. We 
shall look at Example 8.1 again using Equation 8.6. 


CO O OO € 


Solution : 


We make use of the air density and pressure drop calculated in Example 8.1 
to calculate the aircraft Mach number as (using Equation 8.6) 


2 2446.8 4 147! 
oe a 1=0.196 


With the speed of sound of 334.2 m/s calculated earlier, the aircraft speed is 
given by 


V = M x a = 0.196 x 334.2 = 65.55m/s = 65.55 x 3.6 = 235.96km/h 


8.2.3 Supersonic flow 
Impact probe in supersonic l.. 


Flow of a gas (for example air) at Mach number greater than 1 is referred to 
as supersonic flow. The axi-symmetric flow past an impact probe (Pitot tube) in 
supersonic flow is very different from that in subsonic flow. Typically what happens 
is shown in Figure 8.7. 


Bow shock 


Mə<1,p2 


x Impact probe 


Stagnation point, poo . 
Figure 8.7: Supersonic flow past 
an impact probe 


Stagnation process is more complex in the case of supersonic flow. A curved shock 
(referred to as a bow shock because of its shape) is formed just ahead of the probe 
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and detached from it. As is clear from the sketch the flow across the shock is 
normal to it just ahead of the stagnation point on the probe. The flow transforms 
irreversibly to subsonic flow downstream of the shock (state represented by subscript 
2) from supersonic condition upstream (state represented by subscript 1) of it. The 
stagnation process downstream of the shock follows an isentropic process. The 
following expression can be derived using the appropriate relations for flow across a 
normal shock followed by an isentropic stagnation process. The appropriate relation 
is known as Rayleigh Pitot relation and is given by 


= (8.8) 


Equation 8.8 relates the ratio of stagnation pressure measured by the impact probe 
to the static pressure of the flow upstream of the shock to the Mach number of the 
flow upstream of the shock - the quantity we are out to measure, in the first place. It 
is found that the static pressure is equl to the upstream static pressure at a location 
approximately equal to or greater than 10D as shown in the figure. Hence we may 
use a Prandtl tube in supersonic flow with the static pressure tap located about 10D 
downstream of the stagnation point of the probe. A plot of Expression 8.8 (actually 
the reciprocal of the pressure ratio) is shown in Figure 8.8 and helps in directly 
reading off Mı from the measured pressure ratio. 

0.6 {4+ fossa ff 


Figure 8.8: Pressure ratio Mach 
number relation for supersonic 
flow 


0 tH S 
1 2 3 4 5 
Mach number Mı 


Wedge probe 


A second type of probe that may be used for measurement of supersonic flow is the 
wedge type probe shown in Figure 8.9. The flow past the wedge is two dimensional 
with an oblique shock emanating from the apex of the wedge as shown. The flow 
becomes parallel to the wedge surface downstream of the oblique shock. The static 
pressure p2 may be sensed by using a static pressure tap on the surface of the wedge 
some distance away from the apex. The relationship between the pressures upstream 
and downstream of the oblique shock is given by 
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Po _ *V_ yf? sin? a- ai (8.9) 


The shock angle a itself is a function of Mı and 0 . Tables relating these are 
available in books on Gas Dynamics®. Alternately one may use the web resource 
at http://www.aero.lr.tudelft.nl/ bert/shocks.html to calculate these. 


Oblique shock 


Figure 8.9: Wedge probe in supersonic 
flow 


Example 8.4 


A wedge probe has a wedge angle of 0 = 8° and placed in a wind tunnel where 
the flow is known be at Mı = 1.5 . Calculate the static pressure ratio that is 
expected from the probe. 


Solution : 
We use the web resource and input M1 = 1.5, turn angle (weak shock) 0 = 8° 
and y = 1.4. The oblique shock calculator yields the following: 


a =52.57°, My = 1.208 
(The entries have been edited to show only three digits after the decimal point 
and angle with two digits after the decimal point). Equation 8.9 is used to get 


p2 2x14 3.2 eS 
paz 1. gee ea 
a fe ae 89 


This will be the pressure ratio indicated by the probe. 


Cone-cylinder type impact probe 


It should be clear by now that a probe in supersonic flow is a device that produces a 
change in the pressure that may be measured. The wedge probe is an example of this. 
Another example is a probe having cone-cylinder configuration as shown in Figure 
8.9. The probe diameter used was 0.4435 in or 11.05 mm. Three different probe tips 
were used, the one shown in the figure being for the measurement of static pressure. 
Eight static pressure ports are positioned 10 D from the cone shoulder. This design 
gives accurate flow field static pressure according to the author. 


3For example, see Babu,V 2007, Fundamentals of Gas Dynamics, Ane Books, New Delhi 
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~ Static port 
Cylinder 


diameter =D _, . 
-- 7 Cone with Figure 8.10: Cone-cylinder probe for 


apex angle=10° supersonic flow: Based on A.R. Porro, 
Pressure Probe Designs for Dynamic 
Pressure Measurements in Supersonic 
Flow Field, NASA/TM-2001-211096 


8.2.4 Orientation effects and multi-hole probes 


The sensitivity to orientation is also a concern while using probes in subsonic as 
well as supersonic flows. It is also possible that the flow direction may be determined, 
when it not known, by using this sensitivity. A multiple hole probe (multi-hole probe, 
for short) is used for this purpose. These probes are precision machined, are a few 
cm long and are capable of being oriented with suitable arrangement for adjusting 
and measuring the various angles involved in defining the orientation of the probe 
with respect to the flow direction. 


We shall explain the basic principle involved in multi-hole probes. Take, for 
example, a three hole probe oriented such that the plane passing through the three 
holes also contains the plane in which the two dimensional flow is taking place. The 
state of affairs, in general, is as shown in Figure 8.11. 


Figure 8.11: Schematic of three hole 
probe oriented at an angle a to the 
oncoming flow 


We know from fluid flow theory that the pressure is a function of angle the pressure 
port or hole makes with respect to the direction of flow. Since the axis of the probe 
is pitched at an angle a as shown, the effective angle made by hole pı with respect 
to the flow direction is 8+ a. This is greater than the angle made by hole pə with 
respect to the flow direction given by 0—a. Treating the flow to be potential flow 
normal to a cylinder, the stagnation pressure remains invariant and hence the total 
pressure sensed at the three ports are the same. However the velocity varies with 0 
and hence we have 


y2 
pace 2er = pi +2poV"sin?(6 + a); 
y? ; 
poi po = pot2PoV7sin2(a); 
and 
y2 
Poot Poo = pot 2PooV" sin?(0 — a) (8.10) 


2 
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where subscript co represents the conditions prevailing far away from the probe, 
the fluid has been assumed to be incompressible and the velocity varies with angle 
as 2V sin0 with respect to the forward stagnation point. The pressure difference 
po-— p1 is different from the pressure difference po — p2. When the probe is aligned 
with zero pitch the two are equal and thus helps to identify the flow direction. Also 
the pressure difference pj — p2 is zero when the pitch angle is zero or when the probe 
is facing the flow normally. 


2 poritirirtirrrtrrirtipiirtiiin 


| | — (P1r-p2)/[Po-(p1tp2)/2] 
1.5 —- a, rad 
J | [Po-(P1t+P2)/2)/PoV* 


Figure 8.12: Characteristics of an 
ideal cylindrical three hole probe 


For small values of a (a < 10°) the following approximations apply, as seen from 
Figure 8.12. 


P1- p2 Pitp2 
V? = po- 


—~ r; Poo 
Po- (pit pe) 2 


(8.11) 


It is also seen from the figure that the useful range of the three hole probe is limited 
to about +30° for the incident angle a. 


A possible design for a cylindrical three hole probe is shown schematically in 
Figure 8.13. The yaw angle can be easily changed by rotating the cylindrical 
probe about its own axis as shown in the figure. Apart from the pressures 
measured with the three holes of the probe, the satatic pressure is also measured 
using a fourth pressure tap situated at a suitable location. All the pressures are 
sensed by transducers located within the probe body and the pre-amplified signal 
is communcated as electronic signal to a computer or data recorder. The probe is 
calibrated by systematically varying the incident angle a@ by placing it in a wind 
tunnel where the direction and magnitude of the flow velocity are known. Calibration 
takes care of non applicability of the formulae given earlier because of disturbance 
to flow by the probe itself, viscous effects and also imperfections in the probe head 
during the manufacturing process. The probe diameter is kept as low as possible, 
typically a couple of mm. The argument may be extended to a five hole probe. There 
are two pressure differences, pı — pg and p3—p4 that may be monitored. These 
differences will be functions of two angles, pitch angle a (angle shown in sectional 
view) and the roll angle p (angle shown in front view) as shown in Figure 8.14. 
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1 Cylindrical probe body with dished end 
2 Three pressure tubes 
3 Three holes along a circle with 45° angular spacing 


Figure 8.13: One useful type of cylindrical three hole 
probe 


k— 50 mm — ——- 150mm ———————] 


i 14mm 


a: Probe tip 

b: Probe body with pressure 
sensors and pre-amplifiers 

Front view Sectional view c: Static pressure port 

d: Cable to amplifier 


Figure 8.14: Typical five hole probe with bevelled faces 


Calibration of five hole probe is done by changing the roll and pitch angles 
systematically in a wind tunnel where the direction of flow is known, collecting 
the pressure difference data and evolving a relationship between these and the two 
angles. It is usual to represent the data in terms of pressure coefficients defined by 


op 
T,y2 
zeV 


Cp= (8.12) 


where ôp is a suitably chosen pressure difference. It is seen that the pressure 
coefficient Cp is non-dimensional and the dynamic pressure is used as the reference. 
Each and every multi-hole probe needs to be calibrated because of small variations 
that are always there between different probes during the manufacturing process. 
More details about multi-hole probes and their calibration may be obtained from 
specialized literature.* 


8.3 Velocity measurement based on thermal effects 


8.3.1 Hot wire anemometer 


The larger the velocity of the fluid, larger the heat dissipation from the wire - for 


4D. Telionis and Y. Yang, Recent Developments in Multi-Hole Probe (MHP) Technology, 
Proceedings of COBEM 2009, Brazil 
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a fixed wire temperature. Alternately - larger the velocity of the fluid, smaller the 
wire temperature - for a fixed heat dissipation rate from the wire. 


Copper coated lug 


Shaped supports Probe head 


Tungsten 


Figure 8.15: Typical hot wire probe 


Typical hot wire probe element is shown in Figure 8.15. It consists of a very small 
diameter (a few um) and a couple of mm long tungsten wire tightly fixed between 
supports that also act as electrical connections to external electrical circuit. The 
wire is heated by passing a current J through it. 


Rw =R,.[1+ a(Ty -—Too)] (8.13) 


In the above the subscript oo refers to a reference state, a is temperature coefficient 
of resistance and Rə is the wire resistance at the reference temperature. The 
temperature coefficient is 3.5 x 107°C for Platinum while it is 5.2 x 10-°/C for 
tungsten. 


Thus 
IR, =aDLA(T y — Too) (8.14) 


In the above expression D is the diameter of the wire, L is the effective length of the 
wire and h is the heat transfer coefficient. 


naDLh=A+BV" (8.15) 


pe The constant part of the heat transfer coefficient accounts for 


natural convection and radiation even when the fluid is stationary. The variable part 
accounts for forced convection heat transfer in the presence of a moving fluid. The 
power law dependence is the observation due to King. We have seen earlier while 
discussing heat transfer to a thermometer well (see section 5.4.3) that the power 
law form appears in the Zhukaskas correlation for flow normal to a cylinder. From 
Equation 8.13 we have 


_ Ry- Ro 
~ aRy 


SLY. King, 1914, “On the Convection of Heat from Small Cylinders in a Stream of Fluid.” 
Phil. Trans. of Roy. Soc. (London), Series A, Vol. 214, No. 14, pp. 373-432. 


Tw- Tæ (8.16) 
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Substituting these in Equation 8.14, we get 


R,-R 
PRy=(A+BV")(—“——=) (8.17) 
AR go 
which may be rearranged to read 
I 
aparen E 619 
Ry -Ræ 


POOO 


1. Constant Temperature or CT anemometer: The hot wire is operated at 
The current J will respond to changes 


in the velocity V. 


2. Constant Current or CC anemometer: The hot wire current is held fixed. The 


resistance of the wire responds to change in the velocity V. 


8.3.2 Constant Temperature or CT anemometer 


Here E is the voltage across the hot wire that is measured by the 


voltmeter as shown in Figure 8.16. 


Battery Rs 


Figure 8.16: Hot wire bridge 
circuit for constant temperature 
operation 


Ro 


Hot wire sensor 


A+By" =—= Root 


~ Ry(Ry — Roo) ik 


E?=A+BV" (8.20) 
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Let Eo be the output of the sensor when V = 0. The constant A is then nothing but 
Ei. Hence we have 
E \2 
2 p2 = n aie 
E? - E2 = BV" or Fa 1=[ 


E Pyn (8.21) 
T 


If we take logarithms on both sides, the following equation results: 


log |(=-) = 1] = log(=-) + nlog(V) (8.22) 


pF 8.5 demonstrates these aspects. 


8.3.3 Useful heat transfer correlation 


Before proceeding further, we present a useful correlation for the calculation of 
the heat transfer coefficient for heat transfer from fine wires. The correlation due to 
Collis and Williams’ is useful in the Reynolds number range 0.02 < Re < 44. We note 
that the wire diameter in a hot wire sensor is such that this condition is not quite a 
limitation in the use of the correlation. The correlation itself is given by 


ah a 0.45 
Nu=|7"] (0.24+0.56Re°**) (8.23) 


fo.) 
and is valid for air with Prandtl number of 0.7. In the above T,, is the wire 


temperature and Tæ is the air temperature. Properties of the medium are calculated 
TwtT oo 


at the mean temperature of Tm = The characteristic length for the 


calculation of Nu as well as Re is the diameter of the wire D. 


Example 8.5 


A hot wire operates at a temperature of 200°C while the air temperature is 
20°C. The velocity of air may vary between 0 and 10m/s. The hot wire element 
is a platinum wire of 4um diameter and 1.2mm length. What is the sensor 
output when the air velocity is 4m/s? 


Solution : 
Diameter and length of the hot wire element are: 


D = 4um = 4x 10-°m;L = 1.2mm = 0.0012m 


We take electrical resistivity of Platinum at 20°C as poo = 10.5 x 10° 8/C. 
We also assume a value of a = 0.00385/°C as the temperature coefficient of 
Platinum. Further, we assume that the resistivity of Platinum varies linearly 
according to the relation p+ = P20[1+ a(t — 20)] where t is the temperature in 
°C. Since the sensor operates in the CT mode, the wire resistance is constant 
and is calculated as follows. 


Roo = Pook _ 105x 1078 x 0.0012 
27 aD n(4x108)}/4 


6D. C . Collis AND M. J. Williams, “Two-dimensional convection from heated wires at low 
Reynolds numbers”, Journal of Fluid Mechanics, Vol. 6, pp. 357-384, 1959. 


= 10.03 Q 
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Ry = Rool1+ a(t — 20)] = 10.08 x [1 + 0.00385 x (200 — 20)] = 17.10 


The heat transfer coefficient is estimated using the correlation due to Collis 


and Williams. The properties of air are taken at the film temperature of tm = 
200 + 20 


3 = 110°C . The required properties from air tables are 
v= 24.15 x 107° m?/s; k= 0.032 W/m°C 
The Reynolds number is calculated, with V = 4 m/s as 


_VD_ 4x4x 10° 
v 24.15 x 10-6 


Re = 0.663 


Nusselt number is calculated using Equation 8.23 as 


110+ 273 


0.17 
= 0.738 
20 + 293 


Nu = [0.24 + 0.56 x 0.663°*°| ( 


The heat transfer coefficient is then given by 


_ Nuk _ 0.738 x 0.032 


h D 4x10-6 


= 5906/; W/m? C 


Heat dissipation from the wire when exposed to an stream at 4 m/s is then 
given by 


Q = nDLA(t - 20) = 7 x (4 x 107° x 0.0012 x 5906) x (200 — 20) = 0.016 W 


2 


This must equal R. and hence the output of the sensor is 
w 


E=\V/QR, = V0.016 x 17.1 = 0.524 V 


We make a plot of sensor output as a function of the air velocity in the velocity range 
from 0.25 to 10 m/s. The plot (left Figure 8.17) indicates that the response is indeed 
non-linear. However we linearize the output as indicated earlier by making a log-log 
plot as shown by the right Figure 8.17. We have shown the response at air velocity 
of 4 m/s corresponding to the case considered in Example 8.5 in the figures. 


8.3.4 Constant Current or CC anemometer 


In this mode of operation the current through the sensor wire is kept constant 
by an arrangement schematically shown in Figure 8.17. As the sensor resistance 
changes the series resistance is adjusted such that the total resistance and hence 
the current remains fixed. The potential drop across the sensor thus changes in 
response to a change in its resistance. This voltage is amplified, if necessary, before 
being recorded. 
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Figure 8.17: Actual and linearized response of hot wire sensor of 
Example 8.5 in CT mode 


I 


Figure 8.18: Hot wire circuit for 
constant current operation 


Battery Amplifier 


Rs Output 


to recorder 


Hot wire 


Referring to Figure 8.17 we see that the output of the circuit E is proportional 
to IR„. Since I is constant in CC mode of operation, Rọ may be replaced by E, 
the voltage in the presence of fluid flowing at velocity V normal to the hot wire. 
Similarly we may replace Ræ by E.. We also represent the output of the sensor 
when the velocity of the fluid is zero as Eo. With these, Equation 8.18 takes the form 


«EE 
A+BV"= 2 (8.24) 
I(E -— Eo) 
We also have TR 
s-s (8.25) 
I(Eo — Eq) 
Equation 8.25 helps in obtaining E% as 
ga AEo 
aver 
Introduce this in Equation 8.24 to get 
AE 
Pee ee a atm | a AEE, ous 
I AE) \] I E[A+“%Eo|-AE ` 
E PE A 


The denominator on the right hand side of Equation 8.26 may be rewritten as 
a E a are 
E|A+ 7Z0] -AEo = (HE -Eo)(A4 7E0) SES 
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Then Equation 8.26 may be recast as 
(E-Eo) K4 


Kı(E -E Kə=K. + 8.27 
WE HORS BS a pny  ReBy PAD 
where the constants appearing are given by 
a a AEoa AE? a 
K,=A+—Eo, Kə = —E?, K3 = Ki 
1 Jo B2= Ho AB 7 4 T 
Equation 8.27 may finally be rearranged as 
ai 
Bj- 2 8.28 
0 1l+a2V” ( ) 
where 
KB _ KiB 
= KA-K;’ °?” KA-K; 


The output response thus involves two constants a1,a2 that may be determined by 
suitable calibration. Response of a hot wire anemometer operating in the CC mode 
is typically like that shown in Figure 8.19. 


0.2 Hp fii tii 
0.15 | 
> [ 
iy 01 L 
u [ 

0.05 [ Figure 8.19: Output of a typical 

[ micro machined hot wire probe in 

| the CC mode. Length of wire 

of ee ee ee ee f= 100 pum, Resistance at room 


0 5 10 15 20 25 temperature = 2000 Q. 
Velocity, m/s 


8.3.5 Practical aspects 


Hot wire probes are very delicate and need to be handled very carefully. Rugged 
probes are made using a film of Platinum deposited on a substrate rather than using 
a wire. Two such designs are shown in Figures 8.20 and 8.21 below. 


The probe shown in Figure 8.20 is cylindrical while the probe shown in Figure 8.21 
is in the shape of a wedge. A thin film of Platinum is used as the sensor. It is usually 
protected by a layer of alumina or quartz. The substrate provides ruggedness to the 
film while the protective coating provides abrasive resistance. The active length of 
the sensor is between the gold plated portions. The leads are gold wires (Figure 8.20) 
or gold film (Figure 8.21). In the case of wire type probes it is advisable not to expose 
the wire to gusts of fluid. The sensor must be handled gently without subjecting it to 
excessive vibration. 
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Quartz tube coated with Platinum 
film 0.06 —0.15 mm diamter 

Gold plating defines sensor length. 
Gold wire inserted through quartz 
tube to make connections. 

3,4 SS support tubes 


Figure 8.20: Cylindrical hot film probe 


1 Alumina or quartz substrate coated with 


Z` platinum film 0.1 x 1 mm on each face of bevel 
2 7 3 2 Gold plating for connection 
2 3 Gold film lead 


Figure 8.21: Hot film wedge probe 


Table 8.1 shows the specifications of a “typical” hot wire system. 


Table 8.1: Specifications of a typical hot wire probe 


Flow Range 0.1-10.00 m/s 
+1% reading 

ES +5 to +45°C 

Operating temperature 0 to + 50°C 


Probe tip operating temperature -20 to + 80°C 


300 mm plus 


Probe length hindié 

Probe Diameter 13mm 
Dimensions 140 x 79 x46 mm 
Weight 250 g 


8.3.6 Measurement of transients (velocity fluctuations) 


Hot wire anemometer is routinely used for the measurement of velocity fluctua- 
tions that occur, for example, in turbulent flows. The time constant of the sensor 
plays an important role in determining the frequency response of the hot wire. Take 
for example the hot wire that was considered in Example 8.5. Suppose the mean 
velocity at a certain location in the flow is 4 m/s. The fluctuating component will 
be superposed on this mean velocity. Let us assume that the fluctuation is small 
compared to the mean. The time constant may then be based on the conditions that 
prevail at the mean speed. 
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The heat transfer coefficient was obtained as h = 5906 W/m”°C. Thermal conduc- 
tivity of Platinum is k = 69 W/m°C. With the diameter of the hot wire D = 4 um as the 


D 4x 10-8 
ID OO quis: 


The hot wire element may be treated as a first order lumped system since Bi « 1. 
The time constant may now be estimated. The density and specific heat of Platinum 
are taken as p = 21380 kg/m? and C = 134 J/kg°C. The volume to surface area ratio 


characteristic dimension, the Biot number is Bi = 


D?L/4 
for the wire is wee = = D/4=10-° m. The first order time constant is then 
T. 
A E CV 21380 x 134 
p a -6 
= z 107° = 0.0005 8.29 
h 8 5906 s me) 
The corresponding bandwidth may be calculated as 
1 1 
f= = 328.1 Hz (8.30) 


Qnt 2x x 0.0005 


This may not be good enough for measurements of transients that occur in turbulent 
flows. Literature reports hot wire probes with time constant as low as 2 ps.” Hot wire 
anemometer system AN-1003 supplied by A A Lab Systems USA has a frequency 
response in excess of around 10kHz.® 


Figure 8.22: A thermal anemometer 
probe with display unit 


A typical thermal anemometer probe useful for measuring steady air velocity is 
shown in Figure 8.22. The sensor is connected to a display unit that is battery 
operated. The particular model shown is useful for measuring air speed up to 5 m/s. 


8.3.7 Directional effects on hot wire anemometer 


In the above we have assumed that the flow velocity direction was known and 
the hot wire probe axis was perpendicular to this direction. In practice we may not 


Tsee for example F. Jiang, Y. C. Tai, C. H. Ho, and W. J. Li. A Micro-machined Polysilicon 
Hot-Wire Anemometer. Solid-State Sensor and Actuator Workshop, Hilton Head, SC, pp. 264- 
267, 1994. 

Shttp:/www.lab-systems.com/products/flow-mea/an1003/techspec.htm 
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know the flow direction and hence it would be necessary to look at the effect of flow 
direction with respect to the hot wire axis. Consider two dimensional flow where 
the flow is taking place in the x-— y plane and the flowing fluid has U and V as the 
components of the velocity along the x and y directions, respectively. Assume that 
a single hot wire is positioned such that the wire lies on the x — y plane but makes 
an angle a with the y axis, as shown in Figure 8.23. The two prongs are of different 
lengths and are so as to orient the wire at the desired angle. The flow velocity is 


1: Hot wire 
2: Long prong 
3: Short prong 


Figure 8.23: Velocity components for 
flow past a hot wire placed at an angle 
to flow 


Flow 


along the direction indicated by the large arrowhead. We may resolve the resultant 
velocity in to a normal component Uy and a tangential component Ur as indicated 
in the figure. These two component are easily seen to be given by 


Vy =Ucosa+Vsina; Vr=Vcosa—Usina (8.31) 


The normal component of velocity is effective in cooling the wire and hence is 
also represented as the effective velocity. Heat transfer from the wire due to the 
tangential component is much smaller than that due to the normal component. 
Hence the output of the hot wire corresponds to the effective velocity Uff = Ur = 


U cosa + V sina = cae if a= 45°. 
V2 


Consider now a crossed hot wire arrangement shown in Figure 8.24. Both hot 
wires and the velocity components are in a single plane. Of curse the two wires are 
separated by a very small distance such that they do not touch each other. 


~----- HWP = Hot wire probe 


Figure 8.24: Crossed hot wire probe in 
plane flow 


Assuming that the angle a = 45° the output of the two hot wires are related to the 
respective effective velocities given by 


U+V U-V 
Ueff1= z’ Ver f= oe (8.32) 


We see that the velocity U is proportional to E1 + E2 while the velocity component 
V is proportional to E1 — E2 where the E’s represent the hot wire output voltages. 
We will thus be able to obtain the two velocity components and hence obtain the 


V 
direction as 0 = tan™! (5). 
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In three dimensional flows one needs to use a three wire system so that all three 
velocity components are estimated. For details the reader may refer to specialized 
texts on hot wire anemometry. 


8.4 Doppler Velocimeter 


8.4.1 The Doppler effect 


As mentioned earlier this is basically a non intrusive method of velocity measure- 
ment. This method of velocity measurement requires the presence of scattering 
particles in the flow. Most of the time these are naturally present or they may be 
introduced by some means. The Doppler effect is the basis for the measurement. 
Doppler effect may be used with waves of different types - electromagnetic waves: 
visible, IR, micro wave - and ultrasonic waves. We explain the Doppler effect by 
referring to Figure 8.25. 


Scattered wave 
f'A 


V 0 
Incident wave 
f,a 
Figure 8.25: Scattering of radiation by 
a moving particle 


Let a particle move with a velocity V in a medium in which the wave propagates 
at speed c. The incident wave is characterized by wavelength A and frequency f 
and is incident along a direction that is normal to the velocity V of the scattering 
particle. We make observation of the wave scattered along a direction that makes an 
angle 0 with respect to the direction of V, as shown. Incident wave wavelength and 
frequency are related through the well know relation 


c=faorf= = (8.33) 


It has been observed that the frequency of the scattered wave is different from the 
frequency of the incident wave because of the motion of the scattering particle. The 
incident wave travels at the wave speed c while the scattered wave travels at an 
enhanced speed due to the component of the particle velocity that is added to it. The 
wavelength does not change. The frequency of the wave alone undergoes a change. 
Hence, we have, for the scattered wave 


_ c+ V cos 


7 (8.34) 


f! 


The difference between the two frequencies is referred to as the Doppler shift. It is 
given by 


>a p_¢t+Veos@ c  Vcos0 
fo =f - f= - 5 = 


The general case where the wave is incident along a direction that makes an angle 
6; and is scattered along a direction that makes an angle 0; with the direction of the 


(8.35) 
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particle velocity is shown in Figure 8.26. Note that the incident and scattered waves 


need not be in the same plane even though Figures 8.25 and 8.26 have been drawn 
on this basis. 


Scattered wave 


f'A 
V 
Os 
Figure 8.26: General case of scattering 
Incident wave of an incident wave by a moving particle 
f,A 


ip = Y (cos, —cos6;) (8.36) 


It is clear from these expressions that the Doppler shift will occur only if the particle 
has non-zero velocity component along the direction of travel of the wave. Also the 
Doppler shift is directly proportional to the velocity of the scattering particle. 


We take an example of light wave of A = 0.68 um . The speed of light in air may 


be taken as that in vacuum as c = 3x 10° m/s. The light wave being considered is 
actually laser light from a Helium-Neon laser. The frequency of the light wave is 


c 3x108 


= ry = 0.68x 10-6 = 4.412 x 10 Hz 


f 
Consider the scattering of this wave by a particle traveling with a velocity of V = 
10 m/s as shown in Figure 8.25. The Doppler shift is given by 


_Vcos@ — 10cos0 


7 0.68x 10-6 = 14.706 cos0 MHz 
A x 


fo 


The Doppler shift follows a cosine distribution. Doppler shift of 14.7 MHz occurs 
respectively for 0 = 0 (forward scatter) and 0 = a (backward scatter). The Doppler 
shift is zero when 6 = 7/2. 


8.4.2 Ultrasonic Doppler velocity meter 


The first device we shall consider is one that uses © ie (sound waves above 
20 kHz and typically 100 kHz) as the beam that undergoes Doppler shift due to a 
moving particle. These are in very common use in medicine, specifically for blood flow 
measurements in patients. The ultrasound waves are produced by a piezoelectric 
crystal driven by an ac source at the desired frequency. This transducer may be 
used as a transmitter as well as a receiver. The construction details of a transducer 
are shown in Figure 8.27. The transducer consists of a small cylindrical piece of a 
piezoelectric crystal that is mounted in a casing with a backing of absorbing material. 
The crystal itself is backed by tungsten loaded resin as shown in the figure. When 


8.4. Doppler Velocimeter 305 


sound waves are incident on the crystal the pressure variations generate voltage 
variations across the crystal (receiver mode). These are communicated through lead 
wires. In case ac power is fed through the leads the crystal oscillates and produces 
ultrasound waves (transmitter mode). 


Metal casing 
Y f/ussssttttte. 
Means 


PLIL 
Renn 
i Sod 

262S 


cases 
P2920299 


æ Piezoelectric crystal 


ea Tungsten loaded resin 


Power leads =a Absorbing material 
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PAA OE 
LLLLLLLLLLLLL 


Ve 


Figure 8.27: Sectional view of a 
piezoelectric transducer 


Now we consider the arrangement shown in Figure 8.28. The illustration is that of 
measurement of velocity of a fluid in a pipe using the Doppler effect. Two transducers 
are fixed on the walls as indicated. One of the transducers is a transmitter of 
ultrasonic waves and the second acts as a receiver for the scattered ultrasound 
wave. The illustration shows the transmitter and receiver to be in contact with the 
flow. Clamp on transducers are also possible wherein the transducers are mounted 
outside but in contact with the pipe wall. The latter arrangement is preferred with 
corrosive fluids and when it is not desirable to make holes in the pipe. In this case 
the ultrasound passes through the pipe wall and undergoes a change in direction 
that will have to be taken into account. 

Transmitter Receiver 


_ NO 


Ineiden\ /raeatiored 


i i -- -- 
V 


Figure 8.28: Measurement of fluid 
velocity by Doppler shift method 


We assume that the particle or some naturally occurring disturbance like air 
bubbles in the flow, which is moving at the same speed as that of the fluid, scatters 
the incident wave. Figure 8.29 shows the schematic of the electronic circuit that 
is used for signal conditioning. An oscillator drives the transmitter at the desired 
or chosen ultrasonic frequency. Let the transmitted ultrasound wave be given by 
Uz = uto cos(wt). The scattered wave then is given by u, = urocosi(w +wpt)+ p]. Here 
u represents the signal in appropriate unit, subscripts t and r represent respectively 
the transmitted and received waves, w represents the frequency of the source and wp 
is the Doppler shift and ¢ represents the phase shift. With reference to the circuit 
shown in Figure 8.29 the u’s may be taken in electrical units such as V or mV. w is 
the circular frequency that is related to the frequency f by the relation w = 27f . If 
we multiply the transmitted and reflected signals together, we get 


S = UtUr = UtoU ro cos(wt)cos[((w+wp)t+ p] (8.37) 


Using trigonometric identities we may recast Equation 8.37 as 


s= 5 totrolcos((20 + wp)t + od} +cos{wgt + o} (8.38) 
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The signal s thus contains a high frequency component at roughly twice the input 
frequency (usually the Doppler shift is much smaller than the transmitted frequency) 
and a low frequency component at the Doppler shift frequency. Our interest lies with 
the latter and hence the former is removed by extracting the latter by demodulation 
followed by passing the signal through a low pass filter. The Doppler shift is in the 
audio frequency range while the transmitted frequency is in the 100 kHz range. In 
summary, the scattered radiation contains the signal at the Doppler shift frequency 
riding over a high frequency roughly at double the frequency of the input wave. This 
wave is demodulated to extract the Doppler signal that varies in the audio frequency 
range. A zero crossing detector, multi-vibrator and a low pass filter yields an output 
that is proportional to flow. Signal waveforms at various positions in the circuit are 


also shown in the figure. 


~ 
RF Amplifier 


Zero crossing 
detector 


+ 


One shot 


oe 


multivibrator 


LL 
Low pass filter 


Transmitter Receiver 


Figure 8.29: Measurement of fluid velocity by Doppler shift method 


Typical performance figures for an ultrasonic Doppler flow meter are given below: 


e Over the flow range 0 to 15 m/s a repeatability of 1% of full scale 
© For small pipes with well mixed slurries linearity of 2% for Re > 10° 
e Measurements with clamp on meters is possible up to 120°C 


Example 8.6 
Consider an ultrasound system with a transmitted frequency of f = 100 kHz. 
Let the typical velocity of the fluid be V = 1 m/s. Assume that the incident 
and transmitted waves are almost collinear and the particle is moving in the 
direction of the incident wave. Discuss the output. 


Solution : 
Let the speed of the wave in the medium be a = 350 m/s (speed of sound in air). 
The wavelength of the incident wave is then given by 


_¢ 350 


57 = 100x 10 ~ 0.0035 m 


In the arrangement specified in the problem the incident angle 0; = 0 and 
scattering angle is 0s = 2. The Doppler shift is then given (using Equation 


8.36 as ov azii 
XxX 
fo=-- =- 00035? $ 
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The signal thus consists of approximately 571 Hz low frequency component 
riding over a wave at 200 kHz. Clearly the Doppler shifted signal is in the 


audio range and may in fact be heard as a ‘hum’ if the signal is connected to a 
speaker via an amplifier. 


8.4.3 Laser Doppler velocity meter 


In fluid mechanics research 


As the name implies the radiation that is used 
is a highly coherent laser source. 


Also high 
sensitivity photomultiplier tubes (PMT) are available that operate with very feeble 
scattered light. 


are described below. 


A laser source provides 
highly coherent light of fixed wavelength of very narrow line width. Two beams 


traveling parallel to each other are obtained by passing it through a partial mirror 
(beam splitter in figure) and then reflecting one of the beams off a mirror. These two 
beams are focused at a point within the flow medium as shown. A particle or some 


disturbance passing through the region close to the focal point will scatter energy 
as shown. 


It can be shown that the fringe spacing is given by 


A 
d= Jain (8) 
2sin (5) 


where J is the wavelength of the laser radiation and 0 is the angle between the two 
beams (see Figure 8.30). From these two expressions, we get 


E (8.39) 
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Aperture 

Beam splitter 

Lens 

Mirror 

Photo multiplier tube 
Scattered radiation 


BS Figure 8.30: Schematic of the 
fringe system 


The particle (may be smoke particles introduced in to the flow) should have very 
small size (and hence the mass) so that it moves with the same velocity as the fluid, 
without any slip. We consider again light wave of A = 0.68 um. The speed of light in 


V Af 


“Raw burst signal” “Filtered burst signal” 


Figure 8.31: Scattered “burst” signal before and after filtering 


air may be taken as c = 3 x 10° m/s. Let the two beams cross at an angle of 10°. The 
fringe spacing is then given by 


0.68 


-99 _ 839 
2x sin5? ene 


Note that the particle should be much smaller than the fringe spacing so that the 
burst signal is not ‘smeared’. Consider a scattering particle traveling with a velocity 
of 10 m/s. The burst signal has a frequency given by 


10 


= 39x 10-6 = 2.563 MHz 


f 


Here again 
we cross a reference beam (weakened by a small reflectance of the mirror) and a 
scattered beam at the focal point of a lens with an aperture. The reference beam is 
directly collected by the lens and communicated to the PMT. Radiation scattered by 
the scattered beam within the field of view of the lens is also communicated to the 
PMT. The PMT responds to the incident intensity which consists of a part that varies 
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at the Doppler shift frequency. This rides over a dc part that is related to the mean 


intensity of the two beams. 
Table 8.2 gives the specifications of 


a typical laser Doppler system. 


AP: Aperture 

BS: Beam splitter 
L: Lens 

M: Mirror 


PMT: Photo multiplier tube 


Figure 8.32: Schematic of the 
reference beam system 


Reference beam + Scattered beam 


Table 8.2: Specifications for Canon LV-20Z LDV 


Measurement Range -200 to 2000 mm/s 
Focal Length 40mm 
Depth of focus +5mm 
: 2.4 x 0.1mm (at focal 
Laser spot size i 
point) 

Velocity fluctuation re- 0 to 300 Hz 
sponse frequency 
Output Signal less than +1% 
Accuracy of full scale 
Doppler pulse output 120 to 1000 kHz 
Measurement V <100mm/s : +0.2 mm/s 
Certainty V>100mm/s : 0.2% 
Optical shift frequency 200 kHz CMOS level 
output 

F 3 5 digit (mm/s, m/min 
Velocity display selectable) 

? Semiconductor laser 

Light source (680 nm) 


Consider the scheme shown in Figure 
8.33. An ultrasound wave pulse (of a short duration) is transmitted from 1 and 
travels along the fluid and reaches the receiver at 2. Along this path (referred to as 
the forward path) the sound wave travels at a speed of a f = a—V. The corresponding 


time of flight is 


Ti_9 = 
ie a-V 
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RE TR Transmitter 


RE Receiver 


Figure 8.33: Schematic of the 
TR time of flight (TOF) method 


However if the sound wave traverses along path 2-1 (return path) the speed of wave 
is a, =a+V. Correspondingly the time of flight is given by 


L 
T9-1 = — 
ee a+V 


The difference in the times of flight is given by 


2LV 
P= Ta-Tas py = 2v (8.40) 


Also the product of the times of flight is given by 


L L i 
Ti-2T2-1 = = 8.41 
ey Aa ae ee 
Division of Equation 8.41 by Equation 8.40 then yields the interesting result 
Ty-2T2-1_ L 
See ee 8.42 
AT 2V ( ) 


We notice that the speed of the wave has dropped off and the velocity is given by the 
ratio of path length and time. Thus we rearrange Equation 8.42 as 


oam (8.43) 


Scheme shown in Figure 8.33 is possible when one is allowed to make a bypass 
arrangement so that a long straight segment may be arranged as shown. This way 
it is possible to choose a large L so that accurate measurement of the times of flight 
and hence of velocity is possible. However, more often, we have the flow taking place 
in a pipe and the arrangement shown in Figure 8.34 is a feasible arrangement. In 
this case, as discussed earlier, it is not necessary to make any changes in the piping 
for making the TOF measurement. 


TR: Transmitter 
RE: Receiver 


Figure 8.34: Clamp on type 
ultrasonic mean velocity meter 
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also includes the schematic of the electronic circuit that is needed for 
making the measurement. In this case the velocity of the fluid has only a component 
in the direction 1-2 and hence the equations given earlier are to be modified as under. 


Let the diameter of the pipe be D. The path length is then given by e 


PG: Pulse Generator 
MUX: Multiplexer 

A: Amplifier 

TM: Time Measurement 


ee 
rn 


Figure 8.35: Wetted type ultrasonic mean velocity meter 


Along the forward path the sound wave travels at a speed of ag = a — V cos0. The 
corresponding time of flight is 
2 6 
sin 
Tı-2= a- V cos0 
However if the sound wave traverses along path 2-1 (return path) the speed of wave 
is a, =a +V cos0 and the time of flight is given by 


D 


Ti z= sin@ 
a+Vcos@ 


The difference between the times of flight is then given by 


ay. cot 
=) 8.44 
areta-ta= Bt, aa (8.44) 


If we assume that V <<a (which is almost always the a the second term in the 
denominator may be dropped to get 


2DV cot0 
AT pls (8.45) 
a 
Thus the difference in times of flight is directly proportional to the velocity. If the 
angle 0 is arranged to be 45°, cot@ = 1 and the velocity is given by 


2 
Ve = (8.46) 
Again, we may also take the ratio of the product of times of flight to AT to get 
T1-2T9-1 = D _ D (8.47) 
Ti-2-T2-1 2Vsin@cos@ Vsin(2@) 
Again, if the angle 0 is arranged to be 45°, the above reduces to 
Ti-2Tə-1 _D (8.48) 


Tı-2-Tə-1 V 
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What is interesting again is that the wave speed has dropped off. In addition the 
velocity of the fluid is given by the ratio of the diameter of the pipe to the effective 
time that is measured by the ratio. 


Consider water flowing in a pipe of 100 mm diameter at a velocity of 1 m/s. The 
angle 0 has been arranged to be 45°. Discuss this case with ultrasound TOF 
velocity measurement point of view. 


Solution : 
The speed of sound in still water is approximately a = 1500 m/s. The pipe 
diameter is D = 100 mm = 0.1m and @ = 45°. The fluid velocity is given as 
V = 1 m/s. The path length for the ultrasound beam is obtained as 


D 0.1 
sin@  sin45° 


0.141 m 


The forward and return transit times are calculated as 


0.141 
Tio = —— OL BF 
1-2 = 1500 — 1 x cos45° Ks 
0.141 
Tə-1 = 94.236 HS 


~ 1500+ 1x cos45° 
Thus the time difference is only about 


AT = Ti-2 — T9_1 = 94.325 — 94.236 = 0.089/mus = 89 ns 


Measurement of such small time differences is quite a challenge! This simply 
means that the signal analysis in the ultrasound TOF method will have to be 
of high sensitivity and quality making it very expensive! From Equation 8.48, 


we however, have 
Tı-2T92-1 D 0. 


1 
=—= =0.1s! 
Tı-2-T2ə-1 V 1 O 


We see from Example 8.7 that the transit times are very small and some way of 
increasing these are desirable. One of these is to use the arrangement shown earlier 
in Figure 8.33. Another arrangement is to provide for multiple reflections as shown 
in Figure 8.36. The effective path is increased several fold by this arrangement. 


Transmitter Receiver 


Figure 8.36: Method of increasing path length in TOF measurement 
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8.5.1 Simultaneous measurement of position and velocity 


We can combine TOF and Doppler shift measurements to study the velocity 
and the position of a scattering particle in a flowing medium. This is referred as 
pulsed echo technique and is commonly used in medical blood flow measurement 
applications. The principle of this may be understood by referring to Figure 8.37. 


Transmitted wave 
[e pk a 
Back-scattered wave 
A“Af— Figure 8.37: Simultaneous posi- 
tion and velocity measurement 


Let us assume that a scatterer is present and is moving as shown in Figure 8.37. 
A short pulse of ultrasound is transmitted at t = 0 and the received pulse is analyzed 
for both the transit time and the Doppler shift. If the velocity of the scatterer V is 
small compared to the wave speed a, the transit time T is related to the position by 


2X 
the simple relation t = ——*. At the same time if the Doppler shift is measured it is 


directly related to the velocity of the scatterer V, as has been shown earlier. Thus 
both the position X, and velocity V may be measured simultaneously. An interesting 
variant of this is to gate the measurement such that a reflected pulse received after a 
time delay only is sampled. This will correspond to a certain location of the scatterer. 
The corresponding Doppler shift will provide the velocity at the location specified by 
the gated time. 


8.5.2 Cross correlation type R meter 


m yee da) 
oe a a da a A 
: td 
Se ta =T 
RE ,-S 1 RE2-S2 
(a) ‘ — (b) 


Figure 8.38: (a) Cross correlation type velocity meter 
(b) Cross correlation time measurement 


Another method of measurement which converts velocity measurement to a time 
measurement is the cross correlation type of measurement. The schematic of 
the arrangement is shown in Figure 8.38(a). Two transmitters and receivers are 
arranged a distance L apart as shown in the figure. A disturbance that is carried 
by the fluid at its own speed crosses the first transmitter-receiver pair at some time 
that may be taken as zero. After a certain delay the same disturbance will pass the 
second transmitter-receiver pair. This is schematically shown in Figure 8.38(b). 
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To ascertain the time accurately the signal received by first receiver is multiplied 
by the signal from the second receiver with a variable time delay tg. The product 
will be substantially zero till the delay time tg is equal to the transit time t. The 
product signal will show a non-zero blip when the delay time is the same as the 
transit time of the disturbance. The two signals, under this condition, are said to 


L 
be highly correlated. The fluid velocity is then given by V = z Thus the velocity 
measurement has been reduced to its very definition - the ratio of path length to 


transit time! 


Concluding remarks 


Measurement of velocity by several techniques has been presented in this chapter. 
Both intrusive methods - using probes such as the Pitot static, multiple hole 
probes, hot wire or hot film probe - and non-intrusive methods - such as ultrasonic 
or laser Doppler, have been discussed in detail. While a knowledge of magnitude 
of velocity may be sufficient in many applications direction may also be important 
in some applications. Determination of the direction of velocity needs multiple 
probes or multiple hole probes. These have also been discussed in this chapter. 


Chapter 9 


Volume flow rate 


This chapter deals with the measurement of volume or mass flow rate of 
fluids in process applications. Fluid may be incompressible as in the case of 
most liquids and gases at low velocities or compressible such as gases 
flowing at high speeds. Flow meters of several types are discussed in this 
chapter. They may be of the variable area type, drag effect type or positive 
displacement type. Calibration of flow meters is discussed in some detail 
since it forms an integral part of flow measurement activity. 
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9.1 Measurement of volume flow rate 


Process applications invariably involve the measurement of volume or mass flow 
rate of a fluid - gas (such as air) or liquid (such as water). Volume flow rate is 
expressed in units of m/s, m®/h, l/min, l/s or ml/s. The magnitude of the flow 
rate will decide the unit that is appropriate. It is usual to represent very small 
volume flow rates in ml/s and very large volume flow rates in m®/h. Mass flow rate 
is represented in kg/s in SI units. However, if the mass flow rate is very small we may 
represent it in g/s, mg/s or ug/s. Very large mass flow rates are usually represented 
in t/h where 1t=1 tonne = 1000 kg. 


In a flow system the volume flow rate represents the volume of the process fluid 
that passes a station in a unit of time. In a very simple way we see that two 
measurements are needed: the volume that crosses the station and the time it 
takes this volume to cross the station. It is seldom that we can measure these two 
quantities and then obtain the volume flow rate as a ratio of the two. If the volume 
flow is relatively slowly changing it may be possible to do the measurement this 
way. However, when the volume flow rate changes with time we have to use other 
methods. 


These methods are based on measuring some secondary quantity that varies 
systematically with the volume flow rate. In this sense the methods are akin to those 
we used in thermometry for estimating the temperature of a system. It was seen in 
Module II, Chapter2 that temperature is seldom directly measurable! In the case of 
volume flow rate the most common approach is to look at the pressure drop due to 
the flow and relate these two in as unique a way as possible. The pressure drop is, 
in fact, the measured quantity while the volume flow rate is the estimated quantity. 
The measurement process is complicated by issues such as the temperature, the 
static pressure, friction and so on. 


Some of the methods of measurement of volume/mass flow rate available are: 


e Variable area type flow meters 

° Drag effect type flow meter 

e Other types of flow meters such as: 
1. Positive displacement type flow meters 
2. Vortex shedding type flow meter 
3. Turbine type flow meter 


We discuss each one of these in detail in this section. 


9.2 Variable area type flow meters 


9.2.1 Principle of operation 


All variable area flow meters introduce a change in the area available for flow and 
hence bring about a change in the pressure of the flowing fluid. This pressure change 
or pressure difference is measured by a suitable differential pressure transducer to 
infer the volume or mass flow rate of the fluid. 
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To understand the principle of operation of variable area flow meters we look at one 
dimensional flow of an incompressible medium (density of the medium p is constant) 
in a duct of non-uniform area as shown in Figure 9.1. The principle is similar to that 
of the Pitot or Pitot static tube where the velocity information was converted to a 
pressure change (see Module III, Chapter5). 


We shall ignore the effect of viscosity, in this analysis. 


(Station 1) 


Figure 9.1: One-dimensional variable 
area flow in a horizontal variable area duct 


Let the flow areas be A; and Ag respectively at stations 1 and 2. The fluid velocity 
is uniform across the flow area in one-dimensional flow. The flow velocity changes 
from V; at station 1 to Vz at station 2 because of the area change. In order to conserve 
mass (conserve volume in the case of an incompressible fluid) we should have the 
same volume flow rate across each of the two stations. Thus 


A1V1 = A2V2 (9.1) 


According to Bernoulli’s principle the pressure p and the velocity V are related 
through the relation 
pı Vii p2 V2 


} = + 9.2 
J 2 p 2 (9.2) 
; Aj f AA . 
From Equation 9.1 we have Və = —Vj,. Substitute this in Equation 9.2 and 
2 
rearrange to get 
Pa yn l ae PAA? 
(pi p2) = 52 - Vi) = SpV; a] 1] (9.3) 


We may solve for the velocity at station 1 as 


1 /a@i- 
Vi= : (e = Ba (9.4) 
A 
yas) -1 


Thus we see that the velocity of the fluid at station 1 is related to the pressure drop 
between the two stations and the area ratio. We may multiply the above by A; to 
get the volume flow rate Q and further by the density p to get the mass flow rate m. 


Thus we have: 
Q= Aı |2(p1- p2) x Ag | 2(p1— p2) (9.5) 
Ai)? p Ae p 
a y1-(2) 
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and 


A 
mi = pQ = É = V2p(p1- p2) (9.6) 


9.2.2 Correction factor 


In order to account for viscous effects the relations given above are multiplied by 
a quantity Cg called the discharge coefficient. It is actually a correction factor that 
recognizes that the pressure drop developed by the variable area flow is not all due 
to change in area alone. We also introduce a factor called the velocity of approach 
factor through the relation 


M= BE (9.7) 


Haa) 


where Ce is a factor equal to the ratio of flow area at vena contracta to the orifice 
area, in the case of orifice plate with the downstream tap at the vena contracta. In 
the case of flow nozzle as well as the venturi (see discussion below) this factor is 
equal to 1. With these, Equation 9.5 is recast as 


Q=C4A2M Aper (9.8) 


Often the product of the coefficient of discharge and the velocity of approach factor is 
referred to as the flow coefficient K and the above equation is recast as 


Q =KAn| PtP (9.9) 


m = KAV 2p(p1- pa) (9.10) 


The coefficient of discharge and the flow coefficient depend on the type of variable 
area device that is being used as well as the flow Reynolds number. These will be 
discussed later on. 


9.2.3 types of variable area flow meters 
Three forms of variable area type flow meters are used in practice. They are: 


e Orifice plate 
e Flow Nozzle 
e Venturi 


These are illustrated schematically in Figures 9.2 - 9.4. 
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9.2.4 Orifice plate meter 


This is by far the simplest to fabricate. It consists of a thin plate of a suitable 
material that is mounted between two flanges. The pipe diameter is D while the 
orifice diameter is d. The ratio of these two is represented as 


d 
B= D (9.11) 


Three different ways of arranging the pressure taps (and hence the choice of 
stations 1 and 2) are shown in Figures 9.2 and 9.5. Any one of the three 
arrangements is chosen in practice. Of course, between the pressure taps we can 
connect, for example, a U tube manometer to measure the pressure difference. 
Typically the orifice plate thickness may be a few mm and the orifice itself is 
chamfered to a sharp edge as shown in Figure 9.2. Flange taps are some 25 
mm on the two sides of the orifice plate, the corner taps are very close to the 
flanges and the D,D/2 taps are provided as indicated in Figure 9.5. The last 
arrangement is the most common. The coefficient of discharge of an orifice 
plate depends on the flow Reynolds number, the 6 value and the locations of 
the pressure taps. The coefficient of discharge is given by the Stolz equation. 
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Figure 9.5: Schematic of a sharp edged orifice with (a) flange taps, 
(b) Corner taps. 


10° 40.75 
Ca= 0.5959 + 0.0312" — 0.1846° + 0.002987” [=| 
Rep 
0.09%; : - 0.0377L, 6? (9.12) 
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In Equation 9.12 L is the distance of the upstream pressure tap from the upstream 
face of the orifice plate divided by D, L; is the distance of the downstream pressure 
tap from downstream face of the plate divided by D. Rep is the pipe Reynolds 
number and is in the range 104 < Rep < 10’. When L1 > 0.4333 in Equation 9.12 
replace 0.09 by 0.039 in the fifth term. As mentioned earlier the product of the 
coefficient of discharge and the velocity of approach factor gives the flow coefficient 
for the orifice. This is a function of the pipe Reynolds number and the typical range 
of diameter ratio 6 used in practice. Figure 9.6 shows the variation of the flow 
coefficient of an orifice flow meter provided with corner taps, for various diameter 
ratios. In this case,L; = Li, = 0, in the Stolz equation. Orifice plates are available 
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from many manufacturers. Orifice plates are available from, for example, Crane 
Universal Orifice Plates 5531 E. Admiral Place, Tulsa, Oklahoma 74115-8411. They 
are made of many materials such as Stainless 304 and 316 that are common; Monel, 
Hasteloy B and C, Titanium, Nickel and other special materials as special order. 
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Style 500 plates are manufactured to AGA, ASME, ISA and ANSI specifications and 
can be used with all Crane orifice fittings and plate holders. 


An orifice plate may also be easily machined in a student work shop. Figure 9.7 
shows the end view and the cross sectional view indicating the three parameters that 
characterize it. Note the bevel on the downstream side. Apart from the indicated 
features one may also provide suitable holes for fixing the orifice plate between two 
flanges in a flow measurement installation. Suitable gaskets may have to be provided 
to avoid leaks. An installation using an orifice plate with D — D/2 taps is shown 


AK B 


Figure 9.7: Orifice plate specifications Fiare: 0.8: Photograph ofan ahe 


plate in use 


in Figure 9.8 along with a water manometer that is used for measuring the head 
developed by the orifice. 


Example 9.1 


An orifice plate with corner taps is to be used to measure flow of air at 5 bar 
and 25°C. The maximum flow rate is 1 kg/s. The minimum flow rate is to be 
0.3 kg/s. Determine the size of the orifice plate such that the pipe Reynolds 
number is not less than 10°. Calculate the differential pressure developed 
across the orifice plate if 6 = 0.6. 


Solution : 
Air properties are calculated first. We have 


pı = 5bar =5 x 10° Pa; T1 = 25°C = 298K 
The density of air is then calculated as 


pı 5x105 7 
= 1 = 5.846 kg! 
P= R,T 287x298 on 


From air tables the dynamic viscosity at 25°C is u = 18.41 x 1078 kg/m s. The 
kinematic viscosity of air may thus be obtained as 


u 18.41x 107% 


=o = = 3.115 x 1078 m?/. 
p 5.846 a is 
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It is specified that the pipe Reynolds number should not be less than 10°. This 
means that the pipe Reynolds number should be 10° when the mass flow rate 
of air is Mmin = 0.3 kg/s (the lower limit). The minimum air velocity is Vmin 
such that 

VminD = Repv = 10° x 3.15 x 10-® = 0.315 m?/s 


k j OVmin nD? 
With mass flow rate of 0.3 kg/s we also have m min = a ae and hence 
4m mi 4x 0.3 
Vmin D? = Tmin = =*"* _ = 0.06534 m/s 


mp  1x5.846 

By division we then have 

_ VminD? _ 0.06534 
VininD 0.315 

Since 6 = 0.6, the orifice diameter is at once given by 


d = BD =0.6 x 0.207 = 0.124 m 


D =0.207m 


We may now read off the flow coefficient from Figure 9.6 as 0.652 (or we may 
use the Stolz equation). The differential pressure Apmjn developed by the 
orifice plate between the two corner taps may be found from Equation 9.10 
that may be rearranged as 


1 


min 1 4x 0.3 2 
AP min oa 2p 


KA, |  2x5.846 | 0.652 x x 0.1242 


This may be converted to head of water (at standard water density of py = 
1000 kg/m?) as 


= 124.9 Pa 


_ APpmin _ 124.9 
Pw 1000 x 9.8 


The maximum mass flow rate for this facility is mma, = 1 kg/s. The velocity in 
the pipe may be calculated as 


x 1000 = 12.74 mm 


hmin 


A max 4x1 
= = = 5.083 m/ 
Vmax= SnD? ~ 5846x mx 0.207 nee 
The corresponding pipe Reynolds number is 
VmaxD 5.083 x 0.207 
MED 3.15 x 10-6 


The corresponding flow coefficient using the Stolz equation is 0.649. The head 
developed by the orifice plate is thus given by 
1 [Mmax | = 1 4x1 2 
20 | KAg 2 x 5.846 | 0.649 x x x 0.1242 


This may be converted to head of water (at standard water density of 
1000 kg/m?) as 


= 1892.4Pa 


Ap max = 


ApPmax 1392.4 
EPiaaie 5 = 2254F 6 1000 = 142.1 
Dug  1000x98- ae 


It is thus desirable to use a water manometer of range of some 150 mm of 
water column. In order to obtain satisfactory performance we may use an 
inclined tube manometer. 


hmax = 
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9.2.5 Flow nozzle 


The flow nozzle is also an obstruction type meter that is characterized by a higher 
value of the coefficient of discharge than that in the case of the orifice plate. The flow 
nozzle consists of a converging nozzle introduced in the pipe. The flow accelerates 
in the converging part, separates from the wall near the exit with a low pressure 
separated region close to the nozzle exit. The flow diverges and reattaches to the 
pipe at some downstream point along the pipe. Figure 9.9(a) shows the schematic of 
long radius ASME nozzle. Figure 9.9(b) indicates the nomenclature that is used to 

0.5D 


Flow ij 


= Toy 


k— D —| Figure 9.9: (a) Proportions of a long radius ASME 
(a) nozzle (b) Schematic of flow in a nozzle showing 
recirculating flow downstream of the nozzle 


characterize the nozzle. Also shown is the nature of the flow as it emerges from 
the nozzle. The flow tends to converge well past the nozzle exit to achieve the 
smallest diameter for the flow at “vena contracta”. The nozzle is normally made 
by a machining process. The pipe diameter may be from 50 mm to 650 mm. The 6 
value may be chosen between 0.2 and 0.8. For pipe Reynolds number in the range 
10‘ to 10", the coefficient of discharge is well represented by the formula 


Cq = 0.9965 — 6.53 (9.13) 


eD 


Flow coefficient variation with pipe Reynolds number for long radius flow nozzles 
is shown plotted in Figure 9.10. We note that the flow coefficient increases with 
Reynolds number as opposed to a decreasing trend in the case of an orifice plate. The 
flow coefficient is always more than that for an orifice plate and hence, for a given 
diameter ratio and pipe Reynolds number, the orifice plate will develop a larger head 
than a flow nozzle. 


9.2.6 Venturi meter 


The last type of an obstruction type flow meter is the venturi. It consists of 
a converging section, a uniform area section and a diverging section as shown 
schematically in Figure 9.11. Thus it is essentially a converging - diverging nozzle. 
Since the diverging portion has a gentle slope (or divergence angle) the flow does not 
separate as it does in the case of an orifice plate or a flow nozzle. This leads to some 
desirable qualities as we shall see later. However for fixed conditions of diameter, 
diameter ratio and inlet velocity the venturi will develop the smallest pressure drop 
between stations 1 and 2, as compared to the flow nozzle or the orifice plate. 
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ED (2) Figure 9.11: Schematic of a Venturi 
showing typical geometrical details 


Venturies are fabricated by different methods depending on the size and cost: 


Rough casting: Coefficient of discharge is Cz = 0.984 with an uncertainty of 0.7%. 
The following ranges apply: Diameter: 100 - 800 mm; p: 0.3 - 0.75; Rep:2 x 
105-2 x 10° 

Machined entrance cone: Coefficient of discharge is Cg = 0.995 with an uncer- 
tainty of +1%. The following ranges apply: Diameter: 50 - 250 mm; p: 0.4 - 
0.75; Rep:2 x 10° -1x 10° 

Rough welded sheet metal: Coefficient of discharge is Cg = 0.985 with an uncer- 
tainty of +1.5%. The following ranges apply: Diameter: 200 - 1200 mm; p: 0.4 
- 0.7; Rep:2 x 10° -2 x 10° 


We see that the coefficient of discharge of a venturi is close to unity and its variation 
is also very small (Figure 9.12). The flow through a venturi is also smooth without 
the flow separation that is present in both the orifice plate as well as the flow nozzle. 
Hence the so called “irrecoverable pressure loss” across the venturi is much smaller 
than in the other two cases, as shown in Figure 9.13. Irrecoverable pressure loss 
is the loss of pressure across the device between its inlet and outlet. Since the 
diameter of the variable area flow meters are the same before and after the meter 
section, one would expect the pressure to get back to the value that existed ahead 
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of the meter. This is not so since there are losses due to friction as well as the 
recirculating flow that dissipates kinetic energy as heat. Hence the irrecoverable 
pressure (or head) loss. Pressure difference developed and measured for determining 
the flow rate is referred here as the head developed and is used as the normalization 
factor for expressing the irrecoverable head loss. The ordinate in Figure 9.13 is the 
irrecoverable pressure loss expressed as a percentage of the head developed. This 
o 100 Petters 
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simply means that the installation of a venturi meter does not appreciably affect the 
flow. Also, since the venturi develops a smaller differential pressure as compared to 
the orifice plate, for a given diameter ratio, the absolute irrecoverable pressure loss 
is even more in the case of an orifice plate! Nozzle is slightly better as compared to 
an orifice plate. 


We consider again the data specified in Example 9.1. We make calculations 
corresponding to the maximum mass flow rate of 1 kg/s by replacing the orifice 
plate by a long radius flow nozzle and a rough cast venturi. The comparisons are 
summarized in Table 9.1. 
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Table 9.1: Comparisons of performances of an Orifice plate, Flow nozzle and a Venturi 


Ah (mm 

c A Ayo Ga, water) 

Venturi 0.984 1.055 519.2 52.9 
Nozzle 0.988 1.059 515.2 52.5 


Orifice 0.605 0.649 1392 142.1 


The pipe diameter is 0.207 m and the diameter 
ratio is p = 0.6 in all the cases 


9.2.7 Effect of compressibility in gas flow measurement 


Many a time it is necessary to take in to account the variation of density of a 
flowing gas medium, like air, if the velocity is not very small compared to the speed 
of sound in the medium. Also in such a case the pressure difference between the two 


measuring stations p1—p2 is not small compared to p1. Hence the pressure ratio p2 


1 
is not close to unity. The relationship between the flow rate and the head developed 
becomes more complicated because of the variation in the density of the fluid. 


Making use of gas dynamic relations we can show that Equation 9.9 has to be 
modified by introducing a factor Y known as the expansion factor. 


Q=YKAg)| “ppr (9.14) 


In Equation 9.14 the expansion factor is given by 


(9.15) 


The ratio of specific heats, y appears in the expression for the expansion factor. 
The pressure ratio, apart from the head developed, also needs to be measured for 
evaluating the expansion factor. For orifices with flange taps or vena contracta taps 
the following approximate formula is useful. 


vels [0.41 + 0.3564] APIS P2) (9.16) 
YP1 


For orifice with flange taps one may use the following approximate expression. 


Y = 1— [0.333 + 1.145(6? + 0.756° + 12613)) - oe (9.17) 
1 


Example 9.2 


Consider flow of dry air through an orifice plate with p = 0.5. The upstream 
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pressure and temperatures are respectively pı = 2 bar and Tı = 300 K. The 
mean velocity of the flow has been measured independently in the pipe and is 
known to be Vj = 35 m/s. The pipe diameter is D = 0.06m and flange taps are 
made use of. Determine the head developed by the orifice plate in Pa. Is it 
necessary to take into account the expansion factor? Explain. Determine the 
correct Ap developed by the flow meter. 


Solution : 
The air density in the pipe is determined as 
pı _ 2x10° 
R¿Tı 287x300 


pi= = 2.333 kg/m? 


Volume flow rate of air may now be calculated as 


0.062 
Q1=A1V, = — 7 x 35 = 0.09896 m/s 


The dynamic viscosity of air at this temperature is u1 =18.46 x 10-6 kg/m s. 
u _ 18.46x10~° 
pı 2.333 
1076 m?/s. The pipe Reynolds number may be calculated as 

VıD 35 x 0.06 


R a ey 
eD =- T 7947x 10-8 


= 7.947 x 


The kinematic viscosity is thus given by vı = 


= 264250 


From Figure 9.6 the flow coefficient is estimated as K = 0.625. Ignoring the 
compressibility effect we calculate the head developed by the orifice plate as 


2 


2 2, ; 
= ae - = 0.625 x e: woe 
The approximate value of the downstream pressure is 
p2= p1- Ap = 2 x 10° — 58530 = 141470Pa 
The pressure ratio is thus given by = = zaoa = 1.414 which is certainly 


not very close to unity! We thus conclude that the expansion factor needs to 
be taken in to account. This we do by calculating Y approximately using the 
pressure drop estimated by the incompressible formula. Using Equation 9.17 
we get 

200000 — 141470 


Y ~ 1- [0.333 + 1.145(0.57 + 0.7 x 0.55 + 12 x 0.513). =0. 
[ (0:95 SOE RO She COO a000 S 


We have taken y for air as 1.4. We may correct the pressure drop to 


2 


0.09896 
= 78225 Pa 


0.865 x 0.625 x 0.52 x F x 0.062 


Q1 
YKA2 


2 2.333 
ee 


_ Pl 


A 
P~ 9 


We may use this value to correct the pressure ratio and hence the expansion 
factor. The process converges within two iterations to give Ap = 87146 Pa. 
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9.2.8 Sonic orifice or the sonic nozzle 


From compressible flow theory it is well known that the velocity of a gas will equal 
the velocity of sound at the smallest area (throat) in the case of variable area flow if 
the pressure ratio is more than a certain value called the critical pressure ratio. If 
the upstream pressure is pı and the downstream pressure p2, the sonic velocity will 
be achieved at the throat (or more accurately the vena contracta) if 


T 


y-1 


2 
1+y 


Pi 


P2 


(9.18) 


Let the throat conditions be indicated by subscript th . Then, we have the mass flow 
rate given by m = 04nAznazn where the speed of the fluid is equal to the speed of 
sound a:p. Under isentropic assumption the conditions at the throat may be written 
in terms of those at the upstream to get 


PEGA | “an (9.19) 
m = P1A1Ath 1+y : 
Using gas laws this may be recast in the more useful form 
MRE 
: Y 2 | 20-D 
=piA —— |— 9.20 
m= pı RT ley (9.20) 


Thus all that one has to do is to measure the pressure and temperature in the 
upstream pipe to obtain the mass flow rate. Also note that if the upstream pressure 
and temperature are held fixed the mass flow rate does not change and hence the 
sonic orifice may also be used as a flow controller. Within limits the orifice diameter 
may be changed to dial up or down the mass flow rate. This is especially useful 
when working between a pressure above the atmosphere and a pressure below the 
atmosphere as in vacuum systems. The flow coefficient (K) of a typical sharp-edged 
orifice is generally accepted to be 0.61, whereas the flow coefficient of a typical nozzle 
is generally accepted as 0.97. Equation 9.20 may be used by multiplying it with the 
appropriate K value. 


Example 9.3 


A sonic nozzle is to be used to measure air flow of 2 MPa and 40°C. The flow 
rate is expected to be 0.2 kg/s. Calculate the throat diameter if critical flow 
conditions are assumed to exist there. Take y = 1.4 for air. 


Solution : 
The given data: 


p1=2x10°Pa T,=313K m=0.2kg/s 


Assume a value of 0.97 for the flow coefficient. We can rearrange Equation 
9.20 to get the throat area as 


m 
Ath = ytl 
Y 2 | 2q-D 
Kpi\/ Rr | ty 
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2 
é a = 1.1281 x 1074 m? 


1.4+1 
6 14 2 "aap 
0.97 x 2 x 10°\/ 357315 [aaa] 


The corresponding throat diameter may be inferred as 


4Ay, [4x 0.0001094 
n= TE _ 0949 — 0.01985m or 12mm 


Example 9.4 


A small sonic nozzle having a diameter of 0.8 mm is used to measure the flow 
in a 7.5 cm diameter pipe. The upstream pressure in the nozzle is varied to 
suit the flow requirements. The upstream temperature is fixed at 20°C. The 
downstream pressure is such that it is always less than the critical pressure. 
What are the minimum and maximum flow rates if the upstream pressure 
varies between 0.1 and 1MPa? 
Solution : 
Given data: 


din =0.8mm=0.0008m D=7.5cm=0.075m; Tı =293K 


The throat area based on the throat diameter is 
ndi, _ 70.0008? 
4 4 


The mass flow rate is a linear function of upstream pressure as seen from 
Equation 9.20. Using that equation we have 


i 1.4 2 = D -9 
j = 5.027 x 10-9, | ———_. = 1.187 x 10 kgl. 
mp1) < y Ee RA Saa PEREIS 


with pı given in Pa. 
The minimum mass flow rate corresponds to pı = 0.1 MPa = 10° Pa and is 
given by 


m(10° Pa) = 1.187 x 107° x 10° = 1.187 x 1074 kg/s or 0.1187 g/s 


= 5.027 x 107? m? 


Ath 


The maximum mass flow rate corresponds to pı =1 MPa =10°Pa and is given 
by 
m(10 Pa) = 1.187 x 107° x 10° = 1.187 x 107° kg/s or 1.187 g/s 


Note that the upstream diameter does not enter the calculations. As it 
happens in this case, the pipe diameter is very large compared to the orifice 
diameter. Hence the pressure and temperature are effectively the stagnation 
values. These may be measured using suitable pressure and temperature 
sensors. 


A high pressure tank that has a small leak can be modeled as a flow through 
a sonic orifice as long as the pressure ratio is greater than about 1.9 or say 2. 
The leakage flow will keep reducing linearly with the tank pressure as long as 
this condition is satisfied. Once the pressure ratio goes below this value the 
leakage flow is fully subsonic. 
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9.2.9 Selection of variable area flow meters 


We have already seen that irrecoverable pressure drop is an important factor 
in the selection of a particular type of variable area flow meter. The cost of 
installation depends on the initial cost of the meter as well as the accompanying 
piping that is involved in the installation. The Venturi meter itself is considerably 
long and requires, in addition, straight upstream and downstream sections. The 
straight sections are required so that the standard formulae for the coefficient of 
discharge may be used, without appreciable error. An Orifice plate requires the 
least modification in an existing line. Flow nozzle is somewhere between these two 
cases. Also all these meters have to necessarily be oriented horizontally and enough 
space must be available for the additional straight lengths ahead of and after the 
meter. Also, the variable area meters are inherently non-linear. These meters may 
be designed to cover a wide range of flow rates. 


While measuring gas flows it is necessary to include both temperature and 
pressure sensors in the flow measuring device. If the speeds are high compressibility 
effects also become important. The same calibration will not, in general, hold for 
different gases. Corrections will have to be applied if the gas is different from the 
one with which the meter has been calibrated. Change in pressure levels as well 
as pressure ratios become important when compressibility effects are significant. 
The number of measured quantities goes up when these effects are to be taken in 
to account. Signal conditioning and data collection requires expensive electronics 
support. 


Since there are no moving parts, variable area flow meters are not subject to wear 
and tear. This is a big advantage. 


9.3 Rotameter or Drag effect flow meter 


Rotameter consists of a vertical tapered tube through which the flow of the fluid 
(gas/liquid) takes place. A suitably shaped body (called the ’bob’) floats in it as shown 
in in its schematic form. Photograph of a rotameter used in laboratory 
is shown in Figure 9.15 When the float moves up, the flow area around the float 
increases. This is because the tube is internally tapered, as indicated in the figure. 


9.3.1 Rotameter analysis 


Let the mean velocity of the fluid as it flows past the float be Vm . The area over 
which this flow takes place is the smallest annular area between the bob and the 
tapered tube. Let the volume of the float be V, and density of the material of the 
float be pz. Let the fluid density be p 
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<— Tapered tube 


Figure 9.14: Schematic represen- Figure 9.15: Typical Rota meter 
tation of a rotameter in the laboratory 


prvi 


If the shape of the bob is properly chosen it is possible to have a Cp that does not 
vary much over the useful range of a given Rotameter. For a smooth sphere, for 
example, the drag coefficient is more or less constant at 0.4 for 2 x 10° < Re < 10°. 


2Vi,g (Po— pf) 
W a ea ce Es 
VGH a7 (9.22) 


Note that the bob material should have density greater than the fluid density. 
Secondly the Rotameter has to be oriented vertically with the diameter of the 
tapered tube increasing with y! The area available for the flow is obviously given 
n(d(y)? - d? 

by Af = algo =e) where d(y) is the inner diameter of the tapered tube at the 
bob position y. Assuming that the taper angle is a we see that d(y)=d+2ytana. 
With this, and assuming that the taper angle is small, we may write approximately 
the flow area as 


po Vog = pf Vog + SaCp 


Ap = “D+ 2ytana}” d?|~ Tp? d?+4yD tana] = “(D?-d?]+nyDtana (9.23) 
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The approximation is based on neglect of the non-linear term given by [2ytana]’. 
Thus the area for flow varies linearly with the position of the bob. The volume flow 
rate is thus given by 


2 = 
Q=VmnAp =| 2E PP PFI (2 _ a?) 4 nyDtan(a)] (9.24) 
CpS»p pf 4 


If D = d, (some arrangement, however, is needed to see that the bob does not fall into 
the tube) then the above becomes 


2Vog (pb — pf) 
CpS»p Pf 


Q@=Ky where K= mD tana (9.25) 


A scale attached to the tapered tube (usually engraved on the tube itself) may be 
marked directly in volume flow rate unit, absorbing the proportionality factor K in 
to the scale. Of course, the scale would be correct for a specified fluid at a specified 
temperature. Correction factors will have to be incorporated for any changes in these. 
The manufacturer normally supplies the required information. Figure 9.15 shows 
photograph of a typical rotameter. 


A rotameter is to be used to measure air flow at 7 bar and 21°C. The 
maximum flow rate of 0.0005 kg/s, the inlet diameter of the meter is 8mm 
and the length of the meter is limited to 10 cm. The bob is constructed such 
that it has a frontal diameter of 8mm and a volume of 2.5 ml. Determine the 
taper of the tube. The shape of the bob has been chosen such that the drag 
coefficient is constant at 0.8. The density of the bob material is known to be 
50kg/m?. 
Solution : 
We assume that the measured air flow corresponds to 


M=Mmax = 0.0005 kg/s y= ymax =10cem=0.1m 


The density of air is based on pẹ = 7 bar = 7x 10° Pa and Ty = 273+21 = 294K 
and is 
Pf _ 7x 10° 


Š = ——— = 8.406 kg/m? 
R,T; 287x294 Ai 


Pf 


The mass flow rate is given by Mmax = PfQmax = PfKYmax. Hence the 
Rotameter constant K is 


ga mas _ _0.0005 


= 0.000595 m?/ 
Prymar 8.406x0.1 Sa 


The bob frontal area facing the flow is based on d = 8 mm = 0.008 m and is 


_ 1x 0.008? 


Sp = J = 5.027 x 10 m? 
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Also we are given 
Vp =2.5ml =2.5x 10° m® py =50kg/m® Cp =0.8 
Equation 9.25 may be rearranged to obtain the taper parameter tana as 


K ; 
tan(a) = = wae = 0.00964 


2V pg Pb—PF TX 0 008 / 2525x 10-§x9.8 : 50—8.406 
aD \/ DSe pF : 0.8x5.027x10-> ` 8.406 


The taper angle is then obtained as 


a = tan™1(0.00964) = 0.55° 


A rotameter is design ith a tapered tube having a taper angle of 0.8°. The 
diameter of the taper be is 15 mm at the bottom and is 150 mm long. The 
bob has a volume of 5 ml and an effective density of 3000 kg/m. The bob 
design is such that the drag coefficient is Cp = 0.4. What is the maximum flow 
rate of a liquid of density pf = 800 kg/m? that may be measured using this 
rotameter? 
Solution : 
Given data: 


a=0.8° Ymax =0.15m d=0.015m Vp =5x 107 m3 
pa =3000 kg/m? pr =800kg/m® Cp =0.4 
The frontal area of the bob may be calculated as 


_ 1x 0.0157 


l = 1.7672 x 1074 m? 


b 


We may now calculate the gage constant K directly using Equation 9.25 as 


2x5x1076x9.8 3000-800 


. = 0.001285 m?/ 
0.4x 1.7672x10-4 800 a 


K=nx0.015 x anos] 


The maximum flow rate that may be measured is then given by 
Q max = K Ymax = 0.001285 x 0.15 = 1.93 x 1074 m/s 
The corresponding mass flow rate is given by 


M max = Pf max = 800 x 1.93 x 1074 = 0.1544 kg/s = 555.8 kg/h 
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Drag effect meters are useful for measurement of both gas and liquid flows. For 
very small gas flows the rotameter may employ a very narrow bore tube with a 
very small low density float material. The scale on the meter is correct only for the 
stated pressure and the fluid. Correction factors need to be applied when these are 
different during use. Rotameters have to be oriented vertically with the inlet at the 
bottom and the outlet at the top. In those cases where the flow is through horizontal 
tubes significant modifications in piping may become necessary. These changes in 
the piping involve introduction of several bends that introduce significant head loss 
and also increase installation cost. 


9.4 Miscellaneous types of flow meters 
We describe below the following types of flow meters: 


e Positive displacement meters 
e Vortex shedding type flow meter 
¢ Turbine flow meter 


9.4.1 Positive displacement meters 


Various positive displacement meters are available for measuring or controlling 
delivery of a required amount of fluid. The simplest method one can think of is the 
collection of a liquid flowing through a system in a unit of time in a measuring jar 
or bucket to obtain the volume or mass flow rate. A syringe pump (piston moving 
inside a cylinder of accurate bore at a constant linear speed) is an example of such 
a meter, that is commonly employed in laboratory practice. It is also used in drug 
delivery systems in medical practice. A positive displacement meter that uses lobed 
rotors is shown in Figure 9.16. As is evident each rotation of the rotor will mean a 
delivery of volume V of the fluid to the outlet. Hence one has to measure the number 
of rotations of the rotor per unit time and multiply it by V to get the volume flow 
rate. 

Lobed rotor 


Figure 9.16: Positive Displace- 
ment type with Lobed Rotors 


9.4.2 Vortex shedding type flow meter 


It is observed that when a fluid flows past an immersed object, vortices are shed 
into the flow which gives rise to periodic disturbances behind the flow. Figure 9.17 
shows how this can be used as a flow measurement device. Different body shapes that 
are useful are also shown in the figure. One simply monitors the pressure or velocity 
fluctuations behind the immersed object and measures the dominant frequency f to 
get the fluid velocity. The fluctuations in pressure may be monitored by using either 
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a piezoelectric transducer or a strain gauge. It is also possible to use immersed hot 
film sensor buried in the vortex shedding body to monitor the shedding frequency. 
The vortices may also be monitored using an ultrasound beam which is interrupted 
each time a vortex passes across the beam. Vortex shedding frequencies are in the 
200 - 500 Hz range and the frequency responds within about1 cycle. 

Nst 


— Karman vortices 
— 


355.5 — J 
ee 


Vv 


(a) (b) 
Figure 9.17: (a)Vortex shedding type flow 
D D meter (b) Characteristic of vortex shedding 
(c) meter (c) Different body shapes 


With proper choice of the body shape, the Strouhal number, a non-dimensional 
D 
parameter defined as Ng; = D remains fairly constant over a range of fluid 


velocities as long as the flow is turbulent. Diameter D is the characteristic length. 
The fluid velocity is then a linear function of the vortex shedding frequency. 


The vortex shedding type meter has the advantage that it is not necessary to 
calibrate each and every meter. Once the shedder geometry is fixed, one time 
calibration will suffice, for all meters using the shedder of that fixed geometry. There 
is no wear and tear of the meter since there are no moving parts. The meter may be 
used for clean as well as contaminated liquids. 


9.4.3 Turbine flow meter 


The turbine flow meter (see Figure 9.18) consists of a turbine rotor mounted in a 
tube through which the flow takes place. Flow straighteners both upstream of and 
downstream of the rotor provide parallel flow past the meter. The rotational speed 
of the rotor is directly related to the flow rate. The rotational speed is measured 
using a variable reluctance (magnetic) pickup. The pickup consists of a permanent 
magnet around which a coil is wound. The magnetic coupling between the permanent 
magnet and the coil varies and changes every time a rotor vane passes across it. The 
change in the magnetic flux coupling induces a voltage across the coil. The frequency 
of this wave is directly proportional to the rotational speed that is thus proportional 
to the flow velocity. Turbine flow meters are available for fluids over large pressure 
and temperature ranges. Typical performance figures for turbine meters are given 
in Table 9.2. 


Turbine flow meters are highly accurate and practically linear over a fairly large 
range of flow rates. The head loss is moderate and the meter itself is very compact. 
However these meters are very expensive and the bearings pose service problems. 
Turbine meters can handle only pure liquids without any contamination. Also these 
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Figure 9.18: Schematic of a Turbine flow meter 


Table 9.2: Typical specifications for turbine flow meters 


Body material 316 Stainless Steel 
Rotor material CD4MU Stainless Steel 
Rotor support and Bearings 316 Stainless Steel 
Rotor shaft Tungsten Carbide 


Operational temperature range -101 to 177°C 


Maximum pressure As high as 350 bars for some models 
Accuracy 1% of reading 
Repeatability 0.1% 


Supplied by Blancett Flow Meters, Wisconsin, USA 


meters are sensitive to flow disturbances, especially to the presence of swirl. Hence 
flow straigteners are an integral part of the meter. 


We conclude the discussion on miscellaneous types of flow meters by summarizing 
the factors that need to be kept in mind in the choice of a particular flow meter. 


9.5 Factors to be considered in the selection of 
flow meters 


Performance considerations: Accuracy, Repeatability, Linearity, Rangeability, 
Pressure drop, Signal characteristics, Response time, Reliability 

Fluid property considerations: Liquid or gas, Operating temperature and pres- 
sure, Density, Viscosity, Lubricity, Chemical properties, Surface tension, 
Compressibility, Presence of other phases, 

Economic considerations: Cost of equipment, Installation costs, Operation and 
maintenance costs, Calibration costs, 

Installation considerations: Orientation, Flow direction, Upstream and down- 
stream pipe work, Line (diameter of pipe) size, Servicing requirements, Effects 
of local vibration, Location of valves, Electrical connections and the nature of 
power required like ac or dc, Provision of accessories 

Environmental considerations: Effect of ambient temperature, Effect of hu- 
midity, Signal conditioning and transmission, Pressure effects, Effect of 
atmosphere, Electrical interference 
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9.6 Calibration of flow meters 


Comparison of the output of an instrument with a standard one of established 
uncertainty is called calibration. Calibration is required only when the absolute 
accuracy of a meter is required. This may be either because of prevailing standards 
or required because of concern over the quality of the measurement. More expensive 
the fluid being metered higher is the desired accuracy and hence the more important 
the quality of calibration. Since flow rate is a derived quantity calibration is involved 
and may require several measurements requiring several instruments. 


9.6.1 Methods of calibration 


The simplest and cheapest method of calibrating a flow meter is to check its 
performance against another meter, the calibration of which is traceable to known 
standards. The reference meter should be superior in quality to the meter to be 
calibrated and the test bench must be so constructed that the location of one does 
not affect the performance of the other. The available methods of calibration of flow 
meters are shown in Figure 9.19. We shall describe some of these in detail in what 
follows. 


Flow meter to be calibrated 
Liquid flow meter 
Volume based Gravimetric 
- Volumetric tank - Static Weighing 


- Flying start 
- Flying finish 


Gravimetric 
- Weighing 


Volume based 
- Soap film burette 
- Bell prover 


Figure 9.19: Different methods of calibration of flow meters 


9.6.2 Soap film burette 


Very low gas flows at around the atmospheric pressure are measured by meters 
such as the rotameter or variable area meters that have been described earlier. 
Calibration of these may be made by the soap film burette technique. Figure 
9.20 shows the typical appearance of such a calibration system. Two light source 
- photocell (light detector) combinations are arranged at two locations along an 
accurate burette as shown, to demarcate an accurately known volume. The gas flow 
meter under “test” is placed in series with the burette. The burette has a rubber 
bulb attached at the bottom as shown in the figure. The gas flow of desired rate is 
maintained through the burette by supplying the gas through a control valve (not 
shown in the figure). A soap film is injected into the burette and the gas flow carries 
it up the burette. Time taken by the soap film to move from the bottom detector 
to the top detector is the measured quantity. When the soap film crosses the path 
of the first detector it disturbs the light reaching the photocell and gives a ‘blip’. 
When the soap film crosses the second detector it again produces a ‘blip’. A timing 
device measures the time between these two ‘blips’ electronically. The volume of the 
burette between the two detectors is accurately known and hence the volume flow 
rate is given by the ratio of this volume to the time between the ‘blips’. 
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The ‘output of the meter under test may therefore be assigned the volume flow 
rate that is measured by the soap film burette system. Usually the volume flow rate 
of gases is converted to standard pressure and temperature conditions. For example 
one may use 1 standard atmosphere and 25°C as the standard conditions. If the 
calibration is conducted at a pressure slightly above the atmosphere (otherwise the 
gas will not flow through the calibration system) and room temperature that may be 
different from the standard temperature, one will have to use correction based on 
gas laws. Example 9.7 brings out some of these. 


Example 9.7 

A calibration run was performed on a rotameter with a gauge constant of 
K = 1.38 x 1074 m?/s valid at STP. The bob of this rotameter has a density of 
pa =5kg/m*. The reading of the rotameter during the experiment was noted 
to be y= 98mm. The experiment itself was conducted with dry air as the 
gas at a gauge pressure of 50mm of water column and room temperature of 
32°C. The soap film apparatus consists of an accurate burette with the volume 
between the detectors of 1000 cm?. The time interval registered by the timing 
device was 77 s. Analyze the data and discuss the result of the calibration 
experiment. 


Solution : 

We first calculate the volume flow rate indicated by the rotameter, correcting 
for the effect of non STP conditions prevailing during the experiment. From 
the rotameter analysis presented earlier, the gauge constant is directly related 
-pF 
Pf 

K value specified for the rotameter is based on STP that is, assuming the 
pressure to be 101325 Pa and temperature to be 25°C or 298 K. Let ppf 
represent the fluid density (air density) at STP and pr represent the same 


to the factor where the symbols have the familiar meanings. The 
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at the actual non STP conditions. We calculate these two from the following: 
The density at STP is given by 


p 101325 r 
= =- _ Ll 
Pca ayas 0em 
Actual pressure is 50 mm water column gauge. This is equivalent to p' = 
50 x 107 x 9.8 x 1000 = 490 Pa gauge or p' = 101325 + 490 = 101815 Pa . The 
temperature is T’ = 32°C = 305 K. The actual density of air is thus given by 


1 
,  p' — 101815 i 
r= RT 287x305 16948m 


Let the corrected gauge constant be K’ . We have 


Joor -1 VACIB I 
Ki = Voter tpg yYSL185-1 3. 10-4 = 1.32 x 10-4 m?/s 


7 [pole -1 ~ V5/1.163 — 1 


The volume flow rate, Q’ corrected for non STP operation is now given by 
Q' = K'y = 1.82 x 1074 x 98 x 10°? x 10° = 12.9 cm/s 


We may now convert this to STP conditions using the principle of conservation 
of mass, according to which Q’ Pr =Qpr. Hence 


g= Q'Pf 12.9 x 1.163 


= =12.7 cm? 
7 1185 7Tcm*/s 


From the soap film calibrator data we calculate the volume flow rate as below. 
Volume swept by the soap film is V = 1000 cm?. The time taken by the soap 
film to sweep this volume is t = 77 s . The volume flow rate is then given by 


1000 : 
Qealib = 77, = 12.99 cm?/s 


We have to correct this for non STP effects and convert it to STP volume flow 
rate Qcalip. This is easily done as 


QalivPy _ 12.99 x 1.163 
pp 1.185 


Qcalib = = 12.75 cm/s 


We may now compare the meter indicated value and the soap film based value, 
both at STP conditions to get 


@ = Qeatib qoo- 12:7 12.75 


= 100 = -0.72% 
Qcalib 12.75 ° 


Error= 


It appears that the gauge constant of the rotameter is fairly accurate and is 
adequate for laboratory use. 
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9.6.3 Bell prover system 


This method is used as a basic standard for measurement of gas flow rate near 
ambient pressures. The details of the bell prover system are shown in Figure 9.21. 
A hollow cylinder is inverted over a bath of sealant liquid which may be water, or to 
avoid humidity problems, a light oil of low vapor pressure. The cylinder is full of the 
gas that will be used for testing the flow meter. The cylinder is allowed to fall, in a 
controlled manner using weight and pulley arrangement shown in the figure. During 
this fall the cylinder displaces the gas through the flow meter under test. 


By timing the rate of fall of the cylinder, and knowing the relation between 
height change and the volume displaced, the volume flow rate through the meter 
can be determined. Comparison with the meter reading will provide the required 
calibration data. As in the previous method non STP corrections need to be 
incorporated. 

Rope+Pulleys 


Frame 


Figure 9.21: Bell prover calibra- 
tion system 


Weights 


ater or oil tan 


9.6.4 Flying start - Flying finish method with static weighing 


This method is suitable for the calibration of liquid flow meters. Figure 9.22 gives 
the schematic of the method. 
Meter under test 


oajea ssedig 


Weighing 


tank 
Figure 9.22: Flying start - Flying 


Water sump ~ finish method with static weighing 


Static weighing means the weighing of liquid that has been collected for a known 
time and is at rest. A large sump supplies the liquid for conducting the calibration 
test. The pump has a valve controlled bypass such that the flow rate through the 
meter under test may be controlled to have a desired value. The liquid is discharged 
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through a two way quick acting valve. The discharge of the liquid is either back to 
the sump or to the weighing tank. The quick acting valve is operated to divert the 
liquid, that would be normally discharged to the sump, to the weighing tank. After 
a measured time interval the valve is operated to send the liquid back to the sump. 
The mass of the liquid is determined using the weigh bridge. The mass of water 
collected divided by the duration of collection yields directly the mass flow rate. This 
may be compared with the reading of the meter under test to provide the required 
calibration. 


Concluding remarks 


Volume flow rate or mass flow rate is an often measured quantity in laboratory 
practice as well as industrial applications. Several methods have been discussed 
in detail in this chapter. Variable area flow meter or rotameter is a device that is 
used very often for the measurement of volumetric flow rate of both liquids and 
gases. The principle of such an instrument has been discussed in sufficient detail. 
Corrections for operation of a rotameter at other than the design pressure and 
temperature also has been dealt with. Positive displacement type flow meters also 
have been presented. The chapter has concluded with a discussion on calibration 
of flow meters. 
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Chapter 10 


Stagnation and Bulk mean 
temperature 


When a high speed flow is brought to rest isentropically the temperature 
increases and attains the stagnation temperature because of conversion of 
kinetic energy of directed motion to internal energy. Proper design of probes 
is necessary to measure the stagnation temperature in such an application. 
Heat transfer and fluid flow applications involve fluids in motion. When the 
fluid velocity and temperature fields are non uniform across a section it is 
necessary to measure the bulk mean temperature in order to determine the 
enthalpy flux across the section. 
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10.1 Stagnation temperature measurement 


Earlier we have described various methods of temperature measurement. We have 
also discussed the measurement of temperature of a moving fluid, essentially at low 
velocities. However, when flow velocities of a gas are high (as for example, in high 
subsonic or supersonic flows) the temperature of the gas under stagnation conditions 
is higher than the temperature of the moving gas because of conversion of kinetic 
energy to internal energy. The gas temperature takes on a value that is referred to 
as the stagnation temperature. The stagnation temperature is the same regardless of 
whether the process through which the stagnation process takes place is reversible or 
irreversible, as long as it is adiabatic. In many engineering application it is essential 
to measure the stagnation temperature. We shall consider two different probes that 
may be used for this purpose. 


10.1.1 Shielded thermocouple stagnation temperature probe 


Typical construction details of a shielded thermocouple stagnation temperature 
probe are shown in Figure 10.1. The probe consists of a stagnation chamber with 
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Figure 10.1: Shielded thermocouple stagnation temperature probe in a supersonic 
stream (Based on NASA Technical Memorandum 4407, March 1993) 


vent holes, the chamber walls doubling as radiation shield. The leads are taken 
out through the back as shown. The thermocouple itself is R type. The flow enters 
normal to the rectangular opening, comes to a halt adjacent to the thermocouple 
and rejoins the flow after passing through the vent holes. The nature of flow is also 
indicated schematically in the figure. 


The temperature measured by the probe is actually the temperature of the junction 
T;. This is not necessarily the stagnation temperature (also referred to as the total 
temperature T;). The reason for this is that the lead wire conduction introduces 
heat loss thus making the process non-adiabatic. Secondly there may be heat loss 
by radiation from the probe to the cold ambient. However this may be reduced by 
the radiation shield (the walls of the stagnation chamber). Thirdly the stagnation 
process involves conversion of kinetic energy to internal energy through the viscous 
dissipation process. This last mentioned process involves the so called recovery 
factor that involves a difference between the total temperature and the adiabatic 
wall temperature. The last quantity is the temperature at a surface exposed to high 
speed flow when it is perfectly impervious to flow of heat. If the temperature of the 
Tj -To 
T; a To ` 
It is known that the recovery factor correlates with the parameter po2 Te , where 


gas is T far away from the probe, the recovery factor is defined as the ratio 
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Pog is the total (or stagnation) pressure downstream of the shock. The relationship 
is obtained experimentally. One may look upon the recovery factor as purely a 
correction factor for determining the correct value of the stagnation temperature. 
For more details about the probe types and valuable experimental data the reader is 
referred to NASA TM 4407.1 


In a particular design the following were used: 


e Radiation shield is made of Pt-20% Rhodium tubing 0.0585"(1.486 mm) OD, 
0.049"(1.245 mm) ID 

e Vent holes are 2 in number and are 0.022"(0.559 mm) diameter 

¢ Total probe length is 1.22"(30.988 mm) 

e Area ratio - vent area to entry area - 0.5 to 0.6 for optimum recovery 


10.1.2 Dual thin film enthalpy probe 


A second type of probe that has been used for measurement of stagnation 
temperature is the dual thin film probe shown in Figure 10.2. 


Thick heater leads 
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heaters 


The probe consists of two thin films that are heated externally such that the 
heating rates are different for the two films. Because of this the two films will run at 
different temperatures. Let the heat input rates and the respective temperatures be 
Qı, Tı and Q2, T2 . From heat transfer theory we know that the following hold: 


Q1=hAS1(T;- Tı) (10.1) 


Q2 = hS2(Tt- T2) (10.2) 


Here A is the heat transfer coefficient between the fluid and each film, assumed the 
same for both the films (the films are close to each other on a common substrate). 
The surface areas of the films exposed to the fluid are Sı and S2 respectively. We 
may eliminate h and rearrange Equations 10.1 and 10.2 to get 

Q1) (T2-T1) 


1-7, +(24) (e-&) (10.3) 
Sı So 


The estimation of the total temperature thus requires the measurement of two heat 
rates and two film temperatures. This method circumvents the requirement of 
knowledge of the recovery factor. 


1C. W. Albertson and W. A. Bauserman, Jr., Total Temperature Probes for High- 
Temperature Hypersonic Boundary-Layer Measurements, NASA TM-4407, March 1993 
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10.2 Bulk mean temperature 


Consider a typical heat exchanger test rig shown in Figure 10.3. The test rig is 
basically a low speed wind tunnel with the heat exchanger placed facing the wind. 
The heat exchanger has two streams taking part in the heat exchange process, 
air passing through the wind tunnel (a duct) and the coolant passing through the 
heat exchanger tubes. The example shown is a cross flow heat exchanger, like for 
example, a radiator used in automotive applications. In order to determine the 
heat gained by the air flowing in the duct one needs to measure the bulk mean 
temperature of air just before the heat exchanger and again just after the heat 
exchanger. The bulk mean temperature is a temperature that is averaged over 
the flow passage weighted by the local flow velocity. In general, both the local 
temperature and the local velocity may vary across the flow area. The measurement 
thus requires the simultaneous measurement of the velocity and temperature fields. 
Similar measurements are also required for the coolant stream. The coolant may be 
a liquid like water or antifreeze liquid. The flow rate and bulk temperatures may 
be measured using appropriate instruments such as a variable area flow meter and 
RTD. The temperature measurement may be made within the manifolds if the liquid 
enters and leaves the heat exchanger through manifolds (or headers). 
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Figure 10.3: Typical heat 
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Coolant Out exchanger test rig 


Bulk mean temperature may be defined based on concepts borrowed from heat 
transfer theory. Consider, as an example, flow of a fluid in a circular tube as shown 
in Figure 10.4. Consider any section across the tube. The temperature of the fluid 
as well as the velocity is assumed to vary with r, the radial distance from the tube 
axis. If the density and specific heat of the fluid respectively are p and C, the flux of 
enthalpy E across the section of the tube is given by 


R 
E= f pCT(r)V(r)2ardr (10.4) 
0 
Similarly we have the mass flux across the section given by 
R 
m -Í pV(r)2urdr (10.5) 
0 


We may write the enthalpy flux as the product of a mean temperature called the 
bulk mean temperature T, and the mass flux specific heat product mc. Thus the 
bulk mean temperature is given by 

Ef pCT@)V@)2ardr _ fy TV (r)rdr 


Ty=—x= = 
MO f® pCV(r)2ardr Se V@rdr 


(10.6) 
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Figure 10.4: Flow of a fluid in a 
Elemental area = 2ardr circular tube 


The last result is appropriate for a fluid with constant properties. The bulk 
mean temperature is also referred to as the mixing cup temperature since this is 
the temperature obtained if one were to collect the fluid passing the section and 
mix it adiabatically. The defining equation involves integration across the section 
of the tube. In practice integration may not be possible unless the local velocities 
and temperatures are measured with high spatial resolution. This is possible only 
with laser based measurements. In normal laboratory practice one uses a Pitot tube 
for velocity measurement (described in Module III, Chapter5) and thermocouple 
for temperature measurement. Hence the integrals are replaced by summation as 
described below. We divide the cross section of the circular tube in to elements of 


Elementi | 1 2 3 4 5 

R,/R 0.316 | 0.447 | 0.548 | 0.632 | 0.707 
z __ Element # | 6 7 8 9 10 

R,/R 0.775 | 0.837 | 0.894 | 0.949 | 1.000 


R;=Radius of element i R=Radius of tube 


Figure 10.5: Division of a circle in to 10 
elements of equal area 


equal area. For example, if the area of cross section of the tube is divided in to 10 
elements of equal area, the bounding circles for the 10 elements are as shown in 
Figure 10.5. The corresponding radii of the bounding circles are given in the table 
given as an inset in the figure. 


The number of area elements one is able to use in practice depends on the size of 
the probes (Pitot or Thermocouple). For high spatial resolution one may need to use 
very small sizes for the probes. Secondly the probes should not disturb the flow and 
temperature fields to any great extent. Thirdly the importance of the measurement 
decides the choice of the probe size, the number of area elements to be used and the 
spatial resolution. It is thus clear that the precision of the estimated value of the 
bulk mean temperature is dependent on several factors. 


The temperature and velocities are measured close to the middle of these area 
elements (bounded by adjacent circles) and the integrals appearing in Equation 10.6 
are replaced by summation. This is explained in greater detail with an example 
of flow in a duct of rectangular cross section. In view of the axi-symmetric nature 
of the flow velocity and temperature measurements may be made along any radial 
direction, in the case of a circular tube. 
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10.2.1 Flow in a rectangular duct 


In the equal area method the area across which the flow takes place is divided into 
equal area elements by a grid arrangement as shown in Figure 10.6. The shaded 
area is a typical area element. Both the velocity and temperature are measured at 
the centroid of this area indicated by the big black dot. If a node in the figure is 
represented by its row and column identifiers, the measurements yield V; j and T; j 
with 1<i<m and 1< j<n. In the case shown in Figure 10.6 m = 4 and n = 5. If the 
area of each element is AA the mean velocity and the bulk mean temperature are 
given by 


1 2 3 4 5 
il-45] [__ 88.3) 138.1) __ _89.8°C 
2.98 3.63 3.61, 2.98 m/s 
gee oe BO eager 
3.04 3.77 '3.81 | 3.0 
3. 344 (35:1 35.0) +4 
3.03 379 13.81 ı 3.03 Figure 10.6: Typical temper- 
ide 44.7 889] 138.8 + ature - velocity data 
2.07 3.64 3.59) 12.9 
y, = ZL D1 VijAA _ 27d Vij (10.7) 
ee, AA mxn 
T, = way Vag OA Xi Xi VijTihj (10.8) 
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One way of accomplishing this is to use an array of thermocouples (or thermocouple 
rake, as it is referred to) and Pitot tube rake. One may move the rake (a line array) 
systematically using a precision traverse and hence get the required velocity and 
temperature readings. The experimental arrangement is as indicated in Figure 10.7. 
Example 10.1 is based on actual data taken in our laboratory. 


(a Thermocouple rake 


Figure 10.7: Schematic of thermo- 
couple rake arrangement for measur- 


Duct ing the bulk mean temperature 


Movement 


Example 10.1 


The data collected in an experiment is given in Figure 10.6 is in the form of a 
matrix. Temperatures are in °C while the velocity entries are in m/s. Estimate 
the bulk mean temperature assuming that each grid has an area of 0.125cm?. 


Solution : 
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Table below gives the data and the velocity temperature products in a form 
useful for computing the bulk mean temperature. 


Gell V,mis T,°C VxT cl V,m/s T,°C VxT 
number number 
1,1 2.98 40.5 120.69 3,1 3.03 324 98.17 
12 3.65 38.2 139.43 3,2 3.77 354 133.46 
1,3 3.63 38.3 139.03 3,3 3.79 35.1 133.03 
1,4 3.61 38.1 137.54 3,4 3.81 35 133.35 
1,5 2.98 39.9 118.90 3,5 3.03 35 106.05 
21 3.04 39.2 119.17 4,1 2.91 42.7 124.26 
22 3.73 37.6 140.25 4,2 3.68 385 141.68 
23 3.77 37.3 140.62 4,3 3.64 389 141.60 
2,4 3.81 37.4 142.49 4,4 3.59 38.8 139.29 
25 3.04 38.9 118.26 45 2.91 392 114.07 


The bulk mean temperature is then obtained, using Equation 10.8 as 


_LtYSvijTi,j _ 2581.34 


T,= = =37.74°C 
b Ax 5x Vin 68.4 


Concluding remarks 


This has been a short chapter dealing with the measurement of stagnation 
temperature as well as bulk mean temperature. These are respectively important 
in high speed flows and in studying transport of heat and mass in internal flows. 
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Exercise III 


III.1 Pressure measurement 


Ex ITII.1: Atmospheric pressure is usually measured by using a barometer. Discuss 
the constructional details of a barometer and discuss its usefulness. 


Ex ITI.2: A U - tube manometer uses an oil of specific gravity 0.8 as the manometer 
liquid. One side of the manometer is open to local atmospheric pressure of 730 
mm Hg and the difference in column heights is measured to be 200+1 mm 
when exposed to an air source at 25 °C. Standard acceleration due to gravity 
exists. Calculate the pressure of the air source and its uncertainty in Pa. 


Ex ITI.3: In an inclined tube manometer the sealing liquid has a specific gravity 
0.92 while the fluid whose pressure is to be measured is air at 1 atm and 
20°C. The angle made by the inclined leg with the horizontal is 12° with a 
maximum deviation of + 0.25 °. The well is a cylinder of diameter 0.08 m 
while the inclined tube has a bore of 0.003 m. Both these are susceptible 
to a variation of +0.3%. Determine the pressure difference in Pa when the 
manometer reading is given as 90+0.75 mm. Express the result also in Torr. 
What is the uncertainty in the indicated pressure? 


Ex ITI.4: In an inclined tube manometer the sealing fluid is a liquid of specific 
gravity 0.88 while the fluid whose pressure is to be measured is nitrogen 
at close to 1 atm and 30°C. The angle made by the inclined leg with the 
horizontal is 15° with a maximum deviation of + 0.2°. The well is a cylinder 
of diameter 0.075 m while the inclined tube has a bore of 0.0025m. Both these 
are susceptible to a variation of +0.2%. Determine the pressure difference 
in Pa when the manometer reading is given as 100+1 mm. Calculate the 
uncertainty in the indicated pressure. Note: The inclined tube is exposed to 
room air at 1 atm and 30°C. 


Ex III.5: A well type manometer has the measurement leg inclined at 14° to the 
horizontal. The diameter of the measurement column is 3 mm while the well 
has a diameter of 40 mm. Oil having a specific gravity of 0.85 is used as the 
manometer liquid. A differential pressure in air at 1 atm is applied such that 
the displacement of the liquid along the slanted column is 180 mm. What is 
the correct differential pressure in mm of water and Pa? 
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Ex III.6: A well type inclined tube manometer uses a glass tube of 1.5mm ID for 
the inclined leg while the well has a diameter of 50mm. The manometer 
liquid is an oil of density 920kg/m°. The manometer is used to measure the 
differential pressure of air at an average pressure of latm and 298K. What is 
the differential pressure in Pa if the liquid level in the inclined leg is read as 
200mm? The inclination of the leg is 10° with the horizontal. 


Ex III.7: A mercury U - tube manometer has total length of column of 60 cm in a 
1.25 mm diameter tube. Determine the period of oscillation and the damping 
ratio. 


Ex ITI.8: A U tube manometer has a tube diameter of 3 mm. The manometer liquid 
is water at 30 °C. The total length of the water column is 650 mm. Obtain the 
parameters that describe the transients in this system. Identify whether the 
system is under/over/critically damped. If the diameter of the U tube alone is 
reduced to 1.5 mm and all other quantities are unchanged what will be your 
answer regarding the nature of the damping? 


Ex ITI.9: A U-tube manometer uses water as the manometer fluid. The total length 
of the column of water is 25 cm. The U-tube has a uniform bore of 1.8 mm. 
Determine the parameters that govern the transient response of this system. 
Make a plot of the response of the manometer to a step input. 


Ex III.10: A pressure signal is fed through a line having an inside diameter of 
2.5 mm and a length of 4 m. The line is connected to a pressure transducer 
having a volume of 3.5 ml. Assume that during measurement this volume 
remains constant. Air at 2 bar and 15°C is the transmitting fluid. Calculate 
the time constant of the system. Is this arrangement suitable for measuring a 
transient, which is cycling at a) 10 Hz b) 50 Hz? Give a brief account of how 
you arrive at your decision. 


Ex III.11: A bellows type pressure gauge of area 2 cm”, spring constant k = 15 
N/cm is connected by a 3 mm ID tubing 5 m long in a process application. 
Measurement is of pressure of water of density 1000 kg/m®. What is the time 
constant? 

Suggest ways of reducing the time constant by a factor of 3. 


Ex III.12: A pressure signal is fed through a line having an inside diameter of 2 
mm and a length of 2.5 m. The line is connected to a pressure transducer 
having a volume of 5 ml. Assume that during measurement this volume 
remains constant. Air at 1.2bar and 30°C is the transmitting fluid. Calculate 
the time constant of the system. Is this arrangement suitable for measuring a 
transient, which is cycling at 100 Hz? Justify your answer. 


Ex III.13: Density of air is to be estimated by measuring its pressure and temper- 
ature. The value of gas constant for air is given to be 287.1 J/kg-K. The 
measured pressure and temperature are: p = 350 + 1 kPa; t = 80+ 0.5 °C. 
Determine the density along with its uncertainty. 

Suggest suitable instruments for the measurement of pressure and tempera- 
ture in the above. What is the basis for your choice? Explain. 
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Ex III.14: A McLeod gauge is available which has a volume of 100 cm. The 
capillary has a diameter of 0.22 mm. What is the gauge reading when the 
pressure to be measured is 1 Pa? If the volume of the gauge is uncertain by 
+0.2 cm? and the capillary diameter is uncertain to the extent of +0.002 mm, 
what is the uncertainty in the gauge reading? 


Ex III.15: A McLeod gauge has a volume of 20 ml. The capillary has a diameter of 
0.2 mm. What is the gauge reading when the pressure to be measured is 2 Pa? 
If the volume is uncertain by +0.1m/ and the capillary diameter is uncertain 
by + 0.003 mm, what is the uncertainty in the gauge reading? 


IlI.2 Velocity measurement 


Ex III.16: Using library resources discuss “calibration” of multi-hole probes. How 
would you reduce the data to a useful “formula”? 


Ex III.17: An impact probe is to be used to measure a maximum Mach number in 
air of 6. The static pressure in the stream may be as high as 50 kPa. What 
will be the upper limit of pressure that is expected? 


Ex ITI.18: An impact tube is used with air flow at 10 °C, 40 kPa and a velocity of 
700 m/s. What pressure will be indicated by the probe? 


Ex ITI.19: Consider a hot-wire anemometer working as a fixed wire temperature 
(and hence its resistance). The wire operates at a temperature of 200 °C 
while the air temperature is 20 °C. The velocity of the air varies between 0 
and 20m/s. The platinum hot wire of 5 um diameter is 1.5 mm long. What 
is the sensor output when the air velocity is 8 m/s? Take the resistivity 
of platinum at 20 °C, p20 = 10.5 x 1078Om and its temperature coefficient 
a = 0.00892/*ircC. 


Ex ITI.20: A hot wire anemometer is operated in the constant temperature mode. A 
calibration experiment was performed to determine the relationship between 
the fluid velocity and the output of the hot wire. The experiment was set up 
in a small tube of diameter 50mm and the velocity was estimated from an 
independent measurement using a Pitot static tube. The data is tabulated 
below: 


Velocity, V,m/s 1.05 2.10 2.95 3.94 5.06 
Hot wire output, E,V 6.755 6.746 6.562 6.558 6.716 


Derive by suitable means a useful relation between the output and the velocity. 
Specify also an error bar. 


Ex ITI.21: Portable thermal anemometers are now available from several manufac- 
turers. One example is “Airflow Instruments" accessible through their web site 
www.airflowinstruments.co.uk. Make a study of the different models available 
from them and write a short note on how you would choose an appropriate 
model for measurement of air velocity in a rectangular duct of 100 x 150mm 
cross section. The velocity range of interest is 0.05 -—4m/s. 
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Ex III.22: Hot wire anemometer systems are available from several manufacturers 
such as A.A Lab Systems, U.S.A. accessible at www.lab-systems.com. Study 
the specifications of AN — 1005 Hot-Wire Anemometry System supplied by 
them. Comment on its use for turbulence measurement. 


Ex ITI.23: Brief description of LDV has been provided in Chapter 5. Prepare a 
more detailed note on LDV systems by using the library resources. 


I.3 Volume flow rate 


Ex ITI.24: An orifice meter with pressure taps one diameter upstream and one- 
half diameter downstream is installed in a 55 mm diameter pipe and used 
to measure a maximum flow of water of 4l/s (p = 999.5 kg/m?, u= 9.75 x 
10°*kg/m-s at 21°C). For this orifice, 6 = 0.5. A differential pressure gauge 
is to be selected which has an accuracy of 0.25% of full scale and the upper 
scale limit is to be selected to correspond to the maximum flow rate given 
above. Determine the maximum range of the differential pressure gauge and 
estimate the uncertainty in the mass flow measurement at nominal flow rates 
of 4 and 2 l/s. 


Ex III.25: An orifice plate of diameter ratio 0.65 is used to measure the flow of 
water at room temperature in a 52 + 1 mm ID pipe. The water flow velocity in 
the pipe is known to be 3.5 + 0.05 m/s. Determine the head developed across 
the orifice plate in Pa and mm of mercury if D, D/2 taps are made use of. Also 
determine the uncertainty in the head developed. 


Ex ITI.26: A sonic nozzle has an orifice diameter of 0.8mm and the upstream air 
temperature remains fixed at 20°C. Determine the mass flow rate of dry air 
through the sonic orifice if the upstream pressure varies between 100 and 
1000kPa. Assume that the downstream pressure is always less than the 
critical pressure. 


Ex ITI.27: An orifice meter is to be used to measure flow of water at 10 bar and 25 
°C. The maximum flow rate is 1 kg/s. The minimum flow rate is to be 0.3 kg/s. 
Determine the size of the orifice plate such that the pipe Reynolds number is 
not less than 10000. Calculate the differential pressure developed across the 
orifice plate if p = 0.43. Assume that D — D/2 taps are made use of. 


Ex ITI.28: An orifice plate with area ratio of 0.5 is used with D,D/2 taps for the 
measurement of water flow at an upstream absolute pressure of 2 bar. A 
differential pressure transmitter with 100mm water head full scale is used to 
measure the head developed. If the pipe diameter is 24 mm what is the flow 
rate if the head developed is 65 mm water column? 


Ex ITI.29: A venturi is designed to measure flow in a tube of 8 cm ID. The flowing 
fluid is dry air at atmospheric pressure and room temperature of 25 °C. The 
Reynolds number at the throat is to be not less than 2x 10°. Use a p value of 
0.62 for the venturi. What is the minimum flow rate that may be measured 
using this venturi? What is the corresponding pressure drop in mm of water 
column? 
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Ex ITI.30: A venturi is to be used to measure flow of air at 1 bar and 60°C. 
Maximum flow rate is 0.1 m/s. The minimum flow rate is to be 0.03 m°/s. 
Determine the size of the venturi such that the pipe Reynolds number is not 
less than 100000. Calculate the differential pressure developed across the 
venturi if B= 0.55. 


Ex ITI.31: Redo problem IJI.30 assuming that the installation is an orifice plate 
with corner taps. The area ratio for the orifice plate is to be taken as 0.3. 


Ex ITI.32: A venturi is to be used to measure flow of air at 2 bar and 25°C. The 
maximum flow rate is 0.8 kg/s. The minimum flow rate is to be 0.4 kg/s. 
Determine the size of the venturi such that the pipe Reynolds number is not 
less than 150000. Calculate the differential pressure developed across the 
venturi if p = 0.55. 


Ex ITI.33: A venturi is to be used to measure flow of air at 5 bar and 25 °C. 
The maximum flow rate is 1 kg/s. The minimum flow rate is to be 0.3 kg/s. 
Determine the size of the venturi such that the pipe Reynolds number is not 
less than 100000. Calculate the differential pressure developed across the 
venturi if 6 = 0.6. 


Ex III.34: A rotameter is to be used for measurement of the flow of water at 6 bar 
and 21°C. The maximum flow rate is 1.2 kg/s, the inlet diameter of the meter 
is 25 mm, and the length of the meter is 15 cm. The bob is constructed so that 
its density is 3 times that of water and its volume is 3 ml. Calculate the taper 
for a drag coefficient of 0.6 and determine the meter constant. 


Ex ITI.35: A rotameter is chosen to measure air flow at 25°C and 1 atmosphere 
pressure. The bob is spherical and has a diameter of 5mm. Bob is made of 
cork with a density of 240kg/m® . The total length of the rotameter tube is 
100mm and the diameter of the tube at its inlet is 5mm. The rotameter tube 
has a taper of 0.6°. What is the gage constant? What is the flow rate when the 
rotameter reading is 75mm? Assume a constant coefficient of drag for the bob 
of 0.4. 


Ex ITI.36: The rotameter in Exercise III.35 is used in an installation where the air 
is at a pressure of 50mm water column gage and the temperature is 35°C. 
What is the correction factor that has to be applied to the gage constant 
calculated there? 


Ex ITII.37: The rotameter in Exercise III.35 is used in an installation where 
the fluid is Nitrogen at a pressure of 25mm water column gage and the 
temperature is 15°C. What is the correction factor that has to be applied to 
the gage constant calculated there? 


Ex ITII.38: A rotameter used for measurement of water flow has the following 
specifications: 
Inlet diameter of Rotameter d = 0.025 m, length of tube L = 0.20 m, taper 
angle of rotameter is 0 = 1°, diameter of spherical bob Dy, = 0.025 m, drag 
coefficient for the spherical bob Cp = 0.65. 
What is the maximum flow rate that can be measured using this rotameter? 


Ex ITI.39: A rotameter used for measurement of water flow has the following 
specifications: 
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¢ Inlet diameter of Rotameter d = 0.03 m, Length of tube L = 0.25 m 
e The taper angle of rotameter is 0 = 1.2°, Diameter of spherical bob Dy, = 
0.03 m, Drag coefficient for the spherical bob Cp = 0.8. 


What is the maximum flow rate that can be measured using this rotameter? 


Ex III.40: A rotameter is to be used for measurement of the flow of air at 2 bar and 
30°C. The maximum flow rate is 0.01 kg/s, the inlet diameter of the meter is 
35 mm, and the length of the meter is 30 cm. The bob is constructed so that its 
density is 2 times that of air and its volume is 8 ml (the shape may be taken 
as being cylindrical with diameter equal to 35 mm.) Calculate the taper for a 
drag coefficient of 0.65 and determine the meter constant. 


Ex ITI.41: A rotameter is used for an airflow measurement at conditions of 15 °C 
and 5400 kPa gauge pressure. The local barometer reads 740 mm mercury 
and the rotameter is rated at 100 l/min (full scale) at standard conditions of 
1 atm and 20°C. Calculate the mass flow of air for a reading of 50 percent of 
full scale. 


Ex III.42: A rotameter is to be used for measurement of the flow of air at 1.2 bar 
and 15 °C. The maximum flow rate is 0.002kg/s, the inlet diameter of the 
meter is 15 mm, and the length of the meter is 200 mm. The bob is constructed 
so that its density is 50 times that of air and its volume is 5 ml. Calculate the 
taper for a drag coefficient of 0.8 and determine the meter constant. 


Module IV 


Thermo-physical properties, Radiation 
properties of surfaces, Gas 
concentration, 
Force/Acceleration,torque and power 


Module IV considers the measurement of many quantities of interest to 
mechanical engineers. These occur in important branches of mechanical 
engineering, viz., thermal engineering, power engineering, design and 
manufacturing. Chapter 11 deals with the measurement of thermo-physical 
properties that play important role in thermal as well as manufacturing 
processes. Chapter 12 deals with radiation properties of surfaces such as 
the emissivity and reflectivity. The knowledge of these properties is vital 
in the design of space systems. Chapter 13 deals with the measurement 
of concentration of gases. With increasing emphasis on pollution control 
and monitoring in most applications, these measurements assume importance. 
Mechanical engineers deal with combustion devices and the monitoring of their 
operation consists largely in the measurement of concentration of gaseous 
constituents, apart from temperature and pressure that have been considered 
in earlier Modules. Chapter 14 deals primarily with the measurement of force 
and the related quantities such as acceleration, torque, power and so on. These 
occur in such mundane applications like weighing of an object to applications in 
the study of vibration and noise. Characterization of most power conversion 
devices (such as turbines and engines) requires the measurement of these 
quantities. Measurement of elastic properties of materials is not considered 
here since these form part of specialized courses. Also not considered here will 
be the measurement of quantities that are traditionally grouped under the head 
“Metrology”. These are important in manufacturing engineering and are dealt 
with, again, by specialized books. 
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Chapter 11 


Measurement of 
thermo-physical properties 


Thermo-physical properties are required in all engineering analysis and 
design. Hence the measurement of these is an important aspect of 
mechanical measurements. In this chapeter we deal will the measurement of 
commonly encountered thermo-physical properties such as thermal 
conductivity, specific heat, calorific value and viscosity. 
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11.1 Introduction 


In mechanical engineering applications material properties are required for 
accurate prediction of their behavior as well for design of components and systems. 
The properties we shall be interested in measuring are those that may be referred 
to generally as thermo-physical properties. However, an important property of fuels, 
the calorific value is also included here since it is measured by methods that are 
basically like the ones that are used for measuring thermo-physical properties. 


Thus we shall be discussing the following measurement topics in this chapter: 


¢ Thermal conductivity 
e Heat capacity 

e Calorific value of fuels 
e Viscosity 


Thermal conductivity and viscosity are also referred to as transport properties since 
these are important in heat and fluid flow. 


11.2 Thermal conductivity 


Thermal conductivity may be measured by either steady state methods or un- 
steady (transient) methods. This classification is based on the nature of the 
temperature field within the sample. The steady state methods are generally termed 
as calorimetric methods since they lead to the formation of a steady temperature 
field within the sample whose thermal conductivity is intended to be estimated. The 
heat transfer accompanying the steady temperature field is estimated by subtracting 
all losses from the heat supplied. This is basically what one refers to as calorimetry. 
In the case of unsteady methods the sample experiences a time varying or transient 
temperature field. The losses are usually negligible because of short measurement 
times. 


In practice, an one dimensional temperature field - steady or transient - is set 
up in a sample of known geometric shape and size. In the case of steady state 
methods the Fourier heat conduction law in one dimension is applied by measuring 
the temperature gradient in terms of temperature difference and thickness of the 
specimen. Thermal conductivity is estimated using Fourier law. 


In the case of transient techniques, an one dimensional transient temperature 
field is set up in the specimen and the thermo-physical properties such as thermal 
conductivity and the thermal diffusivity are estimated by invoking well known 
solutions to the one dimensional heat equation. The measurement times may be 
a few milliseconds to several seconds or minutes. 


Since a large number of techniques are actually available, here we discuss only a 
few of them that are more commonly used in practice. The steady state methods that 
will be discussed are: 


e Guarded hot plate method: Solid, Liquid 
e Radial heat conduction apparatus: Liquid, Gas 
¢ Thermal conductivity comparator: Solid 


As far as unsteady methods are concerned, we discuss only one, viz. the Laser 
flash apparatus that is used for the determination of thermal properties of a solid 
material. 
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11.2.1 Basic ideas 


Thermal conductivity is defined through Fourier law of heat conduction. In the 
case of one-dimensional heat conduction the appropriate relation that defines the 
thermal conductivity is 


Q 
k=- =- F (11.1) 


In Equation 11.1 k is the thermal conductivity in W/m°C, q is the conduction heat 
flux in W/m? along the x direction, given by the ratio of total heat transfer by 
conduction @ and area normal to the heat flow direction A and T represents the 
temperature. In practice Equation 11.1 is replaced by 


Q 
k=- (11.2) 


Here |AT| represents the absolute value of the temperature difference across a 
thickness 6 of the sample. Following assumptions are made in writing the above: 


Heat conduction is one dimensional: Temperature field is steady and varies 
with only one space variable. Note that the space variable may be in a 
planar sample, a cylindrical sample or a spherical sample. Equation 11.2 is 
appropriate for a sample in the form of a slab. 

Temperature variation across the sample is linear: This assumption presup- 
poses that the thermal conductivity is a weak function of temperature, or the 
temperature difference is very small compared to the mean temperature of the 
medium 


With this background, the following general principles may be enunciated, that 
are common to all methods of measurement of thermal conductivity: 


e Achieve one dimensional temperature field within the medium 

e Measure heat flux 

e Measure temperature gradient 

° Estimate thermal conductivity 

e In case of liquids and gases suppress convection - more later 

e Parasitic losses are reduced/ eliminated/estimated and are accounted for - in 
all cases 


11.3 Steady state methods 


11.3.1 Guarded hot plate apparatus: solid sample 


The guarded hot plate apparatus is considered as the primary method of measure- 
ment of thermal conductivity of solid materials that are available in the form of a slab 
(or plate or blanket). The principle of the guard has already been explained in the 
case of heat flux measurement and heat transfer coefficient measurement in sections 
6.1.5 and 6.2. It is a method of reducing or eliminating heat flow in an unwanted 
direction and making it take place in the desired direction. At once it will be seen 
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that one-dimensional temperature field may be set up using this approach, in a slab 
of material of a specified area normal to heat flow direction and a sample of uniform 
thickness. Schematic of a guarded hot plate apparatus is shown in Figure 11.1. 


Two samples of identical size are arranged symmetrically on the two sides of an 
assembly consisting of main and guard heaters. The two heaters are energized by 
independent power supplies with suitable controllers. The control action is driven 
by the temperature difference across the gap between the main and guard heaters. 
The controller may use proportional - integral - derivative control (PID) to adjust 
the heater powers and drive the temperature difference to zero. Heat transfer from 
the lateral edges of the sample is prevented by the guard backed by a thick layer 
of insulation all along the periphery. The two faces of each of the samples are 
maintained at different temperatures by heaters on one side and the cooling water 
circulation on the other side. However identical one-dimensional temperature fields 
are set up in the two samples. 


Force 
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Coolant IN Coolant OUT R la 11.1: Schematic of a guarded hot 
Force plate apparatus 


2mm gap all round 


e Thermocouple junction 


Figure 11.2: Details of the main 
and guard heaters showing the 
thermocouple positions 


Guard Heater 50 mm wide 


The details of the main and guard heaters along with the various thermocouples 
that are used for the measurement and control of the temperatures are shown in 
the plan view shown in Figure 11.2. As usual there is a narrow gap of 1 - 2 mm 
all round the main heater across which the temperature difference is measured and 
maintained at zero by controlling the main and guard heater inputs. However the 
sample is monolithic having a surface area the same as the areas of main, guard 
and gap all put together. Temperatures are averaged using several thermocouples 
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that are fixed on the heater plate and the water cooled plates on the two sides of the 
samples. The thermal conductivity is then estimated based on Equation 11.2, where 
the heat transfer across any one of the samples is half that supplied to the main 
heater and the area is the face area of one of the samples covering the main heater 
only. 


Typically the sample, in the case of low conductivity materials, is 25 mm thick and 
the area occupied by the main heater is 200x200 mm. The heat input is adjusted 
such that the temperature drop across the sample is of the order of 5°C. In order 
to improve the contact between heater surface and the sample surface a film of high 
conductivity material may be applied between the two. Invariably an axial force is 
also applied using a suitable arrangement so that the contact between surfaces is 
thermally good. However care should be taken to see that the applied force does not 
change the density of the sample material, especially when the sample is in the form 
of a blanket. 


Example 11.1 


A guarded hot plate apparatus is used to measure the thermal conductivity 
of an insulating material. The specimen thickness is 25+0.5 mm. The heat 
flux is measured within 1% and is nominally 80W/m?. The temperature drop 
across the specimen under the steady state is 5+0.2°C. Determine the thermal 
conductivity of the sample along with its uncertainty. 


Solution : 
The given data is written down as (all are nominal values): 


q = 80 W/m?; AT =5°C;6 = 25mm = 0.025 m 


Using Equation 11.2, the nominal value of the thermal conductivity is 


qô =80x 0.025 1 
= — = ——— =0.4W/m°C 
RO AT 5 4 
The uncertainties in the measured quantities specified in the problem are 
80 
wet = 40.8 W/m?; uar = +0.2°C; us = 0.5mm = +0.0005m 


Logarithmic differentiation is possible and the error in the thermal conductiv- 
ity estimate may be written down as 


on = ny) (Sry +(e) 


2 2 2 
= soas (2) (=) (Se = +0.018 W/m°C 


80 5 0.025 
Thus the thermal conductivity is estimated within an error margin of 


0.018 
Percent uncertainty in k = + x 100=+ 


x 100 = +4.6% 
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11.3.2 Guarded hot plate apparatus: liquid sample 


Measurement of thermal conductivity of liquids (and gases) is difficult because it 
is necessary to make sure that the fluid is stationary. In the presence of temperature 
variations and in the presence of gravity the fluid will start moving around due to 
natural convection. There are two ways of immobilizing the fluid: 


e Use a thin layer of the fluid in the direction of temperature gradient so that 
the Grashof number is very small and the regime is conduction dominant. 

e Set up the temperature field in the fluid such that the hot fluid is above the 
cold fluid and hence the layer is in the stable configuration. 


The guarded hot plate apparatus is suitably modified to achieve these two conditions. 


Figure 11.3 shows schematically how the conductivity of a liquid is measured using 
a guarded hot plate apparatus. The symmetric sample arrangement in the case of 
a solid is replaced by a single layer of liquid sample with a guard heater at the top. 
Heat flow across the liquid layer is downward (along the direction of gravity) and 
hence the liquid layer is in a stable configuration. The thickness of the layer is chosen 
to be very small (of the order of a mm) so that heat transfer is conduction dominant. 
The guard heat input is so adjusted that there is no temperature difference across 
the gap between the main and the guard heaters. It is evident that all the heat input 
to the main heater flows downwards through the liquid layer and is removed by the 
cooling arrangement. Similarly the heat supplied to the guard heater is removed by 
the cooling arrangement at the top (not shown in the figure). 


G 
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Gallery for excess : a N Main Heater 


liquid to collect 
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Coolant IN Coolant OUT 


Figure 11.3: Guarded hot plate apparatus for the measurement of thermal 
conductivity of liquids 


11.3.3 Radial heat conduction apparatus for liquids and 
gases 


Another apparatus suitable for the measurement of thermal conductivity of fluids 
(liquids and gases) is one that uses radial flow of heat through a very thin layer of 
liquid or gas. A cross sectional view of such an apparatus is shown in Figure 11.4. 
The heater is in the form of a cylinder (referred to as bayonet heater or the plug) 
and is surrounded by a narrow radial gap that is charged with the liquid or the 
gas whose thermal conductivity is to be measured. Liquid may be charged in to the 
gap using a syringe pump. The outer cylinder is actually a jacketed cylinder that is 
cooled by passing cold water. Heat loss from the bayonet heater except through the 
annular fluid filled gap is minimized by the use of proper materials. Thermocouples 
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are arranged to measure the temperature across the fluid layer. Since the gap (the 
thickness of the fluid layer) is very small compared to the diameter of the heater heat 
conduction across the gap may be very closely approximated by that across a slab. 
Hence Equation 11.2 may be used in this case also. 


Typical specifications of an apparatus of this type are given below: 


e Diameter of cartridge heater D = 37mm 
e Radial clearance = 0.3 mm 
© Heat flow area A = 0.0133 m? 
e Temperature difference across the gap AT = 5°C 
e Heater input Q = 20 - 30 W 
Coolant OUT 
Thermocouples T 
across sample 


Y apaa art XN ¢ Electric heater 
-- ee a Phug feat -- 
Cee eee 
uae = Figure 11.4: Radial heat flow 
T Sample apparatus for liquids and gases 
Coolant IN 


The diameter is thus about 75 times the layer thickness. The use of this apparatus 
requires a calibration experiment using a fluid of known thermal conductivity 
(usually dry air which may be treated as standard reference material) filling the 
gap. Thermal conductivity of air is well known (as a function of temperature) and is 
available as tabulated data in data handbooks. If an experiment is conducted with 
dry air, heat transferred across the gap may be determined using Fourier law of heat 
conduction. The heat input to the bayonet heater is measured and the difference 
between these two should represent the heat loss. The experiment may be conducted 
with different amounts of heat input (and hence different temperature difference 
across the air layer) and the heat loss estimated. This may be represented as a 
function of the temperature difference across the gap. When another fluid is in the 
annular gap, the heat loss may be assumed to be given by the previously measured 
values. Hence the heat loss may be deducted from the heat input to get the actual 
heat transfer across the fluid layer. At once Equation 11.2 will give us the thermal 
conductivity of the fluid. 


Heat loss data has been measured in an apparatus of this kind and is shown as 
a plot in Figure 11.5. The data shows mild nonlinearity. Hence the heat loss Qz in 
W may be represented as a polynomial function of the temperature difference across 
the gap using regression analysis. The heat loss is a function of AT = Tp — Tj and is 
given by the polynomial 


Qz = 0.0511+0.206AT + 0.0118AT? — 0.000153AT® (11.3) 
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Figure 11.5: Heat loss calibration 
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In the above Tp is the plug temperature and Ty is the jacket temperature. All 
temperatures are in °C. 


Example 11.2 


A radial heat flow apparatus contains an oil sample (SAE 40 lubricating oil) 
in the annular gap of a radial flow thermal conductivity apparatus. The 
thickness of the oil layer is ô = 0.3 mm. Heat transfer area has been estimated 
from the manufacturer data to be A = 0.0133 m?. The electric heater is 
specified to have a resistance of R = 53.5 Q. The following data was collected 
in an experiment: 


e Heater voltage: V = 40 V 
¢ Plug temperature: Tp = 32.9°C 
e Jacket temperature: Ty = 28.2°C 


What is the thermal conductivity of the oil sample? If the measured 
parameters have the following uncertainties what will be the uncertainty in 
the estimated value of the thermal conductivity? 


uy =+0.5V up =+0.2°C 


The heat loss is given by Equation 11.3 and is susceptible to an uncertainty of 
40.5% 

Solution : 
First we determine the nominal value of the thermal conductivity using the 
nominal values of all the measured quantities. 


The electrical heat input to the heaters is given by 


V2? 40? 
= — =—_=29.91W 
Qe R 53.5 
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The temperature drop across the sample liquid is 
AT = Tp - Ty = 82.9 —28.2=4.7°C 
The heat loss may at once be calculated using Equation 11.3 as 
Qz = 0.0511 + 0.206 x 4.7 + 0.0118 x 4.7 — 0.000153 x 4.7? = 1.26 W 


(This agrees with the value shown in Figure 11.5) The heat conducted across 
the liquid layer is then given by 


Q = Qe -Qz = 29.91 — 1.26 = 28.95 W 


Using Equation 11.2 the nominal value of the thermal conductivity of oil 
sample is 

Q 6 _ 28.65 | 0.3 x 1073 
AAT 0.0133 4.7 
Now we calculate the uncertainty in the nominal value of the thermal 


conductivity estimated above. Only the heat transferred and the temperatures 
2 


k= = 0.138 W/m°C 


are susceptible to error. We know that Q = Qe -QL = E -Qz . Assuming that 
R is not susceptible to any error, we have 
ðQ 2V 2x40 aq 
= = = 1.495 W/V; ——=-1 
ôV R 53.5 ôQL 


Hence the error in the measured value of the heat conducted across the liquid 
layer is given by (using error propagation formula) 


2 
a uz) = +y/(1.495 x 0.5)? + (—1 x 0.05 x 1.26)? = +0.75 W 
L 


The errors in the measured temperatures are equal and hence the error in the 
measured temperature difference is 
uar =+V2ur =+V2 x 0.2 = 0.283°C 

The error propagation formula then gives 

2 2 2 

uQ UAT \2 0.75 ) (=) é 
+k = +0.138 = +0.009 W/m°C 

ee (3 lan ee 47 ie 


Thus the measured value of thermal conductivity of oil sample is 0.138 + 
0.009 W/m°C. 


11.3.4 Thermal conductivity comparator 


Thermal conductivity comparator is a method in which the thermal conductivity 
of a sample is obtained by comparison with another sample of known thermal 
conductivity. This method is especially useful for the determination of thermal 
conductivity of good conductors, such as metals and alloys. The principle of the 
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A: Standard Reference Material 
B: Sample of unknown k 


Figure 11.6: Schematic of a 
thermal conductivity comparator 


method may be explained with reference to Figure 11.6. A sample of standard 
reference material (SRM - a material whose thermal conductivity is known and 
certified by the manufacturer) is placed in series with the material whose thermal 
conductivity needs to be estimated. Both the materials have identical cross section 
(usually cylindrical) and heat is allowed to flow, under the steady state, as indicated 
in the figure. Thermocouples are arranged as shown in order to estimate the 
temperature gradients in each material. Heat loss in the lateral direction is 
prevented by the provision of insulation as shown. With the nomenclature of Figure 
11.6, we have the following: 


kan Br or kg = ka — —— (11.4) 


The above expression is based on the fact that the conduction heat flux through the 
sample and the SRM is the same. The lengths and temperature differences are the 
measured quantities, A is the SRM and B is the sample. 


Example 11.3 


A thermal conductivity comparator uses a standard reference material (SRM) 
of thermal conductivity 45 + 2% W/m°C. Two thermocouples placed 22 + 
0.25 mm apart indicate a temperature difference of 2.5+0.2°C. The material 
of unknown thermal conductivity is in series with the SRM and indicates 
a temperature difference of 7.3 +0.2°C across a length of 20+0.25 mm. 
Determine the thermal conductivity of the sample and its uncertainty. 


Solution : 
The given data may be written down using the nomenclature of Figure 11.6. 


ka =45W/m°C; La =22mm; AT, =2.5°C; Lp =20mm; ATR =7.3°C 


The nominal value of the thermal conductivity of the sample is obtained using 


Equation 11.4 as 


20 2.5 
=45 x — — = 14 i 
kp 5x 5573 W/m°C 


The uncertainties specified are all written as percentage uncertainties. 


0.25 
Uk, = 42%; UL, =+ 29 


2 
x 100 = 1.14%; ugar, = a x 100 = +8% 
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0.25 0.2 
UL == * 100 = 1.25%; unr, = +75 x 100= +2.74% 
Since the unknown thermal conductivity depends on the other quantities 
involving only products of ratios, the percentage error may be directly 


calculated using percent errors in each of the measured quantities. Thus 


Peet y eee ce ee 
Ukg = au TUAR TUT UN 


= +V22+1.142 + 1.252 + 82 + 2.742 = +8.85% 


The uncertainty is large and the result is of poor quality. Temperatures need 
to measured with better precision to improve the method. 


11.4 Transient method 


Though many methods are available under the unsteady category only one of 
them, viz. the laser flash method, will be considered as a representative one. Also it 
is the most commonly used method in laboratory practice and laser flash apparatus 
are available commercially, even though they are very expensive. 


11.4.1 Laser flash method 


The laser flash method imposes a pulse of heat to a thin sample and monitors the 
back surface temperature as a function of time. The schematic of the laser flash 
apparatus is shown in Figure 11.7. 
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Figure 11.7: Schematic of the laser flash apparatus 


The sample is in the form of a thin slab and is maintained at the desired 
temperature by placing it in a furnace. The front face of the slab is heated with 
a laser or flash pulse and the temperature of the back face is monitored as a function 
of time. The laser or flash pulse is of such intensity that the temperature will rise by 
only a few degrees. In other words the temperature rise is very small in comparison 
with the mean temperature of the sample. If the thermal diffusivity of the material of 


g at raat 
the sample is a , the non-dimensional time is defined as Fo = = where t is time and 


ô is the sample thickness. Non-dimensional time is also referred to as the Fourier 


number. The non-dimensional temperature is defined as 0 = where Tmax iS 


max 
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the maximum temperature reached by the back surface of the sample. Figure 11.8 
shows the shape of the response in terms of the non-dimensional coordinates. Note 
that it is not necessary to know the temperature in absolute terms since only the 
ratio is involved. It is found that the non-dimensional temperature response is 0.5 
at a non-dimensional time of 1.37 as indicated in the figure. The quantity that is 
estimated from the measurement is, in fact, the thermal diffusivity of the material. 
Thus if t 1 is the time at which the response is 0.5, we have 


(11.5) 


If the density p and specific heat capacity C of the material are known (they may 
be measured by other methods, as we shall see later) the thermal conductivity is 


obtained as š 


L 
k = pCa=1.37pC— (11.6) 
1 
2 
In practice the temperature signal is amplified and manipulated by computer 
software to directly give the estimate of the thermal diffusivity of the solid sample. 


(1.37,0.5) 


Figure 11.8: Response at the 
0.2 back surface of a sample in the 
laser flash method 


11.5 Measurement of heat capacity 


Heat capacity is an important thermo-physical property that is routinely mea- 
sured in the laboratory. In material characterization heat capacity is one of the 
important properties whose changes with temperature indicate changes in the 
structure of the material itself. The method used for measurement of heat capacity 
is usually a calorimetric method, where energy balance in a controlled experiment 
gives a measure of the heat capacity. 


11.5.1 Heat capacity of a solid 


We consider first the measurement of heat capacity of a solid material. The 
basic principle of the calorimetric method is the application of the first law of 
thermodynamics (heat balance) in a carefully conducted experiment. A weighed 
sample of solid material, in granular or powder form, whose heat capacity is to be 
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measured is heated prior to being transferred quickly into a known mass of water or 
oil (depending on the temperature level) contained in a jacketed vessel (see Figure 
11.9. Let the mass of the solid be m and let it be at a temperature T3 before it is 
dropped into the calorimeter. Let Tı be the initial temperature of the calorimeter 
and the jacket. Let the mass specific heat product of the calorimeter, stirrer and the 
liquid in the calorimeter be W. Let Tz be the maximum temperature reached by the 
calorimeter with its contents including the mass dropped in it. Let C be the specific 
heat of the solid sample that is being estimated using the experimental data. We 
recognize that there is some heat loss that would have taken place over a period of 
time at the end of which the temperature has reached T2. Let the heat loss be Qr. 


Drop hot sample 


Stirrer 


1,2: Precision thermometers 
Figure 11.9: Calorimeter for the 
measurement of specific heat of a 
solid 


Calorimeter containing 
water or oil 


Constant temperature 
water jacket 

Energy balance requires that 

W(T2-T1)+ Qz = mC(T3 — Tə) (11.7) 


Now let us look at how we estimate the heat loss. For this we show, in Figure 11.10, 
the typical temperature-time plot that is obtained in such an experiment. If there 
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were to be no loss the temperature-time trace should be like that shown by the solid 
trace made up of two straight lines. After the temperature reaches T% it should 
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remain at that value! However there is heat loss and the temperature-time trace 
is a curve that follows the broken line. After the temperature reaches a maximum 
value of Tz (lower than T}) it decreases with time. The rate of decrease is, in fact, 
an indication of how large the heat loss is. If we assume that temperature rise of the 
calorimeter is very small during the mixing part of the experiment, we may assume 
the rate of heat loss to be a linear function of temperature difference with respect to 
the ambient given by Qz = K(T - Tæ) where Tœ is the ambient temperature. Now 
consider the state of affairs after the maximum temperature has been passed. The 
calorimeter may be assumed to be a first order system governed by the equation 
wot +K(T-T.)=0 (11.8) 
dt 
Here we assume that K, the loss coefficient during the cooling process is the same 
as the K in the heating part (mixing part) of the experiment. If we approximate the 
derivative by finite differences, we may recast Equation 11.8 as 


K=—*t (11.9) 


The numerator on the right hand side of Equation 11.9 is obtained by taking the 
slope of the cooling part of the curve at any chosen t after the cooling has started and 
thus at the corresponding temperature. Now we look at the heat loss term. The heat 
loss in the mixing part of the experiment may be obtained by integrating the rate of 
heat loss with respect to time between t = 0 and the time tq, at which the maximum 
temperature is reached. In fact the temperature time curve may be approximated by 
a triangle and hence the heat loss during the mixing process is given by 


tmax — 
QL =x | (T —T.)dt = pee EE (11.10) 
0 


This is substituted in Equation 11.7 and rearranged to get the following expression 
for the estimated value of C: 


(w + Zigaz) 
CS S19) = os 11.11 
Re (11.11) 


Example 11.4 


In a calorimeter experiment for determination of specific heat of glass beads, 
0.15 kg of beads at 80°C are dropped in to a calorimeter which is equivalent to 
0.5 kg of water, at an initial temperature of 20°C. The maximum temperature 
of 22.7°C of the mixture occurs by linear increase of the temperature in 10 s 
after the mixing starts. The subsequent cooling shows that the temperature 
drops at 0.2°C/min when the temperature is 22.7°C. Estimate the specific 
heat of glass beads. Assume that the specific heat of water is 4.186 kJ/kg°C. 


Solution : 
The given data is written down using the nomenclature introduced in the text: 


m=0.15kg; Tœ =20°C; Tz =22.7°C; T3 = 80°C 
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The thermal capacity of the calorimeter has been specified as being equivalent 
to my = 0.5 kg of water whose specific heat has been specified as Cy = 
4.186 kJ/kg°C. This is known as the water equivalent of the calorimeter and 
hence 

W = my x Cy = 0.5 x 4.186 = 2.093 RSC 


Cooling rate obtained in the experiment has been specified as 


AT 

he = 0.2°C/min = 0.2/60 = 0.0033°C/s 
The corresponding temperature has been given as T = 22.7°C. The cooling 
constant may hence be calculated using Equation 11.9 as 


_ 2.093 x 0.0033 


= 0.0026 kW C 
22.7 — 20 


The time of mixing is given as fmax = 10 s and the temperature increase 
during mixing is linear. Hence the heat loss during the mixing process is 
approximated as 


_ K(T2-Tæ),  _ 0.0026 x (22.7 — 20) 


z tmax = 7 x 10 = 0.035 kJ 


QL 


The specific heat of glass bead sample may now be estimated using Equation 


11.11 as 
_ 2.093 x (22.7 — 20) + 0.035 


Ceb = — 0.45 x (80-227) 


The thermal mass of the glass beads is 


=0.661 kJ/kg°C 


Web =m x Cgb = 0.15 x 0.661 = 0.099 kJ? C 


Since the thermal mass of the beads is very small compared to the thermal 
mass of the calorimeter it is alright to ignore it in calculating the heat loss, a 
point the reader should be able to appreciate. 


11.5.2 Heat capacity of liquids 


Essentially the same calorimeter that was used in the case of solid samples may 
be used for the measurement of specific heat of liquids, with the modifications shown 
in Figure 11.11. The sample liquid is taken in the calorimeter vessel and allowed 
to equilibrate with the temperature of the constant temperature liquid in the jacket 
and the rest of the works. The heater is energized for a specific time duration so that 
a measured amount of thermal energy is added to the sample liquid. Stirrer (not 
shown) will help the liquid sample to be at a uniform temperature. The temperature 
increase of the liquid at the end of the heating period is noted down. The liquid 
specific heat is then estimated using energy balance. Effect of heat loss may be taken 
into account by essentially the same procedure that was used in the earlier case. 
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Figure 11.11: Apparatus for measurement 
of specific heat of liquids (1 - Sample liquid, 2 
- Heater, 3- Precision thermometer, 4 - Constant 
temperature bth, 5 - Insulation, 6 - Power source, 
7 - Switch, 8 - Energy meter, 9 - Insulating lid) 
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11.6 Measurement of calorific value of fuels 


Calorific or heating value of a fuel is one of the most important properties of a fuel 
that needs to be measured before the fuel can be considered for a specific application. 
The fuel may be in the liquid, gaseous or solid form. The measurement of heating 
value is normally by calorimetry. While a continuous flow calorimeter is useful for 
the measurement of heating values of liquid and gaseous fuels, a bomb calorimeter 
is used for the measurement of heating value of a solid fuel. 


11.6.1 Preliminaries 


Heating value of a fuel or more precisely, the standard enthalpy of combustion 
is defined as the enthalpy change AH) 7 that accompanies a process in which the 
given substance (the fuel) undergoes a reaction with oxygen gas to form combustion 
products, all reactants and products being in their respective standard states at T = 
298.15 K = 25°C, indicated by superscript 0. A bomb calorimeter (to be described 
later) is used to determine the standard enthalpy of combustion. The process that 
takes place is at a constant volume. Hence the process that occurs in a calorimeter 
experiment for the determination of the standard enthalpy of combustion is process 
I in Figure 11.12. What is desired is the process shown as III in the figure. We shall 
see how to get the information for process III from that measured using process I. 


Figure 11.12: Processes in a 
calorimeter experiment 
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Let the calorimeter have a heat capacity equal to W. The change in the internal 
energy of the calorimeter when the temperature changes from Tj to Tz is W(T2-— T1) 
assuming that W is independent of pressure. If we neglect work interaction due to 
stirring, I law applied to a perfectly insulated calorimeter (Q = 0) shows that AU; =0 
during process I. In the process shown as II the products and the calorimeter are at 
temperature Tı. Thus, for process II we should have 


T2 T2 
AUņr = AU; — WdT=- WdT 
Tı Tı 


Thus it is clear that, for process II, since the temperature remains at T1, 
T2 
AUn=AUr, =- | "WaT = AU}, 
Tı 


The last part results by noting that the internal energy is assumed to be independent 
of pressure. Note that by definition AH Ti = AUP, + A(pV). Since the products are in 
the gaseous state, assuming the products to behave ideally, we have 


A(pV) = p2V2- piVi = (n2 - n1ı)RT1 


where the ng represents the number of moles of the product and nı the number of 
moles of the reactant and R is the universal gas constant. Thus it is possible to get 
the desired heat of combustion as 


T2 
AHS, =(ng—ny)RT1- | WaT (11.12) 
Tı 


In a typical experiment the temperature change is limited to a few degrees and hence 
the specific heat may be assumed to be a constant. Under this assumption Equation 
11.12 may be replaced by 


AH}, = (n2 nı)RTı-W(T2- T1) (11.13) 


11.6.2 The Bomb calorimeter 


Schematic of a bomb calorimeter used for the determination of heating value 
(standard enthalpy of combustion) of a solid fuel is shown in Figure 11.13. The 
bomb is a heavy walled pressure vessel within which the combustion reaction will 
take place at constant volume. At the bottom of the bomb is placed sufficient amount 
of water such that the atmosphere within the bomb remains saturated with water 
vapor throughout the experiment. This guarantees that the water that may be 
formed during the combustion reaction will remain in the liquid state. The bomb 
is immersed within a can of water fitted with a precision thermometer capable of a 
resolution of 0.01°C. This assembly is placed within an outer water filled jacket. The 
jacket water temperature remains the same both before and after the combustion 
within the bomb. There is no heat gain or loss to the bomb from outside and the 
process may be considered to be adiabatic. The fuel is taken in the form of a pellet 
(about 1 g) and the combustion is accomplished by initiating it by an electrically 
heated fuse wire in contact with the pellet. The bomb is filled with oxygen under 
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high pressure (25 bar) such that there is more than enough oxygen to guarantee 
complete combustion. The heating value is estimated after accounting for the heat 
generated by the fuse wire consumed to initiate combustion. 
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Figure 11.13: Schematic of a 
Kei Bomb calorimeter 
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Crucible Sample 


The details of construction and the external appearance of a bomb calorimeter are 
shown in Figure 11.14. The bomb calorimeter has approximately a diameter of 25 cm 
and a height of 30 cm. 


Figure 11.14: Photographic de- 
tails of the “Bomb” 


Benzoic acid (C7HgOz2 - solid) is used as a standard reference material of known 
heat of reaction AH? = —3227 kJ/mol. Benzoic acid is taken in the form of a pellet 
and burnt in a bomb calorimeter to provide the data regarding the heat capacity of 
calorimeter. A typical example is given below. 


Example 11.5 


A pellet of Benzoic acid weighing 0.103 g is burnt in a bomb calorimeter 
and the temperature of the calorimeter increases by 2.17 °C. What is the 


11.6. Measurement of calorific value of fuels 377 


heat capacity of the calorimeter? Take the value of universal gas constant as 
R = 8.3143 kJ/mol -K 

Solution : 
We indicate the phase of the reactants/products as g: gas; l: liquid; s: solid. 
Consider now the combustion reaction. 


C7H602(8s)+7.502(8) — TCOo(g) + 3H20(1) 


Thus 7.5 moles of oxygen are required for complete combustion of Benzoic acid. 
The change in the number of moles during the reaction is given by taking 
the gaseous constituents before and after the reaction. We thus have nı = 
number of moles of oxygen = 7.5; ng = number of moles of carbon dioxide = 7. 
Thus we have 


An=ng-n,=7.5-7=-0.5 mol 


Per mole of Benzoic acid basis, we have 
AU = AH - An RT = —3227 — (—0.5) x 8.3143 x 298 = -3225.8 kJ/mol 
We use the following molecular weights: 
Mc =12.011; My = 1.008; Mo = 15.9995 
The molecular weight of Benzoic acid Mz is then calculated as 


Mpg = 12.011 x 7+ 1.008 x 6+ 15.9995 x 2 = 122.12 g/mol 


0.103 


—— =0. 4 . The h 
12212 0.000843 mol e heat 


Thus 0.103 g of Benzoic acid corresponds to 


released by combustion of this is given by 
Q = 0.000843 x 3225.8 = 2.7207 kJ 


The temperature increase of the calorimeter has been specified as AT = 
2.17°C. Hence the heat capacity of the calorimeter is 


Q _ 2.7207 


See = 1.2538 kJ. C 
AT 2.17 


W 


Example 11.6 


In a subsequent experiment, the calorimeter of Example 11.5 is used to 
determine the heating value of sugar. A pellet of sugar weighing 0.303 g is 
burnt and the corresponding temperature rise indicated by the calorimeter is 
3.99 °C. What is the heat of combustion of sugar? 


Solution : 
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Figure 11.15: Bomb calorimeter 
data for Example 11.6 
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Figure 11.15 shows the variation of temperature of the calorimeter during 
the experiment. Since heat losses are unavoidable the temperature will start 
reducing as shown in the figure. By using AT as shown in the figure the effect 
of the heat losses may be accounted for. Note that the work due to stirrer may 
itself compensate for the heat loss to some extent. The slope of the cooling 
curve takes this into account naturally. 


Molecular formula for sugar is C12H22011. The molecular weight of sugar 
Ms is found as 
Ms = 12.011 x 12 + 1.008 x 22 + 15.9995 x 11 = 342.2 g/mol 


0.303 
The mass of sugar pellet of 0.303 g corresponds to ng = 342.2 = 0.000885 mol. 


The heat release in the calorimeter is calculated based on W = 1.2538 kJ C 
and AT = 3.99°C as 
Q = -WAT = - 1.2538 x 3.99 = -5.003 kJ 
The combustion reaction for sugar is given by 
C12H22014(s) + 1209(g) — 12COo(g) + 11H20() 
Hence there is no change in the number of moles before and after the reaction. 
Thus the heat of reaction is no different from the heat released and thus 


Q 5.003 
AH? = = = 5651. l 
ns 0.000885 5651.9 kJ/mo 
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11.6.3 Continuous flow calorimeter 


A continuous flow calorimeter is useful for determining the heating value of 
gaseous fuels. Figure 11.16 shows the schematic of a such a calorimeter. We assume 
that all the processes that take place on the gas side are at a mean pressure equal 
to the atmospheric pressure. The gas inlet pressure may be just “a few mm of water 
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column gauge” and hence this assumption is a good one. As the name indicates, the 
processes that take place in the calorimeter are in the steady state with continuous 
flow of the gas air mixture (air provides oxygen for combustion) and the coolant 
(water) through the cooling coils. As indicated temperatures and flow rates are 
measured using appropriate devices familiar to us from earlier chapters. The gas 
air mixture is burnt as it issues through a nozzle that is surrounded by a cooling coil 
through which a continuous flow of cooling water is maintained. The enthalpy fluxes 
involved in the apparatus are given below. 
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Figure 11.16: Schematic of a continuous flow calorimeter. 1 - 3 are 
precision thermometers 


Gas air mixture (mg) entering in at room temperature (Tg entry): Mass flow 
measured using venturi; Temperature measured using a liquid in glass 
thermometer 

Products of combustion leaving at a higher temperature (Tg exit): Temperature 
measured using a liquid in glass thermometer 

Cooling water (m,,)entering at constant temperature (Tw entry) Mass flow measured 
by a rotameter 

Cooling water stream leaves at a higher temperature (Tw, exit) Temperature mea- 
sured using a liquid in glass thermometer 


Energy balance requires that the following hold: 
mgHV 
1+FA 

In the above equation HV is the heating value of the fuel, Cpp is the specific heat 

of products of combustion, Cpm is the specific heat of gas air mixture and FA is 

the fuel to air ratio on mass basis. The determination of Cpp will certainly require 
knowledge of the composition of the products formed during the combustion process. 

The products of combustion have to be obtained by methods that we shall describe 

later. In the case of hydrocarbon fuels with complete combustion (possible with 

enough excess air) the products will be carbon dioxide and water vapor. If the exit 
temperature of the products is above 100°C the water will be in the form of steam or 
water vapor. The estimated heating value is referred to as the lower heating value 

(LHV) as opposed to the higher heating value (HHV) that is obtained if the water 

vapor is made to condense by recovering its latent heat. 


=Mg [CppT exit = Cpm] + MyCw [T rezit = To eniiy] (11.14) 
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Viscosity of a fluid is a thermo-physical property that plays a vital role in fluid flow 
and heat transfer problems. Viscosity relates the shear stress within a flowing fluid 
to the spatial derivative of the velocity. A Newtonian fluid follows the relation 


tT=u—— (11.15) 


In the above t is the shear stress in Pa, u is the fluid velocity in m/s, y is the 
coordinate measured as indicated in Figure 11.17 and p is the dynamic viscosity 
of the fluid in Pa s or kg/m s. Viscosity is also specified in terms of Poise or P 
(more usually in centi — Poise or cP) which is equal to 0.1 kg/m s. The ratio of 
dynamic viscosity p to the density of the fluid p is called the kinematic viscosity and 
represented by the symbol v. The unit of v is m?/s. An alternate unit is the Stoke 
that is equal to 0.0001 m?/s. 
y 


Slope of liest 
dy 


Figure 11.17: Newton law of viscosity 
explained 
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The shear stress introduced through Equation 11.15 accounts for the slowing 
down of a higher velocity fluid layer adjacent to a lower velocity fluid layer. It also 
accounts for the frictional drag experienced by a body past which a fluid is flowing. 
Measurement of viscosity thus is based on the measurement of any one of these 
effects. 


11.7.1 Laminar flow in a capillary 


The nature of flow in a straight circular tube is shown in Figure 11.18. The fluid 
enters the tube with a uniform velocity. If the Reynolds number is less than about 
2000 the flow in the tube is laminar. Because of viscous forces within the fluid and 
the fact that the fluid satisfies the no slip condition at the wall, the fluid velocity 
undergoes a change as it moves along the tube, as indicated in the figure. At the 
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end of the so called developing region the fluid velocity profile across the tube has an 
invariant shape given by a parabolic distribution of u with y. 


The requisite 
background is available to the reader from a course on Fluid Mechanics. 
The reader may recall that this was used 
earlier while discussing the transient behavior of pressure sensors (see section7.2.2). 
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Figure 11.18: Laminar flow in a circular tube 


EEE The apparatus consists of a long tube of 


small diameter (capillary) in which a steady flow is established. By connecting 
the capillary to a constant head tank on its upstream the pressure of the liquid 
is maintained steady at entry to the capillary. The pump - overflow arrangement 
maintains the level of the liquid steady in the constant head tank. The mean flow 
velocity is measured using a suitable rotameter just upstream of the capillary. The 
pressure drop across a length L of the capillary in the developed section of the 
flow is monitored by a manometer as shown. The reason we choose a capillary (a 
small diameter tube, no more than a few mm in diameter) is to make sure that the 
pressure drop is sizable (and hence measurable with good accuracy) for a reasonable 
length of the tube (say a few tens of cm to 1 or 2 m) and the corresponding entry 
length also is not too long. If necessary the liquid may be maintained at a constant 
temperature by heating the liquid in the tank and by insulating the capillary. The 
mean temperature of the liquid as it passes through the capillary is monitored by a 
suitable thermometer. 


Constant head tank 


Figure 11.19: Laminar flow in a capillary 
and viscosity measurement 


Rotameter 


Test capillary 


Essentially the same arrangement may be used for the measurement of viscosity of 
gases by replacing the constant head tank by a gas bottle with a pressure regulator. 
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A fine needle valve may be used to control the flow rate of the gas. Pressure drop 
may be measured using a suitable differential pressure gauge. The gas may have to 
be allowed to escape through a well ventilated hood. In case the gas is toxic it has to 
be collected by connecting the exit of the capillary to a gas recovery system. 


Example 11.7 


Viscosity of water is to be measured using laminar flow in a tube of circular 
cross section. Design a suitable set up for this purpose. 


Solution : 

We assume that the experiment would be conducted at room temperature, 
say 20°C. Viscosity of water from a handbook is used as the basis for the 
design. From table of properties of water the dynamic viscosity at 20°C 
is approximately = 0.001 Pa s and the density of water is approximately 
p = 1000 kg/m®. We choose a circular tube of inner diameter D = 0.003 m 
(3 mm). We shall limit the maximum Reynolds number to Rep = 500. The 
maximum value of mean velocity Vmax may now be calculated as 


_ Repu _ 500x 0.001 


Vaa = > = 0.167 m/ 
max = SD 1000x 0.003 a 


The corresponding volume flow rate is the maximum flow rate for the 
apparatus and is given by 


Qmax = SD’ Vmor = : x 0.0032 x 0.167 = 1.178 x 107 m3/s 


The volume flow rate is thus about 1.2 ml/s. If the experiment is conducted 
for 100 s, the volume of water that is collected (in a beaker, say) is 120 ml. The 
volume may be ascertained with a fair degree of accuracy. The development 
length for the chosen Reynolds number is 


Liev = 0.05DRep = 0.05 x 0.003 x 500 = 0.075 m 


If we decide to have a sizable pressure drop of, say, 1 kPa the length of tube 
may be decided. Using the results known to us from Hagen Poiseuille theory, 
we have 
pAp D? _ 1000x 10° X 0.0032 
32u Vmax 32x0.001 0.167 
The total length of the tube required is Ltotal = Ldev +L = 1.68+0.075 = 1.76 m. 


It is also now clear that the head (the level of the water in the tank above the 
axis of the tube) should be approximately given by 


=1.68m 


Ap_ 10 
pg 1000x9.8 


= 0.102 m 


This is a very modest height and may easily be arranged on a table top in 
the laboratory. The height may have to be slightly higher if we allow for the 
pressure loss in the connecting tube and the rotameter. 
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11.7.2 Saybolt viscometer 


(as shown in the figure). The test liquid is 
surrounded by an outer jacket so that the test fluid can be maintained at the 


desired temperature throughout the experiment. O O 


179.3 
0.22018t — = 10-°m?/s (11.16) 


y= 
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Figure 11.20: Schematic of 
Saybolt viscometer 
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Capillary 0.1765 cm DIA, 1.225 cm LONG 


A Saybolt viscometer is used to measure the viscosity of engine oil at 40°C. 
The time recorded for draining 60 ml of engine oil is 275+1s. Calculate the 
kinematic viscosity and its uncertainty. 


Solution : 
We use Equation 11.16 with the nominal value of t as 275 s to get the nominal 
value of kinematic viscosity of engine oil as 


179.3 


Voil = | 0.22018 x 275 — OE x 10-6 = 59.9 x 107° m?/s or 59.9 mm?/s 


For uncertainty calculation we first calculate the influence coefficient as 


dVoil 179.3 Z 
Ty = (0.220184 2 | x10 
179. 
= [o.22018+ 33 x 1076 = 2.23 x 1077 m?/s? 
2752 


The uncertainty u,,,, in the estimated (nominal) value of the kinematic 
viscosity with uncertainty in drainage time of u; = +1s is 


Uv, = +I; x we = +2.23 x 1077 x 1 = +2.23 x 1077 m7/s 
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The uncertainty is approximately +0.37%. 


It is well known that the viscosity of oil varies very significantly with temperature. 
Hence the drainage time of 60 ml of oil in a Saybolt viscometer varies over a wide 
range as the temperature of oil is varied. Typically the drainage time varies from 
around 10000 s at 0°C to about 100s at 100°C, as shown in Figure 11.21. 
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11.7.3 Rotating cylinder viscometer 


When a liquid layer between two concentric cylinders is subjected to shear by 
rotating one of the cylinders with respect to the other, the stationary cylinder will 
experience a torque due to the viscosity of the liquid. The torque is measured by a 
suitable technique to estimate the viscosity of the liquid. 


The nomenclature used in the following derivation is 
given in Figure 11.22. If the gap a between the two cylinders is very small compared 
to the radius of any of the cylinders we may approximate the flow between the 
two cylinders to be “couette” flow familiar to us from fluid mechanics. The velocity 
distribution across the gap b is linear and the constant velocity gradient is given by 


T [] The uniform shear stress acting on the surface of the inner cylinder all 


d 
along its length L is then given by t = oe z we. The torque experienced by the 
r 


e (fee =e arın 
b b 
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Liquid.film 
f i Stationary cylinder 


Figure 11.22: Schematic of a rotating 
cylinder viscometer 


(11.18) 


2 rı TW ri 
Ta = me f Para Er (11.19) 
a 0 2a 


QroL ri 
+ — 


2 


Tiotal = TL + Ta = utory (11.20) 


b 2a 


A rotating cylinder apparatus is run at an angular speed of 1800+5 RPM. 
The geometric data is specified as: rı = 37 + 0.02 mm, rg = 38 + 0.02 mm, 
L=100+0.5mm anda=1+0.01mm 

What is the torque experienced by the stationary cylinder? What is the power 
dissipated? Perform an error analysis. The fluid in the viscometer is linseed 
oil with a viscosity of u = 0.0331 kg/m s. 


Solution : 


Step 1 First we use the nominal values to estimate the nominal value of the 
torque. We convert the angular speed from RPM to rad/s as 


1800 


w=1800RPM = x 21 = 188.5 rad/s 
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The thickness of linseed oil film over the cylindrical portion is 


b=reg-7r1=388-37=1mm=0.001m 


The thickness of oil film at the bottom a is also equal to 0.001 m. We use 
Equation 11.20 to estimate the nominal value of the torque as 


2x 0.038x0.1 0.037? 


T'ota] = 0.0331 x 7r x 188.5 x 0.0372 
foral S i 0.001 2x 0.001 


= 0.222 Nm 


Step 2 In order to determine the uncertainty in the torque, various influence 
coefficients are calculated first. 


oT. Quawr? 2x 0.0331 x 7 x 188.5 x 0.0373 
Ip, = a == 5 001 = 1.986 N 
ôT 2unwr?L 2x 0.0331 x x 188.5 x 0.0372 x 0.1 
I, = ae == = 5001 = 5.367N 
OT otal UTWTÍ 0.0331 x m x 188.5 x 0.0374 
hec aS Isot 18.37 N 
OT total _ 2unwr?roL 
l a m b2 
2 x 0.0331 x x x 188.5 x 0.0372 x 0.038 x 0.1 
= = —203.942 N 
0.0012 
q, = Trotar _ 2HTwrIr2 _ 2x 0.0331 x 1 x 188.5 x 0.037? x 0.088 _ 5 hao y 
aL b 0.001 
OT total 2 2roL rê 
I = } 
o ðw pari b 2a 
2x0.035x0.1 0.037? Nm 
= 0.0331 037? = 0.00118 —— 
0:0331 70:03 0.001 3x0.001| ` 00H Taa 


sS 


Step 3 The errors in various measured quantities are taken from the data 


supplied in the problem. The expected error in the estimated value for the 
torque is 


N= 


UT = £[Ur Wry)? + Urur) + atta)” +ou +ULUL? + Toto) | 


0.02 \? 0.02 \? 
Spl 688K 4} +[5.367x -4 
( ane ad [5 oor a) 


02 \? .028 \? 
+ [36.736 w) + [203.492 x Ome 


1000 1000 
Baan) 


1 
2 


1000 


+ [2.039 x = +0.0022 Nm 


2 
) + (0.00118 x 
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Note that the factor 1000 in the denominator of some of the terms is to 
convert the error in mm to error in m. The error in the RPM is converted 
to appropriate error in w using the factor 27/60. We have assumed that the 
given viscosity of linseed oil has zero error! 


Concluding remarks 


This chapter has dealt with the measurement of thermo-physical properties of 
solids, liquids and gases. These are important from the point of view of analysis 
and design of engineering systems. 
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Chapter 12 


Radiation properties of 
surfaces 


This chapter deals with a special topic that may be of interest to some 
readers. Radiation properties of surfaces play a vital role in thermal control 
of spacecrafts and hence are of major importance in their design. In recent 
times interest has been driven by its application to graphics and animation 
where realistic images require a realistic geometric modeling of radiation 
properties of surfaces. 
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12.1 Introduction 


Radiation properties of surfaces are important in many engineering applications. 
For example, the heat loss from a heated object such as an electronic component 
fixed on a printed circuit board depends on the surface emissivity of the electronic 
component. In space and solar energy applications radiation plays a dominant role. 
Radiation emanates from hot surfaces and the amount of radiation is determined 
by the radiation properties of the surfaces. We have seen earlier while discussing 
pyrometry that the surface emissivity (spectral and total) plays an important role 
(see section 4.5) in that application. 


In recent times radiation properties of surfaces have also become important in 
computer graphics where shadowing and shading patterns are based on the realistic 
simulation of surface properties such as the reflectance pattern of the surface, due to 
directional illumination of the surface. 


In practice both spectral and total properties are required, depending on the 
application. Surface properties are also angle dependent (incident angle for incident 
radiation and viewing angle for emitted or reflected radiation) and hence detailed an- 
gular distributions are required in many applications. The methods of measurement 
that are discussed in this chapter will deal with all these aspects. 
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Figure 12.1: Schematic representation of reflection at an opaque surface: 
(a) Specular surface (b) Diffuse surface (c) Real surface 


We restrict our discussion here to a surface that is opaque and hence radiation is 
either reflected or absorbed at the surface. Consider first an optically smooth flat 
surface. The surface roughness (for example, the arithmetic average of the surface 
height distribution indicated by Ra) as a fraction of the wavelength (A) of radiation 


R 
should be small, say — < 0.1, for a surface to be considered optically smooth. Such 


a surface reflects radiation specularly following the laws of geometric optics. The 
incident ray, the reflected ray and the normal to the surface, at the point of incidence 
are all in the same plane. Also the angle made by the incident ray with the surface 
normal is equal to the angle made by the reflected ray with the surface normal (see 
Figure 12.1(a)). Engineering surfaces are seldom smooth, and, in the extreme, may 
be considered perfectly rough (Figure 12.1(b)). Many reflected rays are produced 
going into all the directions of a hemisphere that may be constructed at the point 
of incidence (the figure is restricted to two dimensions and is only for illustration). 
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The reflection is direction independent and we refer to the surface as being perfectly 
diffuse or simply diffuse. Real surfaces, however, may have reflectance behavior in 
between the specular and diffuse extremes as shown schematically by Figure 12.1(c). 
This case exhibits the most complex measurement situation. The reflectance may 
be some what larger along the specular direction compared to all other directions 
represented by the hemisphere centered at the point of incidence. 


12.1.1 Definitions 


Consider a surface that is maintained at a constant temperature of Ts. Let 
the spectral emissive power of this surface be E,(T,;). A black body at the same 
temperature would have a spectral emissive power given by E,,(T;). This is 
described by the familiar Planck distribution function. The spectral hemispherical 
emissivity (or simply the spectral emissivity) £4} of the surface is defined as 


_ Ex) 
E,,\(Ts) 


Eah (12.1) 


The corresponding total quantity is obtained by integrating over wavelength from 0 

to oo. Equation 12.1 will then be replaced by 

ELA fj ExaT)dà 1 
E(T;) Jo Eva(Ts)da oT4 


Eh 


[oeuroaa (12.2) 
0 


Angular quantities (angle dependent surface properties) are defined now. Consider 
radiation incident within a cone defined by the incident direction (6,@) as shown in 
Figure 12.2. Radiation reflected in a direction defined by (6’,¢’) is indicated by the 
reflected cone in the figure. The incident radiation is characterized by the incident 
intensity I,(0,¢) while the reflected intensity is characterized by I,(0',¢'). Ratio of 
the reflected intensity to the incident intensity is thus a function of (0,@) and (6',¢’) 
and represents the so called bidirectional (or bi-angular) reflectivity p,(0,;0',@’) of 
the surface. 
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Incident ‘cone’ 


‘cone’ 


Figure 12.2: Bi-angular reflection at 
a surface 


Our interest here is only with the hemispherical quantities. For this we consider 
two cases. 


Directional hemispherical reflectivity 


Consider radiation incident along (6,@) direction and that reflected along all the 
directions of the hemisphere as shown in Figure 12.3. The incident radiant flux is 
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given by I,(0,¢@)cosOdQ where dQ is the elemental solid angle represented by the 
incident cone. The hemispherical reflected flux is given by 
n 


Incident Reflected 
‘cone’ : hemisphere 


Figure 12.3: Directional hemispherical 
reflectivity 


Hemispherical reflected flux = Í 1,(0',¢')cos0'dQ! 
Q!=2n 
The integration is over the hemisphere represented by the total solid angle of Q' = 27. 
We may rewrite the reflected flux as 


Hemispherical reflected flux = Í pad, ;0',¢')1, (0, p)cosh'dQ' 
'=2n 


where p,(0,;0',¢’) is the bidirectional reflectivity. Noting that ,(0,@) is constant 
since the incident direction is fixed, this may be taken outside the integral sign. The 
directional hemispherical reflectivity is then given by 


1 
0 = —__ 0,0;0',¢' o'd 12.3 
pan(0, p) zos0da f, ox ;0',@ )cos (12.3) 


If the incident radiation is coming in through the entire hemisphere we may define 
the hemispherical reflectivity of the surface as 


— Sor-2n PAO, p0", PAO, p)coso'd X 


12.4 
Soca 140, p)cos0d Q (12.4) 


Pah 


In engineering applications our interest is mostly with diffuse incident radiation 
that is characterized by an angle independent or isotropic intensity. In such a case 
I,(0,@) =I, and may be removed out of the integral sign in Equation 12.4. Also note 
that dO = sinOdéd¢@. If in addition, we assume that reflection is independent of @ 
the integral in the denominator becomes 


a Qn 
Í 1,0,@)cos0dQ = I, Í j) sinOcosod0d@ = nI (12.5) 
O=2n 0=0J p=0 


Equation 12.4 then takes the form 


1 
ee zf pan (0, p)cos0d Q (12.6) 
T JQ=27 


If the surface is opaque (most engineering applications deal with opaque surfaces) 
the hemispherical reflectivity is related to the hemispherical absorptivity aj, as 


aah =1-Pan (12.7) 
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Hemispherical directional reflectivity 


Let the incident radiation come from all the directions of the hemisphere as shown 
in Figure 12.4. The incident flux is then given by 


Incident flux = Í I (0, p)cos0dQ 
Q=27 
The hemispherical directional reflectivity is then given by 


Jo-2n Pa(0,p;0', p I0, p)cos0dQ 
Jo-21 140, p)cos0dQ 


pa, p) = (12.8) 
The reflected direction represented by (0',ġ') remains fixed in the above expression. 
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Figure 12.4: | Hemispherical directional 
reflectivity 


12.2 Features of radiation measuring instruments 


Radiation measurements are, in general, expensive because of high quality 
instruments that are needed. The measurement of spectral properties (pertaining 
to different incident light frequencies or wavelengths) requires expensive monochro- 
mator. Suitable sources of radiation and detectors are required (for covering 
the ultraviolet, visible and infrared regions of electromagnetic radiation). Total 
reflectance (integrated over all frequencies of incident radiation) is normally easier 
to measure and less expensive. If a surface is perfectly rough there is no angular 
variation of reflectivity and hence easy to measure. In what follows we shall look 
into the details of each of these. 


12.2.1 Components of a reflectivity measuring instrument 


The components of a radiation measuring instrument are shown schematically 
in Figure 12.5. The instrument may either be a single or double beam instrument 
depending on the requirement. The source of radiation is appropriately chosen with 
the requirement of the instrument in mind. Special lamps are used for measurement 
in the ultraviolet part of the spectrum. The visible part of the spectrum is covered 
by the use of a filament type source. To cover the infrared part of the spectrum the 
source is usually a “glower” that consists of an electrically conducting element in the 
form of a long cylinder. A DC current is directly passed through the element to run it 
at a temperature of around 1000 K. The glower is cooled by circulating water at the 
two ends. The light from the source is collimated and is passed through a slit before 
it is passed on to the monochromator. 
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Figure 12.5: Schematic of a 
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Monochromator is a device that selects a single wavelength to emerge out of it 
before it is incident on the test surface. It may use a prism (Figure 12.6), grating 
(Figure 12.7) or an interferometer (Figure 12.8). In the last case the spectrum is 
obtained by suitable processing of the signal by converting the time domain signal to 
the frequency domain. 
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Figure 12.7: Schematic of a Grating Monochromator 


The sample compartment allows the incident light to be incident on the surface of 
the specimen at the desired incident angle. It also has a suitable arrangement by 
which the reflected radiation in a particular direction or in all the directions of the 
hemisphere is collected and passed on to the detector. The last action is possible by 
the use of an integrating sphere that will be discussed next. 


12.3 Integrating sphere 


An integrating sphere is a useful accessory for the measurement of hemispherical 
properties of a surface. An integrating sphere consists of a spherical shell, usually 
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Figure 12.8: Schematic of a Fourier Transform Infrared 
Spectrometer (FTIR) 


made of aluminum, with the inside surface coated with a highly reflecting diffuse 
coating (typically magnesium oxide or proprietary paints). Suitable ports are 
provided for allowing light to enter and leave the integrating sphere. Arrangement 
is also provided for placing a test surface within the sphere and orient it in a desired 
orientation. The integrating sphere may have a diameter of a few centimeters to 
a few meters. Coating used in the integrating sphere is chosen such that it has a 
constant reflectivity value in the useful wavelength range of interest. 


The working principle of the integrating sphere is explained by taking the case of 
measurement of hemispherical properties, as examples. 


12.3.1 Hemispherical emissivity 


In order to measure the hemispherical emissivity of a surface it is necessary that 
we gather radiation leaving the test surface in to all the directionns in a hemisphere 
i.e. in to 27 solid angle. An integrating sphere is used for this purpose. Typically the 
experiment may be arranged as shown schematically in Figure 12.9. 


1 Heated sample Diameter Dı 
Temperature Tı Emissivity €p 
2 Integrating sphere Diameter Dg 
Temperature T2 Reflectivity p 


3 Detector Diameter D3 
Reflectivity = 0 
4 Baffle Reflectivity p 


Figure 12.9: Integrating sphere arranged for measurement of hemispherical 
emissivity 


It is possible to analyze an integrating sphere by different methods. These are: 


© Method of detailed balance coupled with geometric concepts! 


lVictor Sandgren, Characterization of an integrating sphere radiation reference source, 
Report No. EX084/2011, Chalmers University of Technology, SE-412 96 Goteborg, Sweden 
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e Radiosity irradiation method” 


Analysis of an integrating sphere: Here we make use of the radiosity irradiation 
method to analyze radiation transfer in an integrating sphere with a port to which 
a heated sample is attached while a detector is mounted on another port. The 
two ports are shielded from each another by a suitable baffle as shown in Figure 
12.9. The baffle is attached to the sphere wall and has both surfaces with a diffuse 
reflecting coating which is the same as that on the sphere. The legend in the figure 
shows all the parameters that are needed in the analysis. 


Typical paths for radiation with one or more reflections at the sphere surface 
are indicated in the figure. Since the radiation is reflected diffusely at each 
reflection, radiation entering the detector does so along all possible directions of 
the hemisphere. The dashed line indicates that the detector is in the shadow region 
and hence does not have direct radiant exchange with the source. Thus the view 
factor for direct heat exchange between the source and the detector F13 = 0. By 
reciprocity view factor between detector and source F13 = 0. Since all radiation 
leaving the detector or the source reaches the effective area of integrating sphere 
of AN = Åv — A1 — A3, (A represents area) we have F12 = F32 = 1. By reciprocity we 


A A 
than have F21 = a = fı and F23 = a = f3. By sum rule we than have the self view 


2 2 
factor for the integrating sphere given by Fog = 1—F91—Fo3 = 1- f1- f3 = 1- f where 
f=fitfs. 


The radiosity irradiation formulation follows. Radiosity of the detector is zero 
i.e. J3 = 0 since it absorbs all radiation incident on it and it does not reflect any 
radiation. Irradiation of the source is given by G1 = Fi2J2. Hence the radiosity of 
the source Jj is written down as 


Jy = €10T} + p1F12J2 = E10 T$ + (1- £1)J2 (12.9) 


where pı = 1-€,. Irradiation of the integrating sphere is given by Gg = Fo1J1 + 
Fo2J9. Hence the radiosity of the integrating sphere is written down as 


J2 = p2[Foid1 + F22J2] (12.10) 


after ignoring the emission from its surface. From these two equations we eliminate 


Jı to get 
P2é1 


[1— po(1— €1)F'21 — p2F 29] 
ae ea 
Sphere multiplier, M 


Jo =0T*F 91 = €10T*Fo1M (12.11) 
1 T 


In the special case when surface 1 is black i.e. €; = 1 the sphere multiplier simplifies 
to 


p2 
Me ————— (12.12) 
e1=1 [1 = p2F22] 
Radiosity of surface 2 then becomes 
J2 e1-1 = OT} Fo1Me,=1 (12.13) 


25.P. Venkateshan, Heat Transfer, Ane Books, 2011 
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We may rewrite the expression for M in the general case, after some algebraic 
manipulations, as 
E1 


M=M,,-1 (12.14) 
(A -Me =1F 91) + €1Me,=1F 21 


Irradiation on the detector is given by 
G3 =F 32d = J2 (12.15) 
Hence the radiation flux entering the detector is given by 
q3 = J3 - G3 = 0- J2 (12.16) 
Hence the power received by the detector is 
Q3 = q3A3 = -J2A3 (12.17) 


If the detector response is proportional to the power received by the detector with 
sensitivity of S V/W the detector output isgiven by 


V3 = SQ3 (12.18) 


Example 12.1 

A heated surface at T = 1000 K and diameter of Dı = 0.01 m is mounted on 
the wall of an integrating sphere of diameter Dz = 0.3 m somewhere on its 
surface. A detector of diameter (D3 = 0.005 m) is placed at a different location 
on the wall of the sphere. Diffuse reflectivity of the surface of the integrating 
sphere is p = 0.99. In one experiment the heated surface was replaced by 
a black body while in the subsequent experiment it was a sample surface of 
unknown emissivity. Suitable baffling is used to prevent direct radiation from 
the sample reaching the detector. Detector has a sensitivity of S = 1 V/W. 
What will be the detector output in the first case? What is the hemispherical 
emissivity of the sample if the detector response is 1 mV? 


Solution : 


Step 1 Areas of the three surfaces are 


0.012 
A, = 0 OU" = 7.854 x 10-5 m? 
0.32 
Ag = nS = 0.28274 m” 
0.0052 
As = x OS -Tagar n 
A, = A2-4A1- A3 =0.28274- 7.854 x 107% — 1.964 x 107° = 0.2827 m” 


Step 2 We now calculate all the view factors required in the problem based. 


7.854 x 1075 
Foy = = 2.779 x 1074 
A 0.2827 2510 
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1.964 x 1075 48 
Fo3 = 0.2827 = 6.947 x 10 


Foo = 1-6.947x 10% -2.779 x 10°* = 0.9997 


Step 3 When the heated surface is a black body source ¢; = 1 and the 
expression for the sphere multiplier (Equation 12.11) reduces to 


02 0.99 


M= M = = 
“[1=p2Fo2] [1- 0.99 x 0.9997] 


=95.71 


Using this we calculate the radiosity of the sphere surface as 
Jz =0T{F 21M =5.67 x 10-8 x 2.779 x 10-4 x 95.71 = 1507.94 W/m” 


Step 4 Hence the power received by the detector, based on Equation 12.17 
is 
Q3 = —JoAg = — 1507.94 x 1.964 x 1075 = —0.0296 W = -29.6 mW 


The negative sign indicates that the heat transfer is to the detector. With 
detector sensitivity of S = 0.1 V/W the detector output V3 -,-1 is given by 


V3 &1=1 = SQ3 = 0.1 x 0.0296 = 0.00296 V = 2.96 mV 


Step 5 When surface 1 is a gray surface with unknown emissivity the 
detector output has been given as V3, = 1 mV. It may be seen that the output 
of the detector in this case is given by V3, = S oT{Fo1M . Represent the ratio 
NBER eas BBG We 
V3e1-1 2.96 
Equation 12.14 and get, after some minor manipulations, the following for the 
emissivity of the surface. 


of detector outputs in the two cases as R = 


R(1-M=1F21)_ 0.338(1- 95.71 x 2.779 x 10-4) 


= = 0.332 
(1—-M,,-1Fo1R) (1-95.71 x 2.779 x 1074 x 0.338) 


€1 


12.3.2 Hemispherical directional reflectivity 


Hemispherical directional reflectivity means (see section 12.1.1) the reflectivity 
along a particular direction when the radiation is incident on the test surface from 
all directions represented by a hemisphere. The integrating sphere makes it possible 
to illuminate the test surface from all directions represented by a hemisphere. 


The arrangement shown in Figure 12.10 is suitable for measuring the hemispheri- 
cal directional reflectivity of a test surface. A narrow pencil of light is incident on 
to some location on the integrating sphere through an entrance port. Since the 
integrating sphere is highly reflecting and diffuse this light is sent in to all the 
directions of a hemisphere. Any ray among these reaches the test surface placed 
at a location elsewhere on the sphere either directly after just a single reflection or 
after a number of reflections off the surface of the integrating sphere. Hence it is 
clear that the test surface is illuminated by isotropic radiation intensity. The light 
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reflected off the test surface may be sampled along the desired direction as shown in 
the figure. 


i 


Light source 
Collimating lens 
Iris diaphragm 
Sample/Reference 


Integrating 1 
2 
3 
4 
5 Collecting lens 
6 
7 
8 


sphere 


Iris diaphragm 
Detector 
Baffle 


Figure 12.10: Integrating sphere arranged 
for measurement of hemispherical directional 
reflectivity 


Incident light 


Integrating 
sphere 


Figure 12.11: Integrating sphere arranged 
for measurement of directional hemispherical 
reflectivity 


Detector 


The light reflected off the surface is measured using a detector to yield a signal 
proportional to the reflected intensity. A light detector placed anywhere on the 
sphere will indicate a signal proportional to the flux incident on the test surface. 
Ratio of these two will yield the hemispherical directional reflectivity of the test 
surface. If the incident radiation is taken from a monochromator the measurement 
yields spectral reflectivity. If the incident radiation is from a black body the 
reflectivity will be the total reflectivity. 


12.3.3 Directional hemispherical reflectivity 


Directional hemispherical reflectivity means the reflectivity of the test surface in 
to all directions represented by a hemisphere, of radiation incident along a given 
direction (see section 12.1.1). The integrating sphere makes it possible to collect the 
radiation leaving the test surface along all directions represented by a hemisphere. 


In this case the test surface is mounted on a suitable platform that may be oriented 
such that it is illuminated by a pencil of radiation along a desired direction. The 
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reflected radiation leaving the test surface along all the directions of the hemisphere 
is collected by the integrating sphere and is incident on a detector placed elsewhere 
on its surface, as shown in Figure 12.11. The incident flux is measured independently 
by a second detector. This may be done, as for example, by dividing the incoming 
radiation in to two parts by using a beam splitter, and placing the detector to measure 
the beam reflected off the beam splitter. The beam that is transmitted by the beam 
splitter is incident on the test surface and represents a known fraction of the original 
beam. The reflectivity of the test surface is again estimated based on the ratio of two 
signals. 


12.4 Measurement of emissivity 


An alternate method of studying radiation surface property is to measure the 
surface emissivity, either the total/spectral hemispherical emissivity or the cor- 
responding directional values. In most thermal applications of radiation the 
hemispherical emissivity is adequate to describe the thermal process. The test 
surface is maintained at an elevated temperature by heating it so that it emits 
radiation. Measurement of this radiation and comparison with that from a black 
body at the same temperature yields the emissivity of the test surface. However, 
many of the components that are present in the reflectivity measurement are also 
present in this case. 


There are several methods available for the measurement of emissivity. We 
consider a few of them here. 


12.4.1 Emissivity measurement using an integrating 
radiometer 


The integrating radiometer consists of a hemisphere at the middle of which the 
heated test surface and a thermopile detector are kept at small but equal distances 
off center as shown in Figure 12.12. The inside surface of the hemisphere is highly 
polished aluminum which is a highly reflecting specular surface. Any ray of radiation 
that leaves the test surface (one such is shown in the figure) is reflected specularly 
and is incident on the thermopile. The integrating sphere (actually the hemisphere) 
thus brings all the rays that leave the test surface to incident on the thermopile. 
Hence the hemispherical emissivity of the surface is obtained by comparing the 
signal registered by the thermopile with the test surface against a black body at 
the same temperature. The sphere itself needs to be cooled such that the sphere is at 
a low temperature while the test surface is maintained at an elevated temperature. 
Otherwise emission from the sphere will contribute to error in the measurement. 


Heated test surface 
Thermopile detector 

Water cooled aluminum sphere 
Mirror surface (specular) 


Figure 12.12: Schematic of the integrat- 
ing radiometer 
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12.4.2 Emissivity by transient cooling in vacuum 


A second method of emissivity of a surface is by performing a cooling experiment. 
The test surface is taken in the form of a thin plate with a substrate of high thermal 
conductivity. The test plate is suspended by thin supporting wires inside a large 
vacuum environment. The walls of the vacuum chamber are cooled by a suitable 
arrangement and maintained at a low temperature. The test plate is heated to an 
elevated temperature and allowed to cool starting at ¢ = 0. If all other modes of heat 
transfer are negligible in comparison with surface radiation, the cooling of the plate 
is governed by the equation 


dT ae ja 
MC = -Seno(T* - Tyg) (12.19) 
It is assumed that the heated plate behaves as a lumped system. In Equation 12.19 
M represents the mass of the plate, C the specific heat of the plate material, S the 
surfsce area of plate, T,;¢ the constant background temperature provided by the 
walls of the vacuum chamber and ø is the Stefan-Boltzmann constant. 


350 jot os puis joes OO aa H 
340 < : 
x ee | 
S ; “~g E | — a=0.05 
Sopin =+ | L os 
g a ee [ | === £n=0.50 
g Ss ce F | =- €n=0.75 
2.320 Ne sun n=O. 
£ ] S N Sr --- €}=1 
Y 7 NJ `l H 
K J he ‘S sa 
3104 >et Figure 12.13: Cooling history of 
] F a heated plate in vacuum 
300 Haa 


The cooling rate and hence the cooling history of the plate is a function of 
hemispherical emissivity £}. Typically the temperature history as a function of 
€p is as shown in Figure 12.13. This figure is based on a simulation where €p is 
assumed known, along with all the other parameters that occur in Equation 12.19. In 
practice the temperature time history is recorded by a data logger. The background 
temperature is measured independently. The mass of the plate is determined by 
using a precision balance and the specific heat may be either measured by an 
independent experiment or obtained from the manufacturer. 


The unknown emissivity may be estimated by standard parameter estimation 
techniques, using, for example the least square method. If the measured tem- 
perature as function of time is represented by Tm and the simulated temperature 
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obtained by solving Equation 12.19 as an initial value problem by assuming an 
emissivity value is T,, then we require that 


S=} Tsi- Tmi)? (12.20) 


be minimized. The minimization may be done, in general, based on non-linear least 
squares using a suitable optimization method. 


Example 12.2 


A square aluminum plate of size 0.05 x 0.05 x 0.0015 m is heated to a 
temperature of around 350 K and is allowed to cool in a high vacuum 
environment in a specially designed vacuum chamber. The walls of the 
chamber are mainteined at 300 K by passing cold water through embedded 
pipes. In a certain experiment the following temperature time data was 
recorded. 


t,s T,K t,s TAK 


0 350.60 | 300 325.38 
50 343.78 | 350 322.67 
100 340.24 | 400 320.26 
150 335.52 | 450 318.04 
200 331.87 | 500 317.22 
250 327.38 


Estimate the hemispherical emissivity of the plate surface. 


Solution : 
Aluminaum plate properties are taken from a handbook. These are: 


Density p = 2702 kg/m?; Specific heat c = 903 J/kg K 


Total area of the test plate from which radiation heat transfer takes place is 
given by the area of two faces and the four edges of the square plate. Thus 


S = 2 x 0.057 + 4 x 0.05 x 0.0015 = 0.0053 m? 
The mass of plate is given by the product of plate volume and the density. 
M = 0.05? x 0.0015 x 2702 = 10.1325 x 107°? kg 


The governing equation 12.19 may be recast as 


dé 
— =6*-1 
dý 


T t MC 
where 0 = —, ¢ = — where T is a characteristic time given by T = aa 
bkg T Soep Torg 


The governing equation is subject to the initial condition T(0) = To or 0(0) = 
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T 
N Fortunately the governing equation is amenable to exact solution as 
bkg 
shown in the reference quoted below.? The solution is given by 
t 1 (89 -1)(6 + 1) 1 
C=-=-lIn 
T 4 (89 + 1X0- 1) 2 
This equation may be rearranged as 
t t 


~~ ip [ @o-DO+D] ihan- = 
č gin] wes | ~ 2 [tan Go -tan-t8] 


[tant 69 — tan~t8] 


Making use of the temperature time history given in the problem we make a 
table as shown below. 


t,s T,K(Data) 0, Data (4 T= - 
0 349.90 1.166 0.0000 - 

50 348.47 1.162 0.0057 8762.60 
100 345.66 1.152 0.0175 5700.09 
150 344.76 1.150 0.0216 6956.64 
200 342.28 1.141 0.0330 6054.97 
250 341.48 1.138 0.0369 6771.89 
300 339.28 1.131 0.0481 6235.63 
350 337.82 1.126 0.0559 6259.32 
400 336.38 1.121 0.0640 6253.38 
450 335.10 1.117 0.0715 6295.62 


500 333.78 1.113 0.0796 6282.54 


If the data were to be perfect with no errors we should have the same value 
t 
for the ratio - in the last column. Ignoring the first two entries that seem to 


be grossly in error, the best value of t is obtained by averaging all the other 
entries. The best value of t is then obtained as t = 6388.75. We use the 
expression for T given earlier to estimate €} as 


MC 10.1325 x 1078 x 903 


= = =0.177 
SoT}, gt 0.0058 x 5.67 x 1078 x 3008 x 6388.75 


Eh 


The data compares well with the solution obtained using the cooling model 
with £, = 0.177 as indicated by Figure 12.14(a). The quality of the fit is also 
brought out by the small magnitude of the rms error between the data and the 
fit of 0.334 K. 


In order to find out how close we are to the optimum value of the emissivity a 
simulation was made where the rms error was obtained with various assumed 
emissivity values. A plot of rms error vs assumed value of emissivity is made 
as shown in Figure 12.14(b). It appears that £, = 0.180 is the best estimate 
based on the simulation (rms error equal to 0.306 K). The value obtained 
earlier is pretty close to this. 


3 Chapter 17 in Heat Transfer by S.P. Venkateshan, ANE Books 2008 
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Figure 12.14: (a) Comparison of data with fit in Example 12.2 (b) Variation of 
rms error with chosen value of £», 
12.4.3 Calorimetric method of emissivity measurement 


Instead of the unsteady method described above one may use a steady sate 
calorimetric technique for the measurement of emissivity. The test surface is bonded 
on to a heater plate which is provided with temperature sensors. The plate is 
suspended in a vacuum chamber using very fine wires. The walls of the vacuum 
chamber are maintained at a low temperature by cooling them with liquid nitrogen 
(T ~ 77K). The test plate is heated and brought to the desired steady temperature. 
The heat input to the plate (Q) is measured as also the temperature of the plate (Tp) 
and the walls of the vacuum chamber (Tẹ). The emissivity is then estimated using 
the relation 


Q 


= S, T,” Ty (12.21) 


Eh 


where S is the surface area of the plate assembly. Any losses by conduction and 
residual convection may be estimated by performing the experiment with a surface of 
known emissivity. The heat loss may be estimated as a function of plate temperature 
and used as a correction on Q obtained in the experiment, with a surface of unknown 
emissivity. 


Example 12.3 


A square aluminum plate (surface treated to get a high emissivity) of 
size 0.05 x 0.05 x 0.0015 m is maintained at a temperature of 350 + 0.2 K 
when placed in a high vacuum environment in a specially designed vacuum 
chamber. The walls of the chamber are maintained at 265 K by passing 
chilled coolant through embedded pipes. Heat is input to the plate using 
an embedded electric heater. Heat supplied has been measured to be 
2.000 + 0.002 W. Estimate the hemispherical emissivity of the plate and its 
uncertainty. Assume that conduction losses through attached wires is 0.5% of 
the heat input to the heater. 


Solution : 


12.4, Measurement of emissivity 
Step 1 The given data is written down as follows: 
Plate length, L 0.05m Plate temperature, Tp 350K 


405 


Plate thickness, 0.0015m Background temperature, Teèkg 265K 


Heat input to plate, Q 1.200 W Conduction loss Qe 0.006 W 
Uncertainties specified in the problem are written down as shown below: 
ôL 0.0005m ôt  0.00002m 
ôT 0.2K ôQ 0.002 W 
Step 2 Surface area of plate losing heat by radiation is given by 
S = 2L? + 4Lt = 2 x 0.057 + 4 x 0.05 x 0.0015 = 0.0053 m? 


We take the value of Stefan Boltzmann constant as o = 5.67 x 1078 W/m?K*4 
and obtain the nominal value of hemispherical emissivity €} as 
Q-Q- 1.200 — 0.006 
Ep = = 
ii oS(T$ s Teg) 5.67 x 10-8 x 0.0053(3504 — 2654) 


= 0.394 


Step 3 Uncertainty in area is calculated now using the familiar error 
propagation formula. The influence coefficients are given by 


a 

Ir, 25 AL + 4t = 4(0.05 + 0.0015) = 0.206 
a 

I, = = 41 = 40.05 =02 


Uncertainty in area may then be estimated as 


6S = y (ILL) + (6t)? = v (0.206 x 0.0005)? + (0.2 x 0.00002)? = 1.031 x 1074 


ôS 1.0381 10-4 2 
— = = 1.945 x 10°”. 
Hence S 0.0053 945 x 10 


Step 4 Uncertainty in the difference in fourth power of temperatures are 
calculated now. The influence coefficients are given by 


ATs = The ) 
E ee 3 Ones 8 
Ir, = aa an =4T? = 4 x 350° = 1.715 x 10 
a(T4 —-T4, ) 
Treg SS = 473, p = 4% 265° =7.4x 10" 
Pp 
With these we get 


alti 7 Tre) y(ir,ôT,} + (Irsn5T see) 


= \/(1.715 x 108 x 0.2)" + (7.4 x 107 x 0.2)” = 3.7392 x 107 


4 4 
S(T =T) 3.7392 x 107 
T4 -T$ 3504 — 2654 


= 3.7114 1073. 
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Step 5 We assume that there is no error in the conduction loss. Hence the 


ôR- 0.002 
fractional uncertainty in Q is given by “a Re = F194 1.675 x 107°. 
Step 6 Finally we obtain the uncertainty in the estimated hemispherical 


emissivity as 


ÔER = Eh | 


Q-Q)? (68)? (5(T#-Tére) 
on) os) T4-T4 


bkg 


0.394,/ (1.675 x 10-8)? + (1.945 x 10-2)? + (3.7114 x 10-8)” = 0.008 


Thus the hemispherical emissivity of the plate surface is ep = 0.394 + 0.008. 


12.4.4 Commercial portable ambient temperature 
emissometer 


This portable instrument for the measurement of emissivity near room tempera- 
ture is supplied by the Devices & Services Company, Texas, U.S.A. If two surfaces 
are placed close to each other the heat transfer is proportional to the difference in 
fourth power of temperature and the emissivity of the two surfaces. If the gap is 
small compared to the size of the surface we have 


qr(1—2)= +, —* (12.22) 


Here the subscripts identify the two surfaces that face each other. Consider two 
surfaces with emissivities of e,(high emissivity surface) and g; (low emissivity 
surface) and at very nearly equal temperatures of T(T;, ~ Tı ~ T), and a third surface 
of emissivity £ and at ambient temperature T . If these are arranged such that the 
first two surfaces exchange radiation with the third surface, we have 


o(T4 —-T4,) 
aten! 
o(T} -T3,) 
gr(2-3)= =——— (12.24) 
ata l 


Since the temperatures of the high and low emissivity surfaces are close to each 
other, the numerators of the two expressions in Equations 12.23 and 12.24 are 
practically equal. Because £; > €; the denominator of q,(1-— 3) is smaller than the 
denominator of g;(2-3). Hence qr(1-— 3) is greater than g;(2-— 3). Because of this 
a small temperature difference exists between the surfaces 1 and 2. In the D&S 
emissometer the design is such that this temperature difference is proportional to 
the emissivity of the third surface, which is the test surface. Schematic of the 
D&S emissometer is shown in Figure 12.15. It consists of a detector head which 
has four sectored radiation detectors as shown. The detectors are thermopiles with 
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Cable High Emissivity 
Standard 


Figure 12.15: Schematic of the 


E portable emissometer 
ULLAL. Detector elements 


Heat Sink 


High emissivity Low emissivity 
Detector elements Detector elements 


two sectors having high emissivity and the other two having low emissivity. The 
test specimen and the standard samples that are supplied with the emissometer are 
placed on a heat sink as shown during the measurement process. The heat sink 
helps to maintain the samples at room temperature. The detector head has cable 
connection for both heating the detector head and for taking out the differential 
output across the thermopiles. 


In the emissometer the detector head is heated to about 355 K. The standard 
surfaces supplied with the instrument have diameters of 66.7 mm and thickness of 
4mm. The detector head views a 50 mm diameter area of specimen from a distance of 
4.3mm. The instrument output is connected to a digital voltmeter that directly reads 
the emissivity of the specimen with two significant digits. The instrument requires 


Table 12.1: Specifications of Emissometer Model AE 


2.4 mV nominal with a sample 
emissivity of 0.9 at 25°C 


D&S Scaling Digital Voltmeter 
with resolution of 0.01 mV 


Output 


Readout 


Output impedance 150Q, nominal 


Detector output linear with emis- 


PADRE TANT, sivity and to within 0.01 unit 
Benue Maximum 55°C or (328 K) 
Temperature 

Drift Negligible during measurement 
Time constant 10 s, nominal 

Standards Four calibration standards are 


provided with the emissomete 


around 30 minutes of warm up time. The two standards are placed on the heat sink 
so that both of them attain the ambient temperature. In order to have good thermal 
contact between the standards and the heat sink the air gaps are filled with distilled 
water. The detector head is then placed over the high emissivity standard and the 
gain of the voltmeter is adjusted so that it reads 0.89, after allowing about 90 s for 
equilibration. The detector head is then placed over the low emissivity standard and 
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the offset trimmer is adjusted such that the voltmeter reads 0.06. The adjustments 
are repeated till the emissometer may be moved from one standard to the other and 
the voltmeter readings indicate the two values without any adjustment. 


The test specimen in the form and size similar to the standards are used for the 
emissivity determination. The specimen is placed on the heat sink and allowed to 
equilibrate with it. The detector head is placed over the specimen and the reading 
of the voltmeter directly gives the emissivity of the test surface. The manufacturer 
specifications for the instrument are given in Table 12.1. 


Concluding remarks 


This chapter has described the basic principles involved in the measurement 
of radiation properties of surfaces. Application of an integrating sphere has 
been elaborated. An introduction has been made for determining hemispherical 
emissivity by a transient technique. A commercial emissometer has also been 
described. 


Chapter 13 


Gas concentration 


Monitoring of poluution in the atmosphere has become important with 
increased awareness of the environment. With tight pollution control laws it 
is essential to measure and monitor various pollutants. Gas concentration 
measurement discussed in this chapter is directed towards this aspect. 
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13.1 Introduction 


Quantitative analysis of these 


is important from these as well as other considerations. For example, monitoring the 
health of a power plant requires the monitoring the levels of various gases that leave 
through the stack. In the case of internal combustion engines the analysis of the 
exhaust leaving through the tail pipe of a car provides important information about 
the performance of the engine. Laws require that the concentration of pollutant 
gases be within specified limits. In view of these we look at the following in what 
follows: 


e Flue gas monitoring 
e Atmospheric pollution monitoring 
¢ Exhaust gas analysis in IC Engines 


However, before we embark on these we shall look at ways of specifying the 
concentration of gases. 


ee ee ee mean respectively that 1 mg or lug 


of the candidate gas is present in a cubic meter of the gas mixture. The unit also 
represents the density of the candidate gas per unit volume of the gas mixture. In 
many applications the volume may simply be taken as the volume of all the other 
gases put together since the concentration of the candidate gas is very small or 
required to be very small. It is possible to convert concentration from volume basis 
to mass basis by the use of gas laws applied to mixture of gases. We assume that the 
gas mixture is mostly standard dry air with a small concentration of the candidate 
gas. Let the density of the candidate gas in the mixture be pe given in mg/m®. 
Let the total pressure be one standard atmosphere equal to P = 101325 Pa. Let 
the temperature of the gas mixture be T K. The universal gas constant is given by 
R = 8314.47 J/mol K. The partial pressure of the candidate gas is then given by 


_ RT 
Pc=Pc M. 
where Me is the molecular weight of the candidate gas. The total gas pressure is 


given by 


RT 
PH Op 


where M is the molecular weight of air and p is air density. The ratio of pressures is 
the same as the ratio of volumes and is given by division of these two expressions as 


Pe Ve PM pe RT 


P V pM. M.P (13.2) 
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If the candidate gas density is specified in mg/m’, the above may be simplified to 


Ve _ De „ 8814.47xT _ Pe xT 
V Me 101325 12.185xM, 


ppmy (13.3) 


Note that the above is strictly valid for small amount of the candidate gas being 
present in the mixture. Table 13.1 shows the mass concentration corresponding 1 
ppmy of some candidate gases present in trace amounts. 


Table 13.1: Mass concentration in mg/m? of 1 ppmy at 25C 


Carbon monoxide 1.145 


Nitric oxide 1230 
Nitrogen dioxide 1.850 
Ozone 1.963 


Sulfur dioxide 2.617 


Example 13.1 


Gaseous pollutant NO2 has a mass concentration of 20 mg/m? in an air 
sample at 30°C and 1atm. Express this in ppmy by volume basis. 


Solution : 
The temperature of the gas sample is given as T = 30°C = 30 + 273 = 303 K. 
Molecular weight of NO2 is M, = 46.01. The density of NO% in the gas sample 
is specified to be pe = 20 mgim?. Using Equation 13.3 we may represent the 
concentration in volume basis as 


20 x 303 


12.185 x 46.01 ` 1081 PPmv 


NOz concentration on volume basis = 


Example 13.2 


Air sample at 25°C has 2.5 ppmy of SO2. What is the concentration in mass 
basis if the total pressure of the gas mixture is 1 atm? 


Solution : 
The temperature of the gas sample is given as T = 25°C = 25+ 273 = 298 K. 
Molecular weight of SO2 is Me = 64. The concentration of the pollutant is 
specified as 2.5 ppmy. The mass concentration in mg/m? is then obtained by 
the use of Equation 13.3 as 


12.185 x 64 
298 


Alternately we may use the information given in Table 13.1 to obtain the 
pollutant density as 


= 6.543 mg/m? 


Pc =2.5x 


pe = 2.5 x 2.617 = 6.543 mg/m? 
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Sometimes the pollutant concentrations are given in more appropriate units with 
certain applications in mind. For example pollutant levels in the case of automobile 
exhaust are specified in g/km. Depending on the fuel used by the automobile, this 
way of specifying the level of pollutant, sets limits on fuel economy, as shown in 
Example 13.3. 


Combustion products commonly met with are: 


e Oxides of Carbon - CO and COg 

e Oxides of Nitrogen - NO, N20, NO» etc., referred to collectively as NOx 
e Un burnt Fuel (HC) - HC referring to hydrocarbon 

e Particulate matter - Soot 


Table 13.2 gives emission limits of combustion products commonly met with in 
exhaust from internal combustion engines. 
Table 13.2: Examples of Emission limits 
CO HC + NO, 


(g/km) glkm 
BSI 2.72/3.16 0.97/1.30 
BS II 2.20 0.50 
HC NO, 


BS III 2.30 0.20 0.15 
BS IV 1.00 0.10 0.08 


Applicable limits in India 


Example 13.3 


An car manufacturer claims that his car will consume 1/ of petrol in covering 
a distance of 18 km. The petrol used is known to produce 2.12 kg of CO2 perl. 
What is the emission level of this car? Will it meet the European Union (EU) 
requirement of 95 g/km in 2020? What should be the performance value that 
will satisfy this? 


Solution : 
The manufacturer specified performance of the car is 18 km/l of petrol. With 
a COz2 emission of 2.12 kg/L of petrol, we have 


2.12 x 1000 
CO% emission per km = a = 117.8 g/km 


Obviously the car does not meet the EU requirement by 2020. In order to 
meet the EU requirement the car should have a minimum fuel economy of 


117.2 x 18 
———_ =22.3 km/l. 
95 mil 


13.1.1 Methods of gas concentration measurement 


In the former there is no effort made 


to isolate the candidate gas from the gas mixture. In the latter the candidate gas is 
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physically separated before being measured. We shall describe a few of the methods 
available in these two broad categories. 


Non separation methods: 


e Differential Absorption LIDAR (DIAL) 
e Chemiluminescence NO, detection 


Separation methods: 


e Orsat gas analyzer 


These are discussed in detail in what follows. 


13.2 Non separation methods 


13.2.1 Non Dispersive Infrared Analyzer (NDIR) 


Most pollutant gases that are of interest to us absorb in the infrared part of 
the electromagnetic spectrum. The absorption by a gas depends on the product of 
concentration level and the path length over which the electromagnetic radiation 
travels through the gas. For example, CO absorbs roughly 3% of radiation in 
the wavelength range 4.4- 4.6 um for a path length concentration product of 
100 ppmy m. On the other hand CO% absorbs about 10% of radiation in the 
wavelength range 4.2 — 4.3 um for the same path length concentration product. HC 
absorbs approximately 8% of radiation in the 3.3- 3.5 um band under the same 
condition. 


It is thus seen that small concentrations of the pollutant gases are measurable 
based on absorption of radiation of suitable wavelength even when the gas sample 
contains a mixture of these gases. In principle there is thus no need to separate the 
candidate gas from the mixture before making the measurement of concentration. 
One of the most popular methods is the non dispersive infrared detection where 
the radiation used is broad band radiation. No monochromator (see section 12.2) 
is required in this method. Just how a particular gas is detected will become clear 
from the discussion on the acousto-optic detector that follows. 


The cell 
consists of a rigid vessel that contains the gas that is to be detected. Collimated 
infrared radiation is allowed in to the cell through a suitable window. The infrared 
radiation is chopped using a wheel with a set of holes arranged along the periphery 
of the wheel. The wheel is rotated at a constant speed using a suitable moto 


When the infrared radiation passes into the 
cell a part of it which is in the absorption band of the gas is absorbed by the candidate 
gas. This heats the gas and since the gas is confined within a rigid vessel, the 
volume is held fixed and hence the pressure goes up. When the incoming radiation 
is chopped (it enters the cell intermittently) the pressure within the cell varies as 
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shown schematically in Figure 13.1. The pressure transducer picks up this and 
generates a signal proportional to the pressure change. 

Since the cell is initially 
filled with a certain concentration of the candidate gas and sealed the pressure 
change is proportional to the amount of infrared radiation that enters it. 


1 IR source 
Collimating mirror 
Chopper wheel 
Chopper motor 

IR window 
Acousto-optic cell 
Microphone detector 
Microphone output 


ANoaa»rk wb 


Figure 13.1: Schematic of an acousto-optic cell 


Now consider the situation shown 
The sample cell 


is provided with two windows that allow the infrared radiation to pass through 
with negligible absorption. If the sample cell contains a certain concentration of the 
‘candidate gas that is also contained in the acousto-optic cell the amount of radiation 
in the absorption band of the candidate gas passed on in to the acousto-optic cell 
is less than when the sample cell is absent or the sample gas does not contain the 
candidate gas. It is thus clear that 


IR source 
Collimating mirror 
Chopper wheel 
Chopper motor 

IR window 
Acousto-optic cell 
Microphone detector 


AN aN aN Microphone output 
t 
8 


— No sample 


Figure 13.2: Sketch Math Sa ing the principle of 
NDIR 


+= <— Sample in 
= —> Sample out 


4 P 
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We are now ready to describe a full fledged NDIR system. Figure 13.3 shows all 
the components of NDIR. 


1,1’ IR sources 

2,2? Collimating mirrors 

3 Chopper wheel 

4 Chopper motor 

5 Filter cell 

6,6 Front surface mirrors 
8 7 Acousto-optic cell 

8 Microphone output 

9 Reference cell 


<— Sample in 
—> Sample out 


Figure 13.3: Details of a typical NDIR system 


The instrument is a double beam instrument with two IR sources with collimating 
optics for each beam. Beam 2 is a reference beam that sends the infrared radiation 
through a reference cell that contains all other gases (including gases that have 
absorption overlap with the candidate gas) other than the candidate gas. There is 
thus no absorption of the band that is absorbed by the candidate gas. Beam 1 passes 
through the sample gas cell as well as a filter cell that contains large concentration of 
those gases that have significant absorption in a region that overlaps absorption by 
the candidate gas. This way only the radiation that is absorbed by the candidate gas 
is available for absorption by the sample cell. The acousto-optic detector is now in the 
form of a two chambered device with a diaphragm between the two chambers. Beam 
1 and beam 2 are steered in to the two chambers that are formed by the diaphragm. 
The diaphragm also forms a part of a condenser microphone as shown in the figure. 
The microphone thus responds to the difference in pressure across it. The signal thus 
developed is proportional to the concentration of the candidate gas in the sample cell. 
Calibration of the instrument is possible with special gas mixtures having known 
concentrations of candidate gas in the mixture, taken in the sample cell. The NDIR 
needs to use different filter cells and acousto-optic detectors for different gases. 


For example NDIR is used for monitoring CO in ambient air. The concentration 
may be between 0 and 100 ppmy. CO in flue gases may vary between 0- 250 ppmy 
to as high as 1% by volume. The IR radiation used is in the 4- 4.5 um range. NDIR 
is also useful for measuring SO2g and NO, in flue gases. In the case of NO, removal 
of interference by CO2, SO2, water and Hydrocarbons is necessary while in the 
measurement of SO% interference by NOz is to be removed. 


13.2.2 Differential Absorption LIDAR (DIAL) 


Remote measurement of gas concentration in the atmosphere is necessitated 
because of difficulties in measurement in situ and also because of large path 
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lengths involved. Either airborne or satellite based or ground based instruments 
are required to make gas concentration measurements. For example, airborne 
measurement of atmospheric water vapor is possible using differential absorption. 
Differential absorption uses two wavelengths of laser radiation that are close to each 
other such that they behave similarly as they pass through the atmosphere except 
for the fact that radiation at one of the wavelengths is strongly absorbed by the 
candidate gas while radiation at the second wavelength suffers negligible absorption 
by the candidate gas. Most gases present in the atmosphere exhibit band structure 
with fine structure i.e. have several discrete wavelengths or lines within the band 
over which absorption takes place. 
T 


Figure 13.4: Principle of differen- 
tial absorption 


Aon off 


Figure 13.4 shows the choice of the two wavelengths for differential absorption. 
The ordinate shows the transmittance t . Smaller the t larger is the absorption. The 
wavelength corresponding to that close to the center of the ‘line’ is referred to as Aon 
while that in the space between two ‘lines’ is referred to as Aoff. Radiation at Aon 
suffers significant absorption while radiation at Aff suffers very little absorption. 
However all other phenomena like scattering by particulate matter and reflection 
from clouds etc. are virtually the same for the two wavelengths since they are chosen 
very close to each other. For example, in a specific case the two wavelengths are 
chosen between 0.813 — 0.818 um. 


Schematic of the DIAL system is shown in Figure 13.5. It consists of pulsed lasers 
working at two wavelengths needed for differential absorption, optical arrangement 
for sending these two laser beams through the atmosphere, collection optics to collect 
the backscattered radiation and then detectors to take a ratio of the two signals 
to get the concentration of the candidate gas. Backscatter may take place from 
smoke or cloud or a target placed on a balloon or some such arrangement. Apart 
from absorption the beams will undergo attenuation of the intensity due to beam 
divergence, scattering by particulates and transmission losses in the optics. As 
mentioned earlier all these are the same for both wavelengths. The path lengths 
for both the laser beams are also the same. For the beam at wavelength Aon the total 
or extinction cross section gz is the sum of absorption cross section o, and all other 
processes represented by os. For the beam at wavelength Aor the cross section is 
just Os. 

By Beer’s law we know that the attenuation of radiation follows the relation 
—co;L 


I, =Ine 


where J, the intensity of radiation transmitted across a path length of L, I1, is 
the intensity of entering radiation, c is the concentration of the candidate gas and 
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Scatterer 


= Plane mirrors 


Pulsed Laser 


Figure 13.5: Schematic of 
a Differential Absorption Laser 
system 


Concave mirror 


d+ is the total cross section. We apply Beer’s law to the laser radiation at the two 
wavelengths to get 


Laon = Lagn,06 OOP (13.4) 
Iros = Inopp 067 (13.5) 
It will of course be good to choose the intensities at the two wavelengths the same 
I Ih, 
even though it is not really necessary. The ratios Rı = Aon an Rə = 7 ff are 
Aon,0 Nof f 9 


estimated from the measured intensity values. Using Expressions 13.4 and 13.5 we 


see that 
Rı e Catos)L 


Ro = e7cosL 


If the absorption cross section of the candidate gas is known the concentration of the 
candidate gas is given by 


=e 0al (13.6) 


1 Ri 
C= FE n(>*] (13.7) 
In practice the laser source is pulsed with a known pulse width as well as repetition 
rate. The return signal may be gated such that the signal is collected after a known 
time delay thus making it possible to vary or choose the required path length (this is 
similar to the pulse echo method using ultrasound discussed earlier in section 8.5.1). 
The ratio in Equation 13.7 is averaged over a large number of shots of the laser and 


averaged to improve signal to noise ratio. The detector used is a high sensitivity 
Avalanche Photo Diode (APD). 


An example of this is the “LIDAR Atmospheric Sensing Experiment or LASE of 
NASA" for airborne water vapor measurement. This is capable of measuring water 
concentration in the range of 0.01 g/kg to 20 g/kg (this is also referred to as specific 
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humidity). Aerosol backscatter ratios can be measured from ground to 20 km with a 
vertical resolution of 30 m and a horizontal resolution of 40 m. The system uses an 
aircraft borne LIDAR to make water concentration measurements. Table 13.3 gives 
the specifications for the system. 


Table 13.3: LASE H20 DIAL Parameters 


Transmitter 
Energy 150 mJ (On and Off) 
Line Width 0.25 pm 
Repetition Rate 5 Hz 
Wavelength 813-818nm 
Beam divergence 0.6 mrad 
Pulse Width 50ns 
Aircraft Altitude 16-21km 
Aircraft Velocity 200 m/s (720 km/h) 
Receiver 
Effective Area 0.11 m? 
Field of View 1.1 mrad 


Filter Bandwidth (FWHM) 0.4nm (Day), 1nm (Night) 
Optical Transmittance (Total) 23% (Day), 49% (Night) 
Detector Efficiency 80% Silicon APD 

Noise Equivalent Power 2.5 x 10° '4 W/VHz (at 1.6 MHz) 
Excess Noise Factor (APD) 2.5 


Refer to the web site: asd-www.larc.nasa.gov/lase 


13.2.3 Chemiluminescence NO, detection 


As mentioned earlier NO, refers to a combination of both NO and NOg. If NO, is 
subject to high temperature of around 1000°C NO% breaks down to NO. The sample 
will thus contain only NO. If NO is reacted with ozone the following exothermic 


reaction takes place. 
NO+03 — NO2+O2 


Since the reaction is exothermic the NOz2 formed is in the excited state and hence 
emits radiation. This is called chemiluminescence. The emitted radiation is 
proportional to the concentration of NO2 and hence provides a method of measuring 
NO, concentration. Schematic of the chemiluminescent NOx analyzer is shown in 
Figure 13.6. The required flow rate of the sample gas is maintained by adjusting the 
flow controller. The sample gas is heated to convert NO, to NO. In the reaction 
chamber, NO reacts with O3 to generate NO% in the excited sate. The emitted 
radiation from the stream of excited NO% is collected by suitable optics and measured 
by the photo detector. The signal is related to the concentration of NO, in the sample. 
Figure 13.7 shows the photograph of a typical portable rack mounted exhaust gas 
analyzer station that is placed near an internal combustion engine under test. The 
installation shows NO, analyzer along with the pressure, temperature and flow 
meters that are required in the test. 
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Figure 13.6: Schematic of a chemiluminescent NOx analyzer 


EXHAUST GAS ANALYSER 


Figure 13.7: Photograph of a 
chemiluminescent NO, analyzer 


13.3 Separation methods 


13.3.1 Gas Chromatography 


‘Schematic of a gas chromatograph is shown in Figure 13.8. A controlled carrier 


gas flow is maintained using the flow controller. A small metered amount of sample 
gas is added to it at a point downstream of the flow controller and before the gas 
chromatograph column. The column is in the form of coil of a capillary whose inside 
surface is coated with a suitable adsorber. A suitable detector at the end of the 
column completes the chromatograph instrument. The column is maintained at a 
constant temperature by placing the column inside an oven as shown. As shown in 
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the figure it is possible to use different techniques to measure the concentration of 
the constituent gases in the mixture. 


Flow control 


Carrier Recorder 


Detector 


Figure 13.8: Schematic of a gas 
chromatograph 


Column oven 


Thermal conductivity detector 


Examples of thermal conductivities of different gases of interest to us are given in 
Table 13.4. The thermal conductivity values are normalized with respect to thermal 
conductivity of dry air. Either argon or helium may be used as carrier gas. Gases 
whose relative thermal conductivities are close to one another are not resolved well. 
However, with prior knowledge it is possible to resolve these. Note that the relative 
thermal conductivity values change to some extent with temperature. The values 
quoted in the table are at room temperature. 


Thermal conductivity of a mixture of Hydrogen and carbon dioxide (is taken as 
an example) varies with percentage of Hydrogen in the mixture as shown in Figure 
13.9. We see that if Hydrogen is present in small quantities the thermal conductivity 
varies more or less linearly with Hə concentration up to about 20%. Thermal 
conductivity detector is shown schematically in Figure 13.10. It essentially consists 
of a full bridge circuit with four cells containing heated wires. Two of these are 
bathed by a stream of carrier gas while the other two are bathed by carrier gas 
plus the candidate gas whenever it emerges out of the GC column. When all the 
heated wires are bathed by carrier gas alone, the bridge is under balance. Whenever 
the candidate gas is also present the thermal conductivity changes and the bridge 
goes out of balance. This is because of the slight change in the temperature of 
the wire in contact with the candidate gas. The imbalance potential difference V 
is recorded and the output of the instrument looks schematically like that shown 


13.3. Separation methods 421 


Table 13.4: Relative thermal conductivities of various gases 


Relative Relative 
Gas thermal Gas thermal 
conductivity conductivity 
Air 1.00 Hydrogen 6.39 
Argon (Carrier gas) 0.63 Nitric oxide 0.90 
Carbon dioxide 0.55 Nitrogen 0.92 
Carbon monoxide 0.88 at sit 0.57 
oxide 
Chlorine 0.30 Oxygen 0.92 
Ethane 0.69 Pale, diog, 0.31 
ide 

Ethylene 0.65 Water vapor 0.63 
Helium (Carrier gas) 5.42 

C Se 
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in Figure 13.8. Calibration of the instrument is possible using sample mixtures of 
known composition. Limit of detection is around 0.4 mg/m?. 


rrier 
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Figure 13.10: Thermal conductivity detector schematic 
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GC with Infrared spectrometer - GC IR 


The GC column is interfaced with an infrared spectrometer as detector for 
measuring the gas concentration. The stream coming out of the GC column is sent 
through a cell which is placed in the path of the IR beam in an IR spectrophotometer. 
The absorption in a suitable absorption band of the candidate gas may be used to 
determine the candidate gas composition using Beer’s law. 


GC with Mass spectrometer - GC MS 


The GC column is interfaced with a mass spectrometer as detector for measuring 
the gas concentration. A mass spectrum of the gas stream emerging from the GC 
column is recorded. The peak heights of different mass fragments may be calibrated 
with gas mixtures of known composition. 


Flame ionization detector (or FID) 


Total hydrocarbon analyzer or THC estimates the total hydrocarbon by the use of 
a flame ionization detector or FID. If a gas chromatograph is used it is possible to 
determine the concentrations of different hydrocarbons present in the gas sample. 
When a hydrocarbon is burnt in a hydrogen flame HC is broken down in to ions. The 
ion current is measured and related to the HC concentration. 


13.3.2 Orsat gas analyzer 


Flue gas composition in power plants helps us in determining how well the 
combustion system is functioning. Even though on line monitoring systems are 
common in modern power plants it is instructive to look at the use of an Orsat gas 
analyzer. Orsat Analyzer determines the volume fraction of individual gases in a 
mixture by selective absorption of the constituents by reagents and the consequent 
reduction in volume of a sample gas mixture. Reagents that are used are: 


e For absorption of CO? it is 40% solution of potassium hydroxide 

e Mixture of Pyrogallic acid (1,2,3 - Trihydroxybenzene) and solution of KOH is 
used for absorption of oxygen 

e Alternately it is Chromos chloride (Chromium dichloride, CrCl) for absorp- 
tion of oxygen 

e Alternately Copper mono chloride (CuCl) may be used as the reagent for 
absorption of CO 


Analysis is by absorption and determination is made in the following order: CO2 
first, Oxygen next and CO last. The measurement is done manually by using an 
apparatus shown in Figure 13.11. Initially the apparatus is flushed with the sample 
gas by using the three way tap to trap samples repeatedly and flushing them out 
by rejecting them to the atmosphere by the use of the bottle containing the confining 
liquid. If it is raised so that the level of the confining fluid rises in the burette with all 
the two way taps in the closed position the gas within the apparatus may be released 
to atmosphere. If now the three way valve is opened to the inlet hose the gas sample 
may be allowed to enter the burette by lowering the bottle. As the level of the liquid 
goes down the sample gas will fill the burette. This operation is repeated such that 
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any gas that was present in the burette to start with is completely flushed by the 
sample gas. Once the sample gas has been taken in the three way tap is closed. The 
sample gas trapped in the burette may now be sent in to the absorbing liquid by 
opening the appropriate two way tap and rising the bottle. The sample gas comes 
in contact with the reagent and sufficient time is allowed for the absorption of the 
appropriate constituent gas to take place. The bottle is now lowered and the level 
of the liquid in the burette will indicate the change in the volume of the sample gas 
and hence the volume of the gas constituent that is absorbed by the reagent. The two 
way tap is closed and the operation repeated with the second reagent, third reagent 
and so on. For low COg (<4% by volume) or high O2 (>1.5%) the burette must have 
0.1 ml subdivisions. 


13.3.3 Particulate matter - Soot (or smoke) 


Most engines and furnaces used in power plants put out particulate matter in the 
form of soot or smoke. Soot/smoke refers to particles of unburnt carbon remaining 
after combustion of a hydrocarbon fuel. These particulates have very small size 
and cause pollution of the atmosphere. For example, the mean diameter of smoke 
particles in a diesel engine exhaust is about 30 nm. These may be measured either 
by collection and weighing or by measuring opacity. 


There are several issues that are to be considered in the measurement of smoke. 
These are basically related to sampling. 


Particle losses in sampling tube 

Inertial losses: Especially in curved tubes due to centrifugal force field 

Gravitational losses: In horizontal sampling tube due to settling of the particles 
under the action of gravity. These losses may be avoided by vertical orientation 
of the sampling tube 

Iso-kinetic sampling : Iso-kinetic sampling is taking out or collecting a sample 
under dynamic conditions that prevail in the process. Velocity, temperature 
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and pressure should not change during the collection process. If any of these 
change the measurement may yield values that are not representative of the 
process. 


Let us examine the requirements that need to be satisfied for iso-kinetic sampling to 
hold. For this purpose we define a parameter called the Stokes number as 


E PpD? Vo 


Stk = —— 
18uL ch 


(13.8) 


where D, = Particle diameter, pp = particle density, Vo = sample air velocity in the 
free stream, Len = characteristic dimension of the probe (possibly its diameter Ds) 
and p is the dynamic viscosity of the fluid. Alternately it may also be defined by the 


relation V, 
TVo 

Stk = 
D 


(13.9) 


S 


where T is the particle relaxation time. The particle relaxation time may thus be 
identified as ‘ 
p pD Pp 
T= (13.10) 
18u 
If Stk < 0.01 sampling is iso-kinetic. In addition, the sample probe should be aligned 
parallel to the gas stream. Gas velocity entering the probe should be the same as the 
free gas stream velocity. 


Particles in a gas move with the same velocity as the gas if the diameter of the 
particle is small. Larger particles tend to move, for example, in a straight line 
when the gas encounters a change in direction. If the sampling is not iso-kinetic 
the velocity of the sample within the probe is different from the free stream velocity. 
There is a change in the velocity and the streamlines bend suitably to adjust to 
the flow field within the probe. It is thus possible that the larger or the smaller 
particles may not be sampled properly. Thus the measurement of particulates will 
under sample or over sample particles of different diameter particles in the sample. 


Collection or capture efficiency of a sampling tube is dependent on the diameter 
and velocity. For non iso-kinetic conditions the collection efficiency is described by 
the formula 

Vi 
0 1 
y 


In Equation 13.11 V is the flow velocity in the sampling tube. The collection efficiency 
is defined as the ratio of the concentration in the sampled flow to that in the free 
stream, for particles of a specified diameter. 


1 


A(V, Stk) =14 > 
Stk(2+0.63-) 


(13.11) 


Example 13.4 
Determine the diameter of a sampling tube if the largest particle diameter is 
expected to be 2 um. Particle density is specified to be 2500 kg/m?. Other 
pertinent data: Vo2 m/s and flow rate through sample tube is not to be less 
than 100 ml/s. The sample gas is air at 1 atmosphere and 25°C. 


Solution : 
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We shall design the sample tube for a flow rate of Q = 100 ml/s = 1074 m/s. 


Assuming iso-kinetic sampling to prevail, the velocity inside the sampling 
2 


tube is set to V = Vo = 2m/s. The volume flow rate is given by Q = a Vo 


and hence the sampling tube diameter is given by 


4Q 4x 10-4 
D; =\/— =\/ ———— = 0.00798m = 0.008 m 
nVo TX 2 


We now calculate the Stokes number to determine whether the above diameter 
is satisfactory. We are given that the air sample is at 1 standard atmosphere 
and at a temperature of 25°C. Dynamic viscosity of air is read off table of 
properties as u = 18.5 x 10 °kg/m s. Diameter of largest particles is given to 
be Dp = 2 um. The Stokes number is then calculated using Equation 13.8. 


—6)2 
stp = 10 R802 0.00752 = 0.008 
18x 18.5 x 10-6 x 0.008 


Since this is less than 0.01, the sampling tube of 0.008 m diameter is 
satisfactory and guarantees iso-kinetic sampling. 


Collection of particulate matter may be accomplished by drawing or aspirating the 
particulate laden gas through a filter paper or a membrane. Filter paper is useful 
for particles between 0.5 and 1 um while a membrane may be useful down to 0.1 um. 
The filter is operated for a metered duration during which the particles collect on 
the filter element. If the flow rate of the sample gas is maintained constant during 
the collection process we can calculate the volume of gas that has passed through 
the filter element. The particulates collected may be determined either by weighing 
the filter element before and after the collection process or by measuring the optical 
reflectance of the filter element in comparison with a virgin filter element. The mass 
of particulates collected divided by the volume of gas that has passed through the 
filter paper will give the mass of particulates per unit volume of the gas. 


The collection of smoke particles is to be made by passing 300 ml of smoke 
containing stream at 1 atm and 298 K across the paper using an electronically 
controlled diaphragm pump. The diffuse reflectance of the smoke blackened (Rs) 
as well as virgin paper (Ry) are measured using a lamp and detector arrangement. 
The relative reflectance Rp is then defined by the relation 


Rpg = —> x 100% (13.12) 


The paper blackening index or the Bosch Smoke Number (BSN) is then defined as 


100-R 
BSNS (13.13) 
10 
Thus we see that the smoke number is zero with a clean smokeless stream and has 
a maximum possible value of 10 for the dirtiest stream! In the latter case the filter 
paper will be completely covered with carbon having zero reflectance. 
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The measurement of opacity of flue gases may be made in situ in the stack without 
separating the particulates. Since no sample collection is involved many of the 
problems associated with sampling are obviated. Codes specify the way such a 
measurement is to be made. Telonic Berkeley TBM300? portable opacity meter is 
a suitable measuring device for this purpose. 


Opacity meter 


Schematic of how an opacity meter may be used for in situ measurement of smoke 
in a stack is shown in Figure 13.12. 


k— L: — 


Figure 13.12: In situ opacity 
measurements in a stack 


Transreceiver 
Retro-reflector 


Stack gas 


The instrument is single ended and uses a light source detector combination as 
the transceiver. At the other end we have a retro reflector to return the light. The 
light source is normally a green LED (light emitting diode) with a spectral peak 
between 550 and 570 nm (0.55 and 0.57 um). The receiver is a photo detector. An 
instrument available from Preferred Utilities Manufacturing Corporation (JC-30D 
Smoke Opacity Monitor) has the specifications given in Table 13.5. Opacity is defined 


Table 13.5: Specifications of an opacity meter 
Spectral peak and mean width 500 - 600 nm 


Angle of projection <5° 

Response time < 10s for 95% change in opacity 
Sighting distance 1 to 8 ft (0.3 to 2.5 m) smoke duct 
Path length 3 to 10 ft (1 to 3 m) 

Accuracy 1% 

Calibration drift < 0.5% 


Instrument is double ended with light source and detector facing each other 


as 1 minus the transmittance t, a quantity that was introduced earlier during the 
discussion on differential absorption technique (see section 13.2.2). We define, as we 
did earlier an extinction coefficient f to account for loss of intensity due to absorption 
and scattering by the particulates present in the stack gas. This factor may be 
related to the particle density if we know the extinction cross section of the particles. 
Example 13.5 demonstrates this, by considering a typical case. 


Example 13.5 


Smoke opacity has been measured by a double ended system to be 40%. The 


lyisit http://www.telonicberkeley.com/TBM300.html 
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path length has been noted to be 10 cm. The temperature of the gas is °C. 
It has been ascertained that the soot density is ps = 600 ug/m?. What is 
the extinction cross section of soot particles? If the soot may be considered 
as carbon particles with a mean diameter of Dp = 0.2 um, and of density 
Pc = 2300 kg/m? determine the number density of soot particles. 


Solution : 
Opacity of the gas is given to be 40%. Thus the transmittance of the gas is 100 
- 40 = 60%. By Beer’s law we have 


t=e PL =0.6 


Noting that the path length is L = 10cm = 0.1 m, taking natural logarithms of 
the above, we get 


1 1 
een = 1n0.6 = 5.1083 m~t 
oon m 
The extinction coefficient 6 may also be written as the product of soot density 
ps and the extinction cross section de. Thus the extinction cross section is 


obtained as 
p 5.1083 


~ ps 600x1076 


The mass of each particle may be obtained from the given data, Dp = 0.2 um 
and particle density pe = 2300 kg/m? as 


= 8513.8 m7/kg 


e 


3 


aD 0.2 x 1078) 
Mp Pea = 2300 x TANO 2 XIT 


= 9.6343 x 1071? kg 


We see that the soot density is the product of number density n and the mass 
of each particle. Hence the number density is determined as 


Ps 600 x 1076 


n= = zz/M? = 6.228 x 10’ m~? 
mp 9.6343 x 107 


Concluding remarks 


Principles of techniques of measuring low concentration of gases has been the 
theme of this chapter. Several methods, non-dispersive and spectroscopic methods 
have been discussed. We have also dealt with the measurement of soot that is 
commonly present in exhaust gases from combustion devices. 
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Chapter 14 


Force/Acceleration, torque 
and power 


Engineering laboratory applications routinely involve the measurement of 
mechanical quantities such as force, acceleration, torque and power. Power 
producing devices such as engines and motors are characterized by torque at 
the shaft, rotational speed, power output etc. These are measured using 
suitable instruments as described in this chapter. Accelerometers - 
instrument used for measuring acceleration - find applications in 
monitoring loads on machinery or structures that are exposed to dynamic 
loads. Earthquake forces are also measured using sensitive accelerometers. 
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14.1 Introduction 


In many mechanical engineering applications force/acceleration, torque and power 
need to be measured. Some of these applications are listed below: 


Force/Stress measurement: Weighing of an object, Dynamics of vehicles, Control 
applications such as deployment of air bag in a vehicle, Study of behavior 
of materials under different types of loads, Vibration studies, Seismology or 
monitoring of earthquakes 

Torque measurement: Measurement of brake power of an engine, Measurement 
of torque produced by an electric motor, Studies on a structural member under 
torsion 

Power measurement: Measurement of brake horse power of an engine, Measure- 
ment of power consumed by an electric motor 


As is apparent from the above the measurement of force, torque and power are 
involved in dynamic systems and hence cover a very wide range of mechanical 
engineering applications such as power plants, engines, transport vehicles and so 
on. Other areas where these quantities are involved are in biological applications, 
sports medicine, ergonomics and mechanical property measurements of engineering 
materials. Since the list is very long we cover only some of the important applications 
in what follows. 


14.2 Force Measurement 
There are many methods of measurement of a force. Some of these are given below: 


Force measurement by mechanical balancing: Simple elements such as the 
lever may be used for this purpose. A platform balance is an example - of 
course mass is the measured quantity since acceleration is equal to the local 
acceleration due to gravity 

Transform force to displacement: Using a spring element - it may be an actual 
spring or an elastic member that undergoes a strain 

Convert force to hydraulic pressure: Conversion is using a piston cylinder de- 
vice. The pressure itself is measured using a pressure transducer (see section 
7.4) 

Force measurement using a piezoelectric transducer: Piezoelectric transducer 
directly converts the force to an electrical signal 


14.2.1 Platform balance 


The platform balance is basically a weighing machine that uses the acceleration 
due to gravity to provide forces and uses levers to convert these in to moments that 
are balanced to ascertain the weight of an unknown sample of material. The working 
principle of a platform balance may be understood by looking at the cross sectional 
skeletal view of the balance shown in Figure 14.1. The weight W to be measured 
may be placed anywhere on the platform. The knife edges on which the platform 
rests share this load as W; and W2. Let T be the force transmitted by the vertical 
link as shown in the figure. There are essentially four levers and the appropriate 
Moment equations are given below. 
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Poise 
weight 


Load arm 


Ws 


Figure 14.1: Sectional 


skeletal view of a platform 
— — balance 


1) Consider the horizontal load arm. Taking moments about the fixed fulcrum, we 
have 


Tb=W,a (14.1) 
2) For the main lever we balance the moments at the fixed fulcrum to get 
h 
Te=Woh+W, eor T= i 4 WL (14.2) 
d c e d 


h 
3) The ratio — is chosen equal to f so that the above becomes 
e 


d 
T= ÊW +W2)= fw (14.3) 


4) Thus T the force transmitted through the vertical link is independent of where 
the load is placed on the platform. From Equations in 14.1 and 14.3 we get 


W= Wor w=%w, (14.4) 


T =—W, = — A 
c bh 


e/a 


Thus the gauge factor for the platform balance is a such that W = GW,. In practice 


the load arm floats between two stops and the weighing is done by making the arm 
stay between the two stops opposite a mark. The main weights are added into the 
pan (usually hooked on to the end of the arm) and small poise weight is moved along 
the arm to make fine adjustments. Obviously the poise weight W,, if moved by a unit 


W, 
distance along the arm is equivalent to an extra weight of — added in the pan. The 
a 
unit of distance on the arm on which the poise weight slides is marked in this unit! 


14.2.2 Force to displacement conversion 


A spring balance (or a spring scale) is an example where a force may be converted 
to a displacement based on the spring constant. For a spring element (it need not 
actually be a spring in the form of a coil of wire) the relationship between force F 
and displacement x is linear and given by 


F=Kx (14.5) 
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Support 
| 2 
& B 
Figure 14.2: Schematic of a spring balance 
Pan with Weight 


where K is the spring constant. Simplest device of this type is in fact the spring 
balance whose schematic is shown in Figure 14.2. The spring is fixed at one end and 
at the other end hangs a pan. The object to be weighed is placed in the pan and the 
position of the needle along the graduated scale gives the weight of the object. For a 
coiled spring like the one shown in the illustration, the spring constant is given by 


_ E;D%, 


Ss (14.6) 
8Dn N 


In this equation Es is the shear modulus of the material of the spring, Dw is the 
diameter of the wire from which the spring is wound, Dm is the mean diameter of 
the coil and N is the number of coils in the spring. 


Example 14.1 


A spring balance has been designed using a helical spring made of spring steel 
whose shear modulus is Es = 8 x 10? Pa. The spring is made from a wire of 
diameter D,, = 0.57 mm and the mean diameter of the coil is Dm = 7.5 mm. 
The spring has 25 turns in the coil i.e. N = 25. If the maximum weight to 
be measured by this balance is 9.8 N (i.e. a mass of 1 kg under standard 
g = 9.8 m/s?) what is the maximum deflection of the spring? If the range on 
the scale is divided in to 100 intervals what is the least count of the spring 
balance? 
Solution : 
Based on Equation 14.6 the spring constant may be evaluated as 


8 x 10° x (0.57 x 1073)4 
~ 8x (7.5 x 10-8)8 x 25 
The maximum deflection Zmax is to occur when the load applied on the spring 
is W =9.8 N. Hence the maximum spring deflection is given by 
Ww 9.8 
max = K ~ 100.09 
When the range is divided in to 100 divisions, each division is equal to 


0.98 mm and represents a least count of 0.098 N or weight of a mass equal 
to 10g. 


= 100.09 N/m 


x 1000 = 97.92 mm 
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It is interesting to note that Progen Scientific, UK, supplies spring balance ‘Kern 
281-601’ that has a range of 1000 g and least count of 10 g. 


An elastic element may be used to convert a force to a displacement. Any 
elastic material follows Hooke’s law within its elastic limit and hence is a potential 
spring element. Several examples are given in Figure 14.3 along with appropriate 
expressions for the applicable spring constants. Spring constants involve Æ, the 
Young’s modulus of the material of the element and the geometric parameters 
indicated in the figure. In case of an element that undergoes bending the moment of 
inertia of the cross section is the appropriate geometric parameter. The expressions 
for spring constant are easily derived and are available in any book on strength of 
materials. 


R F F Ring of mean 
bxh diameter =D 
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LART | 
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(a) (b) (c) 


Figure 14.3: Several configurations for measuring force with the appropriate spring 
constants: (a) Rod in tension or compression (b) Cantilever beam (c) Thin ring 


Example 14.2 is presented to get an idea about typical numbers that characterize 
force transducers. 


Example 14.2 


A cantilever beam made of spring steel (Young’s modulus 200 GPa) 25 mm 
long has a width of 2 mm and thickness of 0.8 mm. Determine the spring 
constant. If all lengths are subject to measurement uncertainties of 0.5% 
determine the percent uncertainty in the estimated spring constant. What 
is the force if the deflection of the free end of the cantilever beam under a 
force acting there is 3 mm? What is the uncertainty in the estimated force if 
the deflection itself is measured with an uncertainty of 0.5%? 


Solution : 
Figure 14.4 describes the situation. The cantilever beam will bend as shown 
in the figure. 


Applied 
Load 


— Beam shape before loading 
---- Beam shape after loading 


ke : 
= Figure 14.4: 
Example 14.2 


Explanatory figure for 
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The given data is written down as: 


Young’s Modulus E = 200 x 10° Pa Width of beam b = 0.002 m 
Thickness of beam t = 0.0008 m Length of beam L = 0.025 m 


The moment of inertia is calculated using the well known formula as 


bt? _ 0.002 x 0.0008? 


=8. 10714 m4 
T 12 8.5333 x 10 =m 


T= 


Using the formula for the spring constant given in Figure 14.3, we have 


_ BEI _ 3x 200x109 x 8.5333 x 10714 
© BO 0.0258 

Since all the relevant formulae involve products of parameters raised to some 
power, logarithmic differentiation will yield results directly in percentages. 
We represent the uncertainties in percent as up where the subscript p refers 
to any of the measured or estimated parameters. We have: 


ug = +\/ u? + (Bu;)? = + V 0.52 + (3 x 0.5) = 1.58% 


K = 3277 N/m 


Hence 


ug = +\/u? + (Buz)? = +v 1.58? + (3 x 0.5)? = 2.18% 


Thus the spring constant may be specified as 


K =3277+ Pas x 3277 = 3277 +71.4 N/m 


For the given deflection under the load of y = 3mm = 0.003 m the nominal 
value of the force may be calculated as 


F = Ky = 3277 x 0.003 = 9.883 N 
Further the error may be calculated as 
up = +\/ u% +u? = +V 2.182 + 0.5? = 2.24% 


The estimated force may then be specified as 


2.24 
F = 9.83 + —— x 9.83 = 9.83 + 0.22 N 
9.83 100 x 9.83 


Note that the deflection may easily be measured with a vernier scale held 
against the free end of the beam element. Alternately a dial gauge (refer to a 
book on Metrology) may be made use of. 


In the case considered in Example 14.2 the force may be inferred from the displace- 
ment measured at the free end where the force is also applied. Alternately one may 
measure the strain at a suitable location on the beam which itself is related to the 
applied force. The advantage of this method is that the strain to be measured is 
converted to an electrical signal which may be recorded and manipulated easily using 
suitable electronic circuits. 
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14.2.3 Proving ring 


Proving ring is a device that is useful in measuring force or load. It was developed 
at the National Institute of Standards and Technology (NIST), USA. For a description 
of the proving ring design refer to NIST web site.! Proving rings are available for for 
measuring forces in the 2— 2000 kN range. 


The proving ring consists of a metal ring made of alloy steel with external bosses to 
facilitate application of load or force to be measured (Figure 14.5) across a diameter. 
It has a rectangular section as shown by the sectional view across AA. Under 
a compressive load the ring changes its shape with negative strain of the inner 
periphery of the ring and positive strain of the outer surface of the ring. Thus the 
strain gages 1 and 2 suffer reduction in the resistance while strain gages 3 and 4 
suffer increase in resistance. If the four gages are connected in the form of a full 
bridge shown in Figure 14.5 the bridge output is proportional to the applied load. 
Thus the imbalance of the bridge is amplified by a factor of two as compared to a 
“half bridge” arrangement. 


Load F 


eA Proving Ring Full bridge 


Section A -A1 4; Strain gages 


Figure 14.5: Schematic of a proving ring 


14.2.4 Conversion of force to hydraulic pressure 


While discussing pressure measurement we have discussed a dead weight tester 
(see section 7.8) that essentially consisted of a piston cylinder arrangement in which 
the pressure was converted to hydraulic pressure. It is immediately apparent that 
this arrangement may be used for measuring a force. If the piston area is accurately 
known, the pressure in the hydraulic liquid developed by the force acting on the 
piston may be measured by a pressure transducer. This pressure when multiplied 
by the piston area gives the force. The pressure may be measured by using several 
transducers that were discussed earlier in Chapter 4. 


g “http://www.nist.gov/pm]/div684/grp07/provingringdesign.cfm” 
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14.2.5 Piezoelectric force transducer 


A piezoelectric material develops an electrical output when it is compressed by the 
application of a force. This signal is proportional to the force acting on the material. 
We shall discuss more fully this in section 14.3.3. 


14.3 Measurement of acceleration 


Acceleration measurement is closely related to the measurement of force. Effect 
of acceleration on a mass is to give rise to a force. This force is directly proportional 
to the mass, which if known, will give the acceleration when the force is divided 
by it. Force itself may be measured by various methods that have been discussed 
previously in section 14.2. 


14.3.1 Preliminary ideas 


Consider a spring mass system as shown in Figure 14.6. We shall assume that 
there is no damping. The spring is attached to a table (or an object whose acceleration 
is to be measured) as shown with a mass M attached to the other end and sitting 
on the table. When the table is stationary there is no force in the spring and it is 
in the zero deflection position. When the table moves to the right under a steady 
acceleration a, the mass tends to extend the spring because of its inertia. If the 
initial location of the mass is given by x;, the location of the mass on the table when 
the acceleration is applied is x. If the spring constant is K, then the tension force 
in the spring is K(x- xi). The same force is acting on the mass also. Hence the 
acceleration is given by 


F K(x-x;) 
a = — = — 


vi M (14.7) 


Acceleration=0 Acceleration= a — > 
No spring deflection Spring deflected 
(No damping case) 


Figure 14.6: Spring mass system under the influence of an external force 


This is, of course, a simplistic approach since it is difficult to achieve the zero 
damping condition. In practice the acceleration may not also be constant. In deed 
we may want to measure acceleration during periodic oscillations or vibrations of a 
system. We consider these later on. 
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Example 14.3 


An accelerometer has a seismic mass of M = 0.02/;kg and a spring of spring 
constant equal to K = 2000 N/m. Maximum displacement allowed is 1 cm. 
What is the maximum acceleration that may be measured? What is the 
natural frequency of the accelerometer? 


Solution : 
Figure 14.7 explains the concept in this case. Stops are provided so as not to 
damage the spring during operation by excessive displacement. 


Motion of 
seismic mass 


Figure 14.7: Accelerometer 
scheme specified in Example 14.3 


Vibrating table 


Thus the maximum acceleration that may be measured corresponds to the 
maximum allowed displacement of +1 cm or +0.01 m. Thus, using Equation 
14.7, the maximum acceleration that may be measured is 

KAx 2000 0.01 _ 


Amax = M =i 0.02 = +1000 m/s? 


The corresponding acceleration in terms of standard “g” is given by 


+1000 


g=+102g 


QA max = 


The natural frequency of the accelerometer is given by the familiar result 
1 /K 1 2000 
e — = — = z H 
BNM Sea o O 


14.3.2 Characteristics of a spring - mass - damper system 


Figure 14.8: Schematic of a vi- 
bration or acceleration measuring 
system 


x 
| x1: Displacement of the mass 
x2: Displacement of the table 


Vibrating table 


Consider the dynamics of the system shown in Figure 14.8. In vibration 
measurement the vibrating table executes vibrations in the vertical direction and 
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may be represented by a complex wave form. It is however possible to represent 
it as a Fourier series involving vibrations at a series of frequencies. Let one such 
component be represented by the input xı = x1,9cos(wit) . Here x stands for the 
displacement, ¢ stands for time and w represents the circular frequency. Force 
experienced by the mass due to its acceleration (as a response to the input) is 


d2 
M = Due to the displacement of the spring the mass experiences a force given by 


K(xı — x2). The force of damping (linear case - damping is proportional to velocity) 
d d 
isc [St — =| where c is the damping coefficient. For dynamic equilibrium of the 


system, we have 


(14.8) 


Mi Kei ste =) 


dt dt 
Dividing through Equation 14.8 by M and rearranging we get 
d? x9 c dx2 K c dx; K 


} } = } 14. 
de Mae M Ma M“ (14.9) 


We now substitute the input on the right hand side to get 


d? dx K K 
ae a 7 t7250 ip Osod- o sino) (14.10) 


This is a second order ordinary differential equation that is reminiscent of the 
equation we encountered while discussing the transient response of a U tube 


K 
manometer in section 7.2.2. The natural frequency of the system is wn = V u and 


the critical damping coefficient is ce = 2V MK. The solution to this equation may be 
worked out easily to get 


is Mw? ,cos(w1t - p) 
x2g—-x,=e 2M" [Acos(wt)+Bsin(wt)] + ——— (14.11) 
VK- Mo??? + (co? 


In the above equation 


CW 
K-Mw? 


for ca 1. The steady sate response (shown with double underline in Equation 14.11) 


suave for large times by which time the damped transient response (shown with 
single underline in Equation 14.11) would have died down. The transient response 
also depends on the initial conditions that determine the constants A and B. Since 
our interest lies with the steady state response and the phase lag we recast these as 


= w1 L 2cw1 
x2 = cil ps ei CcoWn 


(14.12) 
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The solution presented above is the basic theoretical framework on which vibration 
measuring devices are built. In case we want to measure the acceleration, the input 
to be followed is the second derivative with respect to time of the displacement given 
by 

d 

a(t) = — 

dt 
The amplitude of acceleration is hence equal to x100% and hence we may rearrange 
the steady state response as 


2e 
aS -x1 007 cos(wıt) 


X2 X1 1 
TES e a 


The above is nothing but the acceleration response of the system. Plots help us make 
suitable conclusions. 


(14.13) 


Figure 14.9 shows the frequency response of a second order system. Note that the 
ordinate is non-dimensional response normalized with the input amplitude as the 
normalizing factor. The frequency ratio is used along the abscissa. Note that the 
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tc c/c-=0.4 
5 --- C/C:=0.6 
set —--- C/¢,=0.8 
A —— c/c,=1 
x 
N 
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Figure 14.9: Steady state 
[ response of a second order 
EC C system to periodic input 
(0) 0.5 1 15 2 25 3 

Wn 


amplitude response of the spring mass damper system will take very large values 
close to resonance where w1 = wpn. The second order system may not survive such a 
situation and one way of protecting the system is to provide amplitude limiting stops 
as was shown in Figure 14.7. In Figure 14.9 the stops are provided such that the 
amplitude ratio is limited to 25% above the input value. 


We now look at the phase relation shown plotted in Figure 14.10 for a second order 
system. The output always lags the input and varies from 0° for very low frequencies 
to 180° for infinite frequency. However, the phase angle varies very slowly for high 
frequencies. 
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Design of second order system for optimum response 


What is now of interest is to find out how to design the system for optimum 
performance. For this purpose consider the case shown in Figure 14.11. For the 
chosen damping ratio of 0.7 the amplitude response is less than or equal to one for 
all input frequencies. We notice also that the response of the system is good for input 
frequency much larger than the natural frequency of the system. This indicates that 
the vibration amplitude is more faithfully given by a spring mass damper device 
with very small natural frequency, assuming that the frequency response is required 
at relatively large frequencies. For input frequency more than twice the natural 
frequency the response is very close to unity. Now let us look at the phase relation 


1 
os- 
70.6 
x 
= I 
x | 
N 
0.4 7 
0.24 Figure 14.11: Amplitude 
al response of a system with 
o E PEEN EEEE ae leer te, damping ratio of 0.7 
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for a second order system with the same damping ratio shown in Figure 14.12. It is 
noted that for input frequency in excess of about 4 times the natural frequency the 
phase angle varies linearly with the input frequency. This is a very useful property 
of a second order system as will become clear from the following discussion. An 


14.3. Measurement of acceleration 441 


180 +4 ıı ipa E aE 


— Actual 
-- Local linear 


Figure 14.12: Phase response 
of a system with damping ratio 
of 0.7 
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arbitrary periodic function with a fundamental frequency of wı may be written in 
the form of a Fourier series given by 


x1 = x1,0 CoS(W yt) + x1, 1 cos(2w1t) + x1, 2cos(3w1t) +... (14.14) 


If wı corresponds to a frequency in the linear phase lag region of the second order 
system and ¢ is the corresponding phase lag, the phase lag for the higher harmonics 
are multiples of this phase lag. Thus the fundamental will have a phase lag of ¢, the 
next harmonic a phase lag of 2¢ and so on. Thus the steady state output response 
will be of the form 


Output ~ x19 cos(w1t — p) + x1,1 cos(2w 1 t — 2) + x1 2 cos(3w1t— 3p) +... (14.15) 
This simply means that the output is of the form 
Output ~ x1, cos(w,t’) + x1, 1 cos(20 0’) + x12. cos(3ajt') +... (14.16) 
Thus the output retains the shape of the input. 


Now we shall look at the desired characteristics of an accelerometer or an 
acceleration measuring instrument. We make a plot of the acceleration response of a 
second order system as shown in Figure 14.13. It is clear from this figure that for a 
faithful acceleration response the measured frequency must be very small compared 
to the natural frequency of the second order system. Damping ratio does not play a 
significant role. 


In summary we may make the following statements: 


e Displacement measurement of a vibrating system is best done with a trans- 
ducer that has a very small natural frequency coupled with damping ratio of 
about 0.7. The transducer has to be made with a large mass with a soft spring. 

¢ Accelerometer is best designed with a large natural frequency. The transducer 
should use a small mass with a stiff spring. Damping ratio does not have 
significant effect on the response. 
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N 


= 


K=(x2-X1)/[X1,0(001/0)n)?] 


W1/On 


Figure 14.13: Acceleration response of a second order system 
Example 14.4 


A big seismic instrument is constructed with M = 100 kg, oo 0.7 and 
Ce 
a spring of spring constant K = 5000 N/m. Calculate the value of linear 
acceleration that would produce a displacement of 5 mm on the instrument. 
w 
What is the frequency ratio — — such that the displacement ratio is 0.99? What 


is the useful frequency of dperation of this system as an accelerometer? 
Solution : 

Displacement is x = 5 mm = 0.005 m and the spring constant is K = 5000 N/m. 

Hence the spring force corresponding to the given displacement is 


F = Kx = 5000 x 0.005 = 25 N 


The seismic mass is M = 100 kg. Hence the linear acceleration is given by 


F 25 
=— =0.2 
a ue 700 = 0.25 m/s? 


Represent — — v by the symbol y. The damping ratio has been specified as 0.7. 


From the Ea A of a second order system given earlier the condition that 
needs to be satisfied is 


2 
Amplitude ratio = 0.99 = 4 


VA- y?)? +(1.4y)? 


We shall substitute z = y. The above equation then becomes 


z 


v (1-2)? +1.96z 


= 0.99 
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This equation may be simplified to get the following quadratic equation for z. 
0.02032? + 0.04z-1=0 


The quadratic equation has a meaningful solution given by z = 6.1022. The 
positive square root of this, in fact, gives the desired result y = V 6.1022 = 2.47. 
The natural frequency of the system is given by 


IK /5000 
7.07 
On M 100 07 rad/s 


The frequency at which the amplitude ratio is equal to 0.99 is thus given by 


W = y X Wn = 2.47 x 7.07 = 17.5 rad/s 
Again we shall assume that the useful frequency is such that the acceleration 


response is 0.99 at this cut off frequency. We have 


1 
(1— y?)? +(1.4y)} 


Acceleration ratio = 0.99 = 


We shall substitute z = y?. The equation to be solved then becomes 
1 


V (1-2)? + 1.962 


This equation may be simplified to get the following quadratic equation for z. 


= 0.99 


27 -0.04z-1=0 


The quadratic equation has a meaningful solution z = 0.1639. The positive 
square root of this gives the desired result y = V0.1639 = 0.405. The frequency 
at which the amplitude ratio is equal to 0.99 is thus given by 


w = y X Wp = 0.405 x 7.07 = 2.86 rad/s 


Earthquake waves tend to have most of their energy at periods (the time from 
one wave crest to the next) of ten seconds to a few minutes. These correspond 
to frequencies of w = 22/T = 2 x 2/10 = 0.63 rad/s and w = 22/T = 2 x 21/60 = 
0.105 rad/s. The accelerometer being considered in this example is eminently 
suited for this application. 


Example 14.5 


A vibration measuring instrument is used to measure the vibration of a 
machine vibrating according to the relation x = 0.007 cos(27t)+ 0.0015 cos(7zt) 
where the amplitude x is in m and t is in s. The vibration measuring 
instrument has an undamped natural frequency of 0.4 Hz and a damping ratio 
of 0.7. Will the output be faithful to the input? Explain. 


Solution : 
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The natural frequency of the vibration measuring instrument specified is 
fn = 0.4 Hz. The corresponding circular frequency is given by 


Wn = 27 x 0.4 = 0.82 rad/s 
For the first part of the input the impressed frequency is w1 = 27 rad/s. Hence 
the frequency ratio for this part is 
2 
Srt p5 
wn 0.82 
The corresponding amplitude ratio is obtained using first of Equation 14.12 as 


i } 2.5? 
Amplitude ratio = = 0.9905 


V(1-2.52)2 + (1.4 x 2.5)? 
The phase angle is obtained using second of Equation 14.12 as 
Jz tan“! [ x 0.7 x 2.5 
1- 2.52 


For the second part of the input the impressed frequency is w2 = 77. Hence 
the frequency ratio for this part is 


} = 2.554 rad 


BB = UE age 
On 0.8m ` 


The corresponding amplitude ratio is 


8.752 
= 1.000 
V/(1 - 8.752)? + (1.4 x 8.75)? 


The corresponding phase angle is given by 
2x 0.7 x 8.75 
1-8.752 
The output of the accelerometer is thus given by 


Output = 0.9905 x 0.007 cos(2mt — 2.554) + 0.0015 x 1.000 cos(77rt — 2.981) 


Amplitude ratio = 


=tan! = 2.981 rad 
l ) 


or 


Output = 0.0069 cos(27t — 2.554) + 0.0015 cos(77t — 2.981) 


Introduce the notation 0 = 27t — 2.554. The quantity 3.50 may be written as 
follows: 
3.50 = 3.5(27 — 2.554) = 77t — 8.939 


The above may be rewritten as 
3.50 = (Trt — 2.981) + (2.981 — 8.939) 


The term shown with underline may be rewritten as —27 + 0.3252. Thus the 
output response may be written as 


Output = 0.0069 cos(@) + 0.0015 cos(3.50 + 0.3252) 


The term —2z does not play a role and hence the second term has an effective 
lead with respect to the first term of 0.3252 rad. Hence the output does 
not follow the input faithfully. However, the amplitude part is followed very 
closely for both the terms. 
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14.3.3 Piezoelectric accelerometer 


The principles that were dealt with above help us in the design of piezoelectric 
accelerometers. These are devices that use a mass mounted on a piezo ceramic 
as shown in Figure 14.14. The entire assembly is mounted on the device whose 
acceleration is to be measured. The ENDEVCO MODEL 7703A-50-100 series of 
piezo-electric accelerometers are typical of such accelerometers”. The diameter of the 
accelerometer is about 16 mm. When the mass is subject to acceleration it applies a 
force on the piezoelectric material. A charge is developed that may be converted to a 
potential difference by suitable electronics. 


Seismic massM 


eee A 


Figure 14.14: Piezoelectric accelerome- 
Piezo-ceramic ter 


Acceleration a 


The following relations describe the behavior of a piezoelectric transducer. 


A 
q=Fd, q=CAV and Cee (14.17) 


Combining all these we get 


AV = —-—F ——— Ma (14.18) 


In Equation 14.18 the various symbols have the following meanings: 

C = Capacitance of the piezoelectric element, x = Dielectric constant, d = Piezoelec- 
tric constant, A =Area of Piezo ceramic, 6 = Thickness of Piezo ceramic, M = Seismic 
mass, g = Charge, AV = Potential difference and a = Acceleration. 


Charge sensitivity is defined as 


S,=4 (14.19) 


a 


which has a typical value of 50 x 10 8c oul/g. The acceleration is in units of g, the 
acceleration due to gravity. The voltage sensitivity is defined as 


Spee ee (14.20) 


Piezo transducers are supplied by many manufacturers. They have specifications 
typically shown in Table 14.1. 


"https ‘//www.endevco.com 
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Table 14.1: Typical product data Briiel & Kjaer 8200 


Range 1000 to 5000 N 
Charge sensitivity 4x 10° Coul/N 
Capacitance 25 x 107 F 
Stiffness 5x 108 N/m 
Resonance frequency with 5 g 35 kHz 
mounted on top load 
Effective seismic mass: 
Above Piezo-electric element 3g 
Below Piezo-electric element 18 g 
Piezoelectric material Quartz 
Transducer housing material SS 316 
Diameter ~ 18mm 
‘ Threaded spigot and 
Transducer mounting tapped holè Regt body 
Signal conditioning Charge amplifier 
Useful frequency range ~ 10 kHz 


14.3.4 Laser Doppler Vibrometer 


We have earlier discussed the use of laser Doppler for measurement of fluid 
velocity. It is possible to use the method also for the remote measurement of 
vibration. Consider the optical arrangement shown in Figure 14.15. A laser beam 
is directed towards the object that is vibrating. The reflected laser radiation is split 
in to two beams that travel different path lengths by the arrangement shown in 
the figure. The two beams are then combined at the detector. The detector signal 
contains information about the vibrating object and this may be elucidated using 
suitable electronics. 

Ak 


1 —_— 
BS1! 


Vibrating 
target 


FM2 


BS: Beam splitter Figure 14.15: Schematic to 
== ~—sSw FM: Fixed Mirror €XPlain the working principle of a 
hee Laser Doppler Vibrometer 


Consider the target to vibrate in a direction coinciding with the laser incidence 
direction. Let the velocity of the target due to its vibratory motion be V(t). The 
laser beam that is reflected by the vibrating target is split in to two beams by the 
beam splitter 2. One of these travels to the fixed mirror 1 and reaches the photo 
detector after reflection off the beam splitter 2. The other beam is reflected by fixed 
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mirror 2 and returns directly to the photo detector. The path lengths covered by the 
two beams are different. Let Al be the extra distance covered by the second beam 
with respect to the first. The second beam reaches the detector after a time delay 


Al 
of tg = — where c is the speed of light. Since the speed of light is very large (i.e. 
c 


Al 
3x108m/s) the time delay is rather a small quantity, i.e. — «1. 
c 


We know that the reflected radiation will have a slightly different frequency than 
the incident laser frequency and this is due to the Doppler shift we have discussed 
earlier. If we look carefully we see that the two beams that reach the detector have 
in fact undergone slightly different Doppler shifts because of the time delay referred 
to above. When we combine these two beams at the detector we will get a beat 
frequency given by 


2 
fbeat = F (14.21) 


Al 
veo-v(e-2) 
c 


If the velocity of the target contains several frequencies one may represent it in terms 
of a Fourier integral. The velocity is thus given by the relation 


lo) 
V(t)= f A(w)sin[wt — ¢lw)ldw (14.22) 
0 
Substitute Expression 14.22 in Expression 14.21 to get 


fisas = [T awf sintor- gon —sin Jo[e- ~) - go) } (14.23) 
0 


Al 
Noting now that — « 1 the integrand may be approximated, using well known 


trigonometric identities as 
. : Al wAl 
sin[wt — @(w)] -sin [o (: — =| — wo) = ors cos[wt — 6(w)] (14.24) 


Thus the beat frequency is given by 


foeat = =f A(w)coslwt — (@)|dw (14.25) 
0 


We notice that the integral in Equation 14.25 represents the instantaneous ac- 
celeration of the vibrating object. Thus the beat frequency is proportional to the 
instantaneous acceleration of the vibrating target. 


In practice the physical path length needs to be very large within the requirement 


— <1. A method of achieving this is to use a long fiber optic cable in the second 


c 
path between the beam splitter 2 and the fixed mirror 2. Recently Rothberg et. al. 
have described the development of a Laser Doppler Accelerometer’. 


38g Rothberg, A Hocknell and J Coupland, Developments in laser Doppler accelerometry 
(LDAc) and comparison with laser Doppler velocimetry, Optics and Lasers in Engineering, 
V-32, No. 6, 2000, pp. 549-564. 
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14.3.5 Fiber Optic Accelerometer 


Another interesting recent development is a fiber optic accelerometer described by 
Lopez - Higuera et. al*. The schematic of the instrument is shown in Figure 14.16. 


Probe body 
Laser Laser light 
light IN OUT 1 
— 1 Movement 23 


240 um max. Laser light 


OUT 2 


Cantilever 


Figure 14.16: Schematic of a 
fiber, 18.4 mm long 


fiber optic accelerometer 


In this transducer a laser beam is fed in through a cantilever fiber that vibrates 
with the probe body that is mounted on a vibrating object. The laser beam emerging 
out of the cantilever is incident on a fiber optic pair that is rigidly fixed and does 
not vibrate. The vibrating cantilever modulates the light communicated to the two 
collecting fibers. The behavior of the fiber optic cantilever is given by the following 
response function which represents the ratio of the relative displacement and the 
input acceleration. 

_ 1  cos(ayw)+cosh(a yw) 

w? 1+coslayw)coshla yw) 


H(%) (14.26) 


L415 
In the above equation a = [E] t with p = linear mass density of fiber, E = Young’s 


modulus of the fiber material, L = length of cantilever and J = transverse moment of 


inertia. For frequencies significantly lower than about 20% of the natural frequency 


3.516 
of the cantilever beam given by fn = ——— the response function is a constant to 


QnJa 


within 2%. Thus the lateral displacement is proportional to the acceleration. In the 
design presented in the paper the maximum transverse displacement is about 5 um 
with reference to the collection optics. The performance figures for this are: 

Range: 0.2 -— 140 Hz, Sensitivity: 6.943 V/g at a frequency of 30 Hz which converts 


V 
to 700 T For more details the reader may refer to the paper. 
m/s 


14.4 Measurement of torque and power 


Torque and power are important quantities involved in power transmission in 
rotating machines like engines, turbines, compressors, motors and so on. Torque 
and power measurements are made by the use of a dynamometer. In a dynamometer 
the torque and rotational speed are independently measured and the product of these 
gives the power. 


We describe here representative methods of measurement of torque and rotational 
speed or angular velocity. These are given below: 


4Lopez - Higuera et. al. Journal of Light Wave Technology, Vol.15, No.7, 1997, pp.1120-30. 
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Torque Measurement: Mechanical brake arrangement - Electrical loading, En- 
gine drives a generator - Measure shear stress on the shaft 

Measurement of rotational speed: Tachometer, a mechanical device - Non con- 
tact optical rpm meter 


14.4.1 Mechanical brake arrangement - Prony brake 


The brake drum dynamometer is a device by which a known torque can be applied 
on a rotating shaft that may belong to any of the devices that were mentioned earlier. 
Schematic of the brake drum dynamometer is shown in Figure 14.17. 


Loading screw 


Spring Spring 
Balance Balance 
Rope 
or Belt 


Rigid frame 


Figure 14.17: Schematic of a 


7 brake drum dynamometer 


Brake drum 


A rope or belt is wrapped around the brake drum attached to the shaft. The two 
ends of the rope or belt are attached to rigid supports with two spring balances as 
shown. The loading screw may be tightened to increase or loosened to decrease 
the frictional torque applied on the drum. When the shaft rotates the tension on 
the two sides will be different. The difference is just the frictional force applied 
at the periphery of the brake drum. The product of this difference multiplied by 
the radius of the drum gives the torque. Alternate way of measuring the torque 
using essentially the brake drum dynamometer is shown in Figure 14.18. This 
arrangement is named after Prony, a french engineer. The torque arm is adjusted 
to take on the horizontal position by the addition of suitable weights in the pan after 
adjusting the loading screw to a suitable level of tightness. The torque is given by the 
product of the torque arm and the weight in the pan. It is to be noted that the power 
is absorbed by the brake drum and dissipated as heat. In practice it is necessary 
to cool the brake drum by passing cold water through tubes embedded in the brake 
blocks or the brake drum. 


14.4.2 Electric generator as a dynamometer 


An electric generator is mounted on the shaft that is driven by the power device 
whose output power is to be measured as shown in Figure 14.19. The stator that 


5Gaspard Clair François Marie Riche de Prony 1755-1839,a French mathematician and 
engineer 
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Loading screw 


Brake block 


Weight 
Brake block 


Torque arm L 


Figure 14.18: Schematic of a Prony 
brake 


would normally be fixed is allowed float between two bearings. The loading of the 
dynamometer is done by passing the current from the generator through a bank of 
resistors. The power generated is again dissipated as heat by the resistor bank. In 
practice some cooling arrangement is needed to dissipate this heat. The stator has 
an arm attached to it which rests on a platform balance as shown in the figure. The 
stator experiences a torque due to the rotation of the rotor due to electromagnetic 
forces that is balanced by an equal and opposite torque provided by the reaction 
force acting at the point where the torque arm rests on the platform balance. The 
torque on the shaft is given by the reading of the platform balance multiplied by the 
torque arm. 


Stator - floats 
freely on bearings 


Platform balance 


Figure 14.19: Electric generator used as a 
dynamometer 


14.4.3 Measure shear stress on the shaft 


Torque may also be estimated by measuring the shear stress experienced by the 
shaft that is being driven. If the shaft is subject to pure torsion the principal stresses 
and the shear stress are identical as shown by Figure 14.20. The first part of the 
figure shows the stresses on the surface of the shaft while the second part of the 
figure shows the Mohr’s circle familiar to the reader from Strength of Materials. 
In order to avoid any bending stresses developing at the location of the load cells, 
they are located close to a bearing or support. We notice that the principal stresses 
are tensile and compressive along the two diagonals while the shear stresses are 
along the longitudinal and circumferential directions. If load cells are mounted in 
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Shaft under torsion Mohr’s circle 


t 


Magnitudes of principal stress o 
and shear stress T are equal 


Figure 14.20: Stresses on the surface of a shaft in torsion 


the form of a bridge with the arms of the bridge along the edges of a square oriented 
at 45° to the shaft axis, the imbalance voltage produced by the bridge is a measure 
of the principal stress that is also equal to the shear stress. The arrangement of 
the load cells is as shown in Figure 14.21. This arrangement improves the gage 
sensitivity by a factor of 2. The bridge circuit diagram shows the arrangement of 
the load cells and indicates how the gauge factor is improved. Load cells 1 and 3 
experience elongation due to tensile stress and hence the resistances of these two 
load cells increase with respect to the no load value. In the case of load cells 2 and 4 
the opposite happens, i.e. the load cells experience compression due to compressive 
stress and hence the resistances of these two load cells decrease with respect to the 


TR 
no load value. We know that t = F Here T is the torque, R is the radius of the 
R4 
shaft and J = > is the polar moment of inertia. Using the load cell measured 
value of T, we may calculate the torque experienced by the shaft. In this method the 
dynamometer is used only for applying the load and the torque is measured using 
the load cell readings. 


Full bridge circuit 
1 


3 Figure 14.21: Strain gages for 
shear measurement 


Example 14.6 


A shaft transmitting power from an engine is made of steel and has a diameter 
of D = 25+0.2 mm. The torque on the shaft is applied by a Prony brake (see 
Figure 14.18) in which the load in the pan has a mass of 5 kg and the moment 
arm is measured to be L = 350+2 mm. What will be the shear stress on the 
surface of the shaft? What will be the strain experienced by a load cell bonded 
on the shaft surface that makes an angle of 45° with the shaft axis? Determine 
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the uncertainties also. 


Solution : 
The nominal values specified in the problem are: 


Shaft diameter D = 0.025m 
Load in the pan M = 5kg 
Moment arm L = 0.350m 


The nominal value of the torque on the shaft is given by 
T = MgL =5 x 9.8 x 0.350 = 17.15N m 
The polar moment of inertia is obtained as 


j- 7P _ Dt _ 10.025" 
= 2 32 32 


The shear stress on the surface of the shaft may now be calculated as 


= 3.835 x 1078 m4 


_TR_ TD 17.15 x 0.025 

~ J WJ  2x3.835x 10-8 
The Young’s modulus of steel is taken from data handbook and is E = 200GPa. 
The strain in the load cell is equal in magnitude to the longitudinal strain 


induced by the principal stress (magnitude equal to the shear stress) that is 
either tensile or compressive. The magnitude of the strain is given by 


= 5.59 x 10° Pa 


t 5.59 x 10° 
E 200x109 
The full bridge arrangement actually has an output proportional to four times 


the strain given above. 
Now we shall look at the uncertainties. The uncertainties specified are 


Strain = s = = 27.95 x 10° or 27.95 u — strain 


up =+0.2x 107° m, up = +2 x 107m 


We assume that all other quantities have no uncertainties associated with 
them. The uncertainty in the shear stress is due to the uncertainty in the 
estimated value of torque as well as that due to uncertainty in the shaft 
diameter. We have: 


ur =M guz = +5 x 9.8 x 0.002 = +0.098 N m 


4nD? 4x x x 0.025° 
uy = ou = + o x 0.2 x 107? = 1.227 x 107? m* 
With these the uncertainty in the shear stress is calculated (using logarithmic 


differentiation) as 


> ARIY 106 (2088) | Ce | = = 
= 17.15)  \ 0.025) ` \3.835x 10-8 
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= 0.182x 10° Pa 
The uncertainty in the strain is easily obtained as 


ur __, 0.182 x 10° 
Us = E t 200x10 =0.91 u- strain 


14.4.4 Tachometer - Mechanical Device 


This is a mechanical method of measuring the rotational speed of a rotating 
shaft. This is very commonly used as automobile speed indicator. The tachometer 
is mechanically driven by being coupled to the rotating shaft. The rotary motion is 
either transmitted by friction or by a gear arrangement as shown in Figure 14.22. 
The device consists of a magnet which is rotated by the drive shaft. A speed cup made 
of aluminum is mounted close to the rotating magnet with an air gap as indicated. 


Speed cup 


N 


Rotating magnet 


; Casing 
Pointer —> 


XER 4—— Drive shaft 


E Drive gear 


Bearing 


ag 


Hair spring 


Dial — 


1 
= 
= 
FSS SSS SSS SS SES SS SSS SSS SSS SSS SS 


Figure 14.22: Sectional view of a 
speedometer or a tachometer 


y 
y 
N 


The speed cup is restrained by a hair spring and has a pointer attached to its own 
shaft that moves over a dial. When the magnet rotates due to the rotation of its 
own shaft the speed cup tends to be dragged along by the moving magnet and hence 
experiences a torque and tends to rotate along with it. The speed cup moves and 
takes up a position in which the rotating magnet induced torque is balanced by the 
restraining torque provided by the spring. Knowing the drive gear speed ratio one 
may calibrate the angular position on the dial in terms of the rotational speed in 
RPM. 


14.4.5 Non contact optical RPM meter 


This is a non contact method of rotational speed of a shaft. However it requires a 
wheel with openings to be mounted on the rotating shaft. The optical arrangement 
is shown in Figure 14.23. The arrangement is essentially like that was used for 
chopping a light beam in applications that were considered earlier. The frequency 
of interruption of the beam is directly proportional to the RPM of the wheel, that 
is usually the same as the RPM of the shaft to be measured and the number of 
holes provided along the periphery of the wheel. If there is only one hole the beam 
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is interrupted once every revolution. If there are n holes the beam is interrupted n 
times per revolution. The rotational speed of the shaft is thus equal to the frequency 
of interruptions divided by the number of holes in the wheel. 


Photo- 
LED% l q= detector 


Rotating 
T Q shaft 
Figure 14.23: Optical RPM measure- 
|| Opening ment 


The LED photo detector wheel assembly is available from suppliers as a unit 
readily useable for rpm measurement. 


A variant of the above is a single ended measurement that may be made using 
light reflected from a white reflector attached on the rotating part. The optical 
speedometer is held close to but not touching the moving part such that the light 
is reflected back to the instrument each time the white reflector passes in front of 
the meter. The number of pulses in a unit time is converted to give a digital display 
of the RPM directly as shown in Figure 14.24 


Figure 14.24: Single ended 
optical RPM measurement 


Example 14.7 


An engine is expected to develop 5 kW of mechanical output while running 
at an angular speed of 1200 RPM. A brake drum of 250 mm diameter is 
available. It is proposed to design a Prony brake dynamometer using a spring 
balance as the force measuring instrument. The spring balance can measure a 
maximum force of 100 N. Choose the proper torque arm for the dynamometer. 


Solution : 

The schematic of the Prony brake is shown in Figure 14.25. Even though the 
spring balance is well known in its traditional linear form (see Figure 14.2) a 
dial type spring balance is commonly employed in dynamometer applications. 
The spring is in the form of a planar coil which will rotate a needle against a 
dial to indicate the force. 

The given data is written down: Expected power is 


P=5kW =5000W 
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Figure 14.25: Prony brake arrangement for Example 14.7 


Rotational speed of the engine is given as N = 1200 RPM. This may be 
converted to angular velocity w as 


2nN 2xmx 1200 
w= = 


=125. 
60 60 5.66 rad/s 


We know that the power developed is the product of torque and the angular 
speed. Hence we get 
P 5000 


P=Twor T=—= 


-2 _ -39.7 
o eee ON 


We shall assume that the force registered by the spring balance is limited to 
90% of the maximum, i.e. F = 0.9 x 100 = 90 N. The required torque arm L 
may hence be obtained as 


T 39.79 
T = FL or L = — = —— = 0.442 
or F 90 m 


Concluding remarks 


This chapter has considered measurement of force, acceleration etc. that are 
routine in any laboratory. Force measurement has been considered in an earlier 
chapter while discussing measurement of pressure. Measurement of rotational 
speed of a shaft, torque experienced by the shaft or power at the shaft all are 
important in engineering applications. Several techniques of measuring these 
have been discussed in detail. 
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Exercise IV 


IV.1 Thermo-physical properties 


Ex IV.1: Thermal conductivity of water is measured by using a radial flow con- 
ductivity apparatus. The apparatus has a heater that is 125 mm long and 
37 mm diameter. The annular gap is 0.625 mm. The temperature drop across 
the gap has been measured to be 2.6°C when the heat supplied is 36.3 W. 
Determine the thermal conductivity of water. If all length measurements are 
susceptible to measurement error of +0.5%, power input is measured with 
a possible error of +0.1% and the temperature difference is susceptible to 
a measurement error of +0.1°C, what is the uncertainty in the estimated 
thermal conductivity of water? Which measurement has contributed most to 
the error in the estimated value of thermal conductivity? Suggest how you 
would improve the measurement. 


Ex IV.2: A thermal conductivity comparator uses a standard reference material 
(SRM) of thermal conductivity 15 + 2% W/m°C. Two thermocouples placed 
12+0.2 mm apart indicate a temperature difference of 3.8+0.2°C. The 
material of unknown thermal conductivity is in series with the SRM and 
indicates a temperature difference of 14.0 + 0.2°C across a length of 25.0 + 
0.2mm. Determine the thermal conductivity of the sample and its uncertainty. 
Mention all the assumptions you make. What is the heat flux through the 
sample? Specify an uncertainty on the heat flux. 


Ex IV.3: A thermal conductivity comparator uses a standard reference material 
(SRM) of thermal conductivity 45+2% W/m°C. Two thermocouples placed 22 + 
0.5 mm apart indicate a temperature difference of 2.5+0.2°C. The material 
of unknown thermal conductivity is in series with the SRM and indicates a 
temperature difference of 7.3+0.2°C across a length of 20+0.5 mm. Determine 
the thermal conductivity of the sample and its uncertainty. Mention all the 
assumptions you make. 


Ex IV.4: The specific heat of a certain material is to be estimated by a calorimetric 
experiment. The quantity of heat supplied to 0.050 kg of material has been 
estimated as 0.150 kJ. The temperature rise was observed to be 3.55°C. The 
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mass is measured within an uncertainty of +0.002 kg. The heat supplied has 
a +1% uncertainty. The temperature measurement is fairly accurate and has 
an uncertainty of +0.05°C. What is the specific heat of the material and its 
uncertainty? Express the uncertainty also as a percentage of the estimated 
value. 


Ex IV.5: The specific heat of a certain material is to be estimated by a calorimetric 
experiment. The quantity of heat supplied to 100 g of the material has been 
estimated to be 200 J. The temperature raise was 2°C. The mass of the 
material has an error of +0.2 g while the heat supplied is measured with a 
+1% error. The temperature raise is measured very accurately and the error 
is no more than +0.01°C. What is the specific heat and its uncertainty? 


Ex IV.6: ASTM D240-92 describes the standard test method of hydrocarbon fuels 
by bomb calorimeter. 
Parr Instrument Company (http://parrinst.com) supply “6300 - Automatic 
Isoperibol Calorimeter". 
Access both these and make a short report on the measurement of calorific 
value of a coal sample. 


Ex IV.7: A Saybolt viscometer is used to measure the viscosity of a liquid. The 
time recorded is 415+ 0.5 s. The density of the liquid has been measured 
separately to be 750+ 0.25 kg/m. Calculate the kinematic viscosity along 
with its uncertainty. Calculate also the dynamic viscosity along with its 
uncertainty. 


Ex IV.8: A Saybolt viscometer is used to measure the viscosity of engine oil. The 
time recorded is 205+0.5 s. Calculate the kinematic viscosity along with its 
uncertainty. The specific gravity of the engine oil has been estimated to be 0.8+ 
0.02. Determine the dynamic viscosity of engine oil along with its uncertainty. 


Ex IV.9: A rotating cylinder apparatus has the following dimensions: 
rı = 380+0.02 mm; r2 = 3340.02 mm; L = 75+0.04 mm;a = 1+0.01 mm; b = 
1.5+0.02 mm and w= 800+2RPM. 
What is the torque experienced by the rotor if the fluid in the gaps is water at 
30°C? What is the uncertainty in the torque value? 


: Rotating 
i disk 


> 
l 


Figure IV.1: Rotating disk for Exercise IV.10 
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Ex IV.10: A thin rotating disk of radius R is driven by an electric motor at 

a constant angular speed w when it is surrounded by a fluid of constant 
thickness h as indicated in Figure IV.1. The torque experienced by the rotor is 
measured independently and is given by T. Making reasonable assumptions 
obtain an expression for the fluid viscosity. 
In a particular arrangement the disk radius is 30 mm, angular speed is 
225 RPM and the fluid layer thickness is 1 mm. If the torque may be 
measured when it is in the range 0.05- 0.25 N m, determine the range of 
fluid viscosity that may be measured. Discuss the influence of uncertainties 
in w,R,h and T on the uncertainty in the estimated value of viscosity. If 
the uncertainty in viscosity is not to be more than 1% suggest allowable 
uncertainties for the influencing parameters. 


IV.2 Radiation properties of surfaces 


Ex IV.11: Measurement of radiation properties of surfaces is considered in greater 
detail by D.K. Edwards in Chapter 10 of the book - “Eckert, E.R.G. and 
Goldstein, R.J., (Editors), Measurements in Heat Transfer, Hemisphere, 
Washington, 2nd Edition, 1976”. Read the chapter and at least one reference 
quoted therein to make a report on the topic. 


IV.3 Gas concentration 


Ex IV.12: California Analytical Instruments supply Model 600 HCLD - Heated 
NO/NOx Analyzer. Study” the details about this instrument and prepare a 
note giving the salient features of the instrument along with its capabilities. 
*http://www.gasanalyzers.com 


Ex IV.13: California Analytical Instruments supply Model 600 NDIR/O2. Informa- 
tion on this instrument is available at the web resource mentioned in Exercise 
IV.12. Study the details about this instrument and prepare a note giving the 
salient features of the instrument along with its capabilities. 


IV.4 Force, acceleration, Torque and Power 


Ex IV.14: Electronic balances with milligram resolution are available in the mar- 
ket. Study the working principle of an electronic balance and describe how 
milligram resolution is obtained. Does an electronic balance indicate the mass 
or weight? Explain. 


Ex IV.15: Wind tunnel balance is used to measure forces and moments experienced 
by a model over which flow takes place. Using library resources discuss how 
they are made. 


Ex IV.16: In acoustics it is common to measure sound intensity based on a 
reference sound intensity Io = 10716 W/m? or reference sound pressure level 
po =2x 10% Pa, which correspond to the faintest audible sound at a frequency 
of 1kHz. 

Correspondingly the sound intensity level and the pressure level are repre- 
sented in dB and given by 


I 
dB; = 10logig | 
0 


or dBp = 20logio [2 
0 


460 Exercise IV 


Using library resources explain how the sound intensity and sound pressure 
levels may be measured. Find out how the distance from the source of sound 
affects these measurements. 


Ex IV.17: Consider plane sound wave in air at 30°C and a mean pressure of 1 bar. 
The sound intensity has been measured by a meter and is given to be 80dB;. 
What is the sound intensity in W/m??? Referring to a book on acoustics 
determine the corresponding rms pressure fluctuation in Pa. 


Ex IV.18: Frequency of vibration may be measured by the use of a cantilever beam 
as a frequency measurement device. For a rod of uniform cross section and 
length L, the natural frequency is given by the formula 


EI 
On = 0.55 uL4 


where w, = Natural frequency in/;Hz, E = Youngs modulus of the rod 
material, J = Moment of inertia with respect to the centroidal axis of the rod 
and u= Mass per unit length. All quantities are in SI units. 

When such a rod is in contact with a vibrating surface, the rod will go 
in to resonance when its natural frequency coincides with the frequency of 
vibration of the vibrating surface. The length of the rod is varied by a suitable 
arrangement so that the rod goes in to resonance for a particular L. Thus the 
length L is the measured quantity and relates to the frequency as an estimated 
quantity. 

A 1.5 mm diameter rod of special spring steel is used as the frequency 
measuring device. The density of the material is 7500 kg/m? and the Young’s 
modulus is 195 GPa. The length of the rod when resonance was achieved 
in a particular application was 65+0.2 mm. Estimate the frequency and its 
uncertainty. 


Ex IV.19: Describe how the frequency of a sound wave may be measured using a 
microphone and an oscilloscope. A spectrum analyzer is required if the wave 
has a complex non-sinusoidal shape. Describe how a spectrum analyzer works. 


Ex IV.20: The response of a second order system consisting of a spring - mass - 
damper has been presented in Chapter 13. Describe how you would set up an 
experiment to determine the damping coefficient of such a system. Specify all 
the instruments that would be needed for conducting the proposed experiment. 
Hint: If such a system is set to oscillations the amplitude reduction with time 
is related to the damping constant. 


Ex IV.21: Refer to the rotating disk arrangement presented in Exercise IV.10. It 
may be modified by using a wire to suspend the disk inside a casing containing 
a viscous fluid. The wire may be given an initial twist and allowed to perform 
free oscillations. The damping coefficient may be obtained by studying the 
variation of the amplitude of angular motion with respect to time. 
Suggest a means of measuring the twist angle amplitude and hence suggest a 
method for determining the damping coefficient. 
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Ex IV.22: A U tube manometer uses water at 25°C as the manometer liquid and 
has a total liquid length of 1 m. The manometer that was indicating a head 
of 0.5 m initially is set to oscillation by reducing the impressed pressure to 
the atmospheric pressure, thus reducing the difference in head across the 
manometer to zero. The maximum height of the liquid in one of the columns 
is noted as a function of time and given below in tabular form. 


Times Amplitude m 


0 0.25 
1.05 0.036 
2.10 0.006 


Estimate the damping parameter for the manometer system. 


Ex IV.23: Consider the data of Exercise IV.22 again. Make a plot of head indicated 
by the manometer as a function of time if it is initially indicating zero head 
and a pressure difference of 0.50 m water column is applied suddenly across 
the two limbs of the U tube. 
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Module V 


Data Manipulation and Examples 
from laboratory practice 


This module consists of two chapters (15 and 16) that deal with Data 
Manipulation and Examples from laboratory practice. Data manipulation 
consists of mechanically, optically or electronically modifying the data by 
amplification, conversion to a voltage or a current, suppression of noise by 
filtering etc. In recent times measurements are made using digital devices such 
as a digital voltmeter or a digital computer. Basics of such devices are described 
here. Use of a data logger is shown in Chapter 16. Calibration issues are also 
discussed there. 
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Chapter 15 


Data Manipulation 


Physical quantity of interest to us is generally converted by a transducer to a 
form suitable for some type of processing before being displayed. The 
transducer may give an output that is mechanical such as movement of a 
pointer, movement of a spot of light or a current or voltage that may be 
displayed by a suitable meter. In each of these cases data may be modified 
suitably so that an accurate measurement and display of the measured 
quantity becomes possible. The present chapter describes these in sufficient 
detail. 
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15.1 Introduction 


The present chapter deals with some of the issues that were raised in the 
beginning of this book in Module I. These pertain to the following: 


e Signal coditioning/manipulation 
e Data acquisition 
e Data presentation/display 


In order to appreciate these issues we look at the schematic of a general measure- 
ment process shown in Figure 1.2 in Chapter 1. We see from Figure 1.2 that the 
measurement process involves several steps between the measured quantity and the 
data output that is proportional to it. In mechanical analog instruments manipu- 
lations are done using mechanical elements like gears, levers, optical magnification 
and use of vernier scale and such things. Certainly they involve moving parts and 
these may some times malfunction. They may also involve such things as backlash, 
parallax error and may be susceptible to external influences due to changes in 
temperature, pressure, humidity etc. These lead to errors in that the data output has 
uncertainties that are due to these effects. In the case of transducers that operate 
with electrical quantities these are done by suitable electrical and electronic circuits. 
Moving parts are, in general, reduced as compared to the analog mechanical methods 
of measurement. However electrical interference, pick up of spurious signals in the 
form of electrical noise will be serious issues. Electronic components may overheat, 
solder joints may fail, optical sensors are prone to stray radiation and thus have their 
own problems. 


In general the trend in recent times has been to move towards electrical (or 
electronic) data acquisition and manipulation in view of many advantages. Some 
of these are: 


e Reliable functioning 

e Compactness 

e Availability of digital processing technology 

e Availability of suitable hardware and software 

° Ease of transmission of data over long distances with little distortion 


15.2 Mechanical signal conditioning 


Even though electronic methods of signal conditioning are popular, we still use 
mechanically manipulated signal conditioning in many laboratory applications. 
Many of these are as dependable and reliable as electronic methods. One major 
advantage of the mechanical signal conditioners is that they may not require 
electrical power excepting for illumination purposes. The instrument will not fail 
even if the laboratory power fails. 


We shall consider two examples representing typical applications. These are: 


Measurement of a small pressure difference: Betz manometer 
Measurement of twist in a wire: Optical twist angle measurement 
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15.2.1 Betz manometer 


In applications such as the measurement of fluid velocity using a Pitot static 
tube one has to measure a very small pressure difference. It may be a few 
millimeters of water column (1 mm water column is approximately 10 Pa). Since 
the precision of the velocity measurement is intimately connected with the precision 
of the water column height measurement signal conditioning is required. We have 
already seen one such signal conditioning method viz. the use of the inclined tube 
manometer which amplifies the signal by the small inclination of the manometer 
tube, essentially using the principle of the inclined plane. The inclined plane 
provides a mechanical advantage. For precision measurement it is normal to employ 
an optical method of measurement by the use of a Betz manometer.! The schematic 
of a Betz manometer is shown in Figure 15.1. 


[pe < P1 


Value=42.7 Pa 


at 
Glass scale 


Manometer liquid 


Spirit level 
ee (Demineralized water 
with wetting agent) 
Lamp 
Eye <1 
housing 


Figure 15.1: Schematic of a Betz 
manometer 


C] Levelling screws D 


The instrument consists of a reservoir that holds the manometric liquid - distilled 
water with a small amount of wetting agent added to it - and communicates with 
a vertical manometer tube as shown in the figure. The reservoir has a tubular 
extension below and a transparent glass scale attached to a float follows the position 
of the meniscus in the tube. The pressure difference to be measured is communicated 
between the top of the vertical tube and the top of the reservoir as shown. The 
float has scale divisions engraved on it. A light source and a lens arrangement 
completes the instrument. The light pointer is seen by the observer viewing through 
the lens, along with a scale engraved on the ground glass screen. The position of 
the pointer against the scale divisions engraved on the glass scale are viewed with 


IVisit for details http://test.acin.nl/EN/products/calibration/instruments/Betz.htm 
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enough optical magnification to afford a measurement of the manometric height with 
0.01 mm resolution. The observer, of course, makes an entry of the reading in a note 
book, for further processing! Note that the Betz manometer is provided with leveling 
screws for orienting it vertically and is provided with spirit level to verify it. 


15.2.2 Optical measurement of twist angle in a wire 
This example brings out how a mechanical amplification is possible using essen- 


tially an optical arrangement. A long straight wire is kept under tension by a weight 
hanging as shown in Figure 15.2. 


Figure 15.2: Measurement of 
twist in a wire 


Glass scale 


Light spot 


The intention is to measure a very small angle through which the wire has been 
twisted. A small plane mirror is attached rigidly to the wire. A narrow collimated 
beam of light (or a laser - like that used in a laser pointer) is incident on the mirror 
as shown. If the twist is zero the reflected beam will go back along the incident 
direction. However when the wire has a twist the normal to the mirror will occupy 
a different position and the light spot will be reflected according to laws of optics. 
The light spot will move by a certain distance along the scale that may be directly 
marked in units of angle. The distance of the scale with respect to mirror provides 
the mechanical gain, according to the principle of the lever. 


15.3 Electrical/Electronic signal conditioning 


By far the more common method employed in modern measurement practice is 
electrical/electronic signal conditioning. Use of analog meters preceded the recent 
trend of using digital instruments. Even now it is common to use analog electrical 
instruments such as voltage, current and power meters in many applications both 
in laboratory practice and industrial practice. The single disadvantage of analog 
instruments is that the data needs to be recorded manually. Of course it is possible 
to interface them with analog recording devices such as the strip chart recorder. 
However these recorders consume stationery and need constant attention. 


It is thus clear that electrical/electronic signal conditioning may either be analog 
or digital. Digital manipulation and recording of data has many advantages and are 
more common in modern measurement practice. 
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15.3.1 Signal conditioning 
Following are some of the manipulations that are involved in signal conditioning: 


e Amplification of signal - Increase voltage level 

¢ Convert signal to current for industrial 4— 20 mA current loop 

e Analog to Digital Conversion - Convert analog signal to digital signal readable 
by a computer 

e Amplification after Manipulation - Increase voltage level after some algebraic 
manipulation 

e Communicate signal to a computer or data storage device 

e Manipulation using software such as LABVIEW, MATLAB, EXCEL etc. 

e Presentation of data in the form of a report using appropriate software 


15.3.2 Signal Amplification and manipulation 


Amplifiers are analog devices that change the signal level from low levels at 
the transducer end to a value large enough to be measured by an indicating 
instrument without drawing power from the transducer, that is, without loading the 
transducer. In recent times amplifiers are usually in the form of integrated chips 
called operational amplifiers (or Op Amp, for short) with very high open loop gain 
(without a feed back resistor in the basic circuit shown in Figure 15.3) of the order of 
a million. These amplifiers are very reliable and have become progressively less and 
less expensive. Many configurations are possible with operational amplifiers. Some 
of these are described briefly here. The interested reader should consult books on 
analog electronics and manufacturer “Application Notes” for more information. 


Figure 15.3 shows the basic operational amplifier circuit. The operational 
amplifier has several pins for connections to be made to the external circuit as shown 
by the pin diagram of a typical operational amplifier identified as IC 741. The pin 
diagram shown here is for dual in line package (DIP package) of the operational 
amplifier. The small dot indicates pin No.1. The operational amplifier is powered 
from an external source which provides positive and negative voltages shown as V% 
(pin No.7) and V;, (pin No.4) in the figure. Usually the voltages are +15 V capable 
of providing adequate current to run, may be, several operational amplifiers. The 
operational amplifier has two input terminals; inverting input shown with “-” sign 
(pin No.2) in the figure and a non-inverting input shown with “+” sign (pin No.3) in 
the figure. The operational amplifier is a device with a very large input impedance 
i.e. the impedance between the “-” and “+” terminals. In the simplest configuration 
the input voltage is applied across the inverting and non-inverting input terminals 
through a resistor R; and the output is available as show in the figure at pin No.6. A 
feed back resistor Ry connects the inverting input terminal and the output terminal. 
Pins 1 and 5 are used for nulling of any offset. When operational amplifiers appeared 
in the market they were usually a single Op Amp in a package. More recently dual 
and quad Op Amp packages are also available. 


Analysis of the basic operational amplifier circuit 


We assume that no current flows in to the operational amplifier. Hence the 
potential difference is zero between the “- ” and “+” terminals. Thus V* = V™ ~ 0. 
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Pin Diagram of IC 741 


Offset Null 1 8 No Connection 


V2 TVk 
yr 3 6 yr 
Vec 4 5 Offset Null 
@= Vout = Rf 
V; Rı 


Figure 15.3: Basic operational amplifier circuit showing pin diagram 
for a DIP package. Also shown is the formula for Gain. 


These two terminals act as virtual ground. Consider the node “-” 
Kirchoff’s law is applied to this node to get 


Vin —0 — Vout — 0 


in Figure 15.3. 


15.1 
Ri Ry ( ) 
This may be rearranged to read 
Vout Rf 
G= San (15.2) 
Vin Rı 


where G is the voltage gain of the amplifier. A single operational amplifier may be 
used to provide a voltage gain of about 100. If larger gain is required one may use 
more than one operational amplifier in series. Dual and Quad Op Amp are useful in 
such cases. The overall voltage gain will be the product of the gain of each amplifier. 
Operational amplifiers may be used to amplify DC or very low frequency or slow 
varying signals to AC signals with frequencies of MHz. The frequency response of 
the operational amplifier is specified by the manufacturer as also the circuit diagram 
to achieve the desired response. Practical amplifier circuits are built following 
current practice described in specialized books on electronics and Application Notes 
provided by the manufacturer of operational amplifiers. 


Summing amplifier 


The reader should now be able to convince himself that the arrangement in Figure 
15.4 will amplify the sum of all the inputs with individual gain factors determined 
by the respective input resistances. 


V V Vs 
Rı Ro Rg 


Vout = Rr (15.3) 
If all the resistances are the same (i.e. Rı = Ro = R3 = R ) then the summing 
amplifier will amplify the sum of all the input voltages with a common gain given 
Rf 
by G = -—. 
4 R 
It is clear that the summing amplifier output is also the mean of the input voltages 
multiplied by the common gain factor. At once it is clear, as an example, that a 
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summing amplifier may be used with several thermocouple inputs to measure the 
mean temperature (see section 4.3.3). 


Figure 15.4: Summing amplifier 
using an operational amplifier 


Differential amplifier 
Similarly it is possible to construct a differential amplifier using both the inverting 


and non-inverting inputs to feed in the input signals. Figure 15.5 shows the 
arrangement. Nodal analysis may be performed as follows. 


Figure 15.5: Differential amplifier 


We note as earlier that V* = V~ = 0. Nodal equation for the “+” node is written as 


Ve-Vi_Vvt-0 


15.4 
Ri R; ( ) 
This may be simplified as 
Vo 1 1 
Sy } 15.5 
Rı ba A ‘ ) 
Nodal equation for the“- ” node is written as 
ViVo V` -Vout 
= 15.6 
Ri Ry ( ) 
This may be simplified as 
Vi Vout “| 1 1 ) af 1 1 ) 
+ =V H zV |— + — 15.7 
Ri Rf Ry, Ry Ry, Ry ( ) 
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The right hand sides of these two expressions (15.5 and 15.7) are one and the same. 
Hence we have, after minor simplification 


R 
Vout = (V2- V1) (15.8) 
Rı 


Thus the output is an amplified version of the differential voltage. Again it is 
apparent that the output of two thermocouples may be fed in to a differential 
amplifier to amplify the signal that represents the temperature difference. If the 
two temperatures are close to each other, it is possible to use a common value of the 
Seebeck coefficient for the two input voltages and thus get an amplified value for 
the temperature difference directly. The circuit is thus extremely useful in practical 
applications. 


Integrating and Differentiating Amplifier 
In some applications one may need the input voltage to be integrated or differenti- 


ated. These are possible using the Integrating and Differentiating amplifiers shown 
respectively in Figures 15.6 and 15.7. 


1 
Vout = aa | Vinee 


Figure 15.6: Integrating amplifier 


adVin 
dt 


Vout =RC 


Figure 15.7: Differentiating am- 
plifier 


The input and output are related as follows: 
1 
Integraing amplifier: Vout = aa | Vet (15.9) 


dVin 
dt 


Differentiating amplifier:Vout = RC (15.10) 
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Logarithmic amplifier 


Some times we require functional manipulations to be made with the signal 
being measured. One such useful amplifier is the logarithmic amplifier shown 
schematically in Figure 15.8. In this amplifier the feed back resistor is replaced 
by a diode (or a transistor). The diode characteristics is such that the forward bias 
current I is related to the reverse bias current I, according to the relation 


Tal, (et) 


where q is the electronic charge, Vp is the reverse bias voltage, k is the Boltzmann 
constant and T is the temperature in Kelvin. We assume that the input voltage Vin 
is much much larger than J,.R. We may replace Vp by Voy; and perform the familiar 
nodal analysis to get 


Vin; _ Wout 1 
z =I; =1,(e ET ) (15.11) 
This may be rearranged to get 
e TE -1+ Vin Š Vin 
I,R I,R 


Taking natural logarithms, we then have 


kT Vin ) 
Vout = —1 15.12 
out g n | LR ( ) 
Thus the output of the amplifier is related to the natural logarithm of the input to the 
amplifier. Equation 15.12 shows that the output is also affected by the temperature. 
In order to avoid the effect of temperature the diode may be replaced by a transistor. 


Diode 


Figure 15.8: Logarithmic ampli- 
fier 


One possible use for a logarithmic amplifier is in taking the ratio of two signals. 
This type of manipulation is done very often in radiation measurement, in double 
beam instruments or in two channel measurements. An example is the two color or 
ratio pyrometer that was described in section 4.5.4. The schematic of such a circuit 
is shown in Figure 15.9. The signal from two channels A and B are conditioned by 
two logarithmic amplifiers. Subsequently the difference of these two is obtained by 
a differential amplifier. We thus see that the output signal is an amplified version 
of the logarithm of the ratio of the signals in the two channels. The gain of the 
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differential amplifier may be adjusted such that the output is in dB, defined as 


a 
2010 ($4). 
B 


LOGARITHMIC 


AMPLIFIER A DIFFERENTIAL 


AMPLIFIER 


LOGARITHMIC 
AMPLIFIER B 


Figure 15.9: Schematic of a circuit for taking the ratio of two signals 


Instrumentation amplifier 
VOLTAGE FOLLOWER AMPLIFIER 
eunin 


Figure 15.10: Schematic of an instrumentation amplifier 


In instrumentation practice the amplifier may be used with DC or AC signals. In 
either case one would not like to load the transducer. This requires the amplifier 
to have very large (in principle infinite) input impedance. For this purpose we may 
use special integrated chips called instrumentation amplifiers. One way of achieving 
high input impedance is to use the arrangement shown in Figure 15.10. 


The instrumentation amplifier has two stages, the first one being a unity gain 
buffer amplifier called the voltage follower. This buffer helps in presenting an input 
impedance of ~ 1 GQ to the transducer. The second stage is an amplifier with suitable 
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gain. Thus the transducer is not loaded by the amplifier. This means that the current 
drawn from the transducer is negligibly small. Special instrumentation amplifiers 
with special input stage like field effect transistor (FET) are available in the form of 
a single package. 


Example 15.1 


Strain is measured using a bridge circuit powered by a 10 V stable DC power 
supply. Resistance of each strain gage is 350 Q in the unstrained condition. 
The strain gages are mounted on a pressure tube as shown in Figure 15.11 
and maximum strain is limited to 1500 u-strain. It is required that the bridge 
output be conditioned such that it is in the range of 1-5 V. Suggest a suitable 
scheme for this. 

Solution : 


1. Active gauge responds to hoop 
stress due to internal pressure 

2. Dummy gauge is used for 
temperature compensation 


Figure 15.11: Pressure tube with 
bonded strain gauge in Example 15.1 


Hoop stress 


Step 1 Refer to Figure 15.11 for the notation. The bridge is constructed with 
Ra and Rg on one arm while two equal resistances of R = 350 Q each form the 
other arm of the bridge. 

Step 2 We assume that the gage factor is GF = 2 and calculate the change 
in resistance of the active strain gage element with maximum strain Emax = 
1500 u — strain as 


ARa = RaGFemax = 350 x 2 x 1500 x 10°° = 1.0500 


Step 3 Referring to Figure 15.12, we see that the maximum voltage output 
of the bridge circuit is given by (it is a quarter bridge circuit) 


; hs 2 Rg R 

Sigt -S vii 

(Sig -Sig ) | Ri+R,+AR, na 

10> 350 350 
350+350+1.05 3504350 


) = 0.00749 V =x 7.5 mV 


Step 4 Schematic of the signal conditioning circuit that may be used is 
shown in Figure 15.12. The overall Gain of the instrumentation amplifier 


PEARS Ro (2Rf . 

is given by F = RIR +1]. We choose Rj = 1 kQ and Rə = 50 kQ. Since the 
1 

maximum signal should yield 5- 1 = 4 V, we choose the other resistances such 


4 Rf 
that th ll gain is F = —__— = 534.13. H hould h —= 
at the overall gain is 0.00749 534.13. Hence we should have R; 


FR, 1 534.13 x 1000 1 
pa 3) = | oa =000 z] = 4.841. We conveniently choose Rf = 5 kQ 
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Ri 


Figure 15.12: Signal conditioner for a full bridge 


and Rg = Zeal = 1.033 kQ. It is usual to choose Rg as a variable resistance 
with fine adjustment to get the desired resistance value. 

Step 5 In order to have 1 V appear at the output when the strain gage is 
not elongated we inject a reference voltage shown as V;,e in the figure. This 
voltage may be generated using a voltage divider connected to the strain gage 


power supply. It is easily seen that the reference voltage is given by V,ef = 
Rı 1 
— =— =20mvV. 
Rə 50 


Other issues 


In many applications we operate with ac signals and hence it is necessary to 
know how the amplifier behaves with signals of different frequencies. An ideal AC 
amplifier should show gain independent of frequency. This is seldom the case and 
hence it is necessary to choose the amplifier based on its frequency response. Also 
the coupling between the signal and the input to the amplifier should be properly 
made keeping this in mind. It is best to refer to application notes that accompany 
the devices supplied by the manufacturer. 


In addition to amplification one may also choose or reject some frequencies. 
Electronic circuits are known to be prone to noise being picked up since the 
laboratory space is full of electrical disturbances. For example the line frequency 
of AC power from the socket is typically at 50 Hz and this should be discarded by the 
amplifier circuit. One interposes a suitable “filter” section to avoid picking up such 
noise. There are many types of filters available. We shall look at the most elementary 
of these, just to understand how they function. The case being considered is a passive 
filter consisting of resistance and capacitance. 


RC Notch Filter (Twin T) 


Figure 15.13 shows a notch filter that helps in removing an unwanted frequency 
in the input. It is also called a Twin T filter since it has two filters that look like 
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the letter “T”. The filter consists of resistors and capacitors arranged in the form 

of a network consisting of two individual filters - the ‘high pass’ and the ‘low pass’. 

Before we look at the behavior of the notch filter we look at the low pass and high 

pass filters. These are first order filters and the analysis is as follows. Consider a 
R R 


Figure 15.13: Notch filter or “Twin 
T” network 


Cc Cc 


low pass filter consisting of a resistor and a capacitor as shown in Figure 15.14. The 
input voltage is a sinusoidal with a frequency f and the output is also a sinusoidal 


at the same frequency. The impedances are Z1 = R, Z2 = Xc = ae as indicated in 
T 
the figure. The network is a voltage divider and hence we have 
V, Z X 
e = z z = £ (15.13) 
i / 2 
ý 1 2 R2 +X 
The above may be recast in dB units as 
V, X 
Gain or attenuation in dB = 20 log 2t] = 20 log xe | (15.14) 
in | / R2 -xZ | 


Figure 15.14: Low pass filter 


A plot of this expression is shown in Figure 15.15 for a network consisting of R = 
1000 Q and C = 1 uF. Consider now the high pass filter shown in Figure 15.16. It is 
obtained by simply interchanging the resistor and the capacitor in the low pass filter 
circuit. We can easily show that Equation 15.13 is replaced by 


e = | Zi _ R (15 15) 
Vi Zi + Z2 /x? + R2 l 
Equation 15.14 will be replaced by 
. r: š Vout R 
Gain or attenuation in dB = 20log = 20 log (15.16) 
in 
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Gain, dB 


Figure 15.15: Low pass filter 
frequency response 


10 100 1,000 
Frequency, Hz 


A plot of this expression is shown in Figure 15.17 for a network consisting of R = 
1000 Q and C = 1 uF. 


Figure 15.16: High pass filter 
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-154 l Figure 15.17: High pass filter 
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Frequency, Hz 


We thus observe that a low pass filter passes on low frequency signal and the high 
pass filter passes on the high frequency components. The output in either case shows 
the presence of “knee” at a characteristic frequency for which the resistive impedance 
and the capacitive impedance are the same. This corresponds to a critical frequency 
given by 
_ 1 
~ 2nRC 


f (15.17) 
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In the case illustrated here this frequency is around 160 Hz. At this frequency the 
gain is 0.5 or -3d B. 


A notch filter is one that combines the response of low and high pass filters. The 


twin T network is an example (see Figure 15.13). In practice the circuit is arranged 
as shown in Figure 15.18. 


Rı 


Low Pass 
Filter 


Figure 15.18: Notch filter followed by a summing amplifier to reject 
an unwanted frequency component 


Frequency response of a typical notch filter is shown in Figure 15.19. The filter 
is efficient in blocking input component having frequency close to 50 Hz. It allows 
all other frequencies to pass through with negligible attenuation. The depth of the 
valley near the frequency that needs to be blocked determines how good the filter is. 


In the case shown in the figure the blocking is such that it is attenuated by a factor 
of close to 200. 


10 


Gain, dB 


Figure 15.19: Frequency re- 
-30 sponse of a notch filter designed 
to filter 50Hz component 
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Schematic of a measuring instrument 


We may now give a schematic of any measuring instrument (Figure 15.20). 
Typically it consists of a transducer followed by a pre-amplifier with possibly a 
suitable filter. The preamplifier is normally placed very close to the transducer so 
that noise pick up is avoided. All cables are either coaxial shielded cables or twisted 
pairs. These also help in reducing noise pick up. In modern laboratory practice it is 
normal to use a digital data logger or a digital computer to collect and store the data. 
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For this purpose the signal conditioner is followed by an analog to digital converter 
or ADC. The signal is then communicated to a data logger or a digital computer; 
either a PC or a laptop computer. This requires a communication between the ADC 
and the computer. In case the ADC is done in a board in one of the slots of the PC 
the communication is through a data cable via a suitable port. Nowadays miniature 
data loggers are available that connect to the USB (Universal Serial Bus) port of a 
computer. More discussion on these follows later on. 


Preamplifier 


Grouped close to transducer 
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Analog to digital converter(ADC) 


Grouped in a separate box 


tal Panel b------ = ----5---- == ---- i 
Meter (DPM) 


Figure 15.20: Schematic of a general instrument 


It is thus clear that the analog circuits are used at the transducer end and 
connected to a data logger or PC using digital form of data. Digital circuits are 
basically logic circuits using gates, comparators, ADC and so on. A full discussion of 
these are beyond the scope of the present book. 


15.3.3 Digital panel meter or Digital voltmeter 


Data in digital form is easy to store, manipulate and display using digital panel 
meter (DPM) or a digital voltmeter. These are very commonly employed and the 
choice of the proper digital meter is to be made to satisfy the requirements in a 
particular case. 


Normally the output of a transducer is an analog signal represented by a 
continuous variation of output as a function of input. For example, a thermocouple 
produces a Seebeck voltage that is a continuous function of the junction temperature. 
If we want to use a digital voltmeter to measure this voltage the signal has to be 
suitably amplified and converted to digital form. Analog to digital conversion is done 
in an ADC and transmitted by a cable to the PC. In most digital meters the ADC is 
an integral part of the instrument and is housed within the meter itself. The ADC 
converts the input voltage to a count (or number) represented in digital form using a 
certain number of bits. Consider an example. 


Let the maximum and minimum values of the measured voltages be respectively 
1V and 0V. Consider a four bit ADC as a simple example. Count is represented in 
the form shown in Table 15.1. There are thus 16 levels including 0 and the maximum 
i.e. 15. Note that the least bit represents 2° and highest bit represents 2°. The total 
number of levels is given by 24 = 16. Each of these numbers represents a voltage 
between 0 and 1V. The resolution of the 4 bit digital voltmeter is the Range divided 
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Table 15.1: Representation of count by a 4 bit ADC 
4 bit representation 
Dew 2 622 eo gf 


0 0 0 0 Ọ 
1 0 0 oO 1 
2 0 0 1 0 


14 1 1 1 0 
15 1 1 1 1 


by the total number of intervals between the maximum and minimum count. Thus 
the resolution of a 4 bit digital voltmeter is 


Range 1-0 


lution of a 4 bit ADC = z 
Resolution of a 4 bit C counts 15-0 


= 0.067V/count (15.18) 


We may generalize the above to the case of n bit DPM. The number of levels is given 
by 2” and the resolution by 


Resolution of an bit ADC = ee Kenge 


= 15.19 
counts 2”-1 ( ) 


If n is large the denominator in Equation 15.19 may be approximated by 2” itself. 
For example, a 10 bit ADC gives a maximum count of 21° — 1 = 1023. The resolution 
is calculated, using Equation 15.19 for a range of 1 V, as 


Range Range 1 


Resolution of a 10 bit AD ~ = —_ = 9,775 x 104 
esolution of a 10 bit ADC counts BW 1023 x 
Approximate calculation would yield 
R 1 
Resolution of a 10 bit ADC = Range Range- =9.77 x 10-4 


counts 210 1024 


For full scale value of 1 V the resolution is very close to a mV. In case we make 
the full scale exactly equal to 1.023 V the resolution will in deed be exactly equal 
to 1 mV. The instrument is referred to as a 3 digit meter. In general we define the 
number of digits as the logarithm to base 10 of the number of counts, and of course, 
round the answer off suitably, to the nearest digit or half digit. 


Example 15.2 


A T type thermocouple is to be used in an experimental set up. The maximum 
temperature that will be measured is about 400°C. The experimenter wants 
to choose a proper digital voltmeter with a resolution of 0.25°C. Suggest to 
him a suitable digital meter. 


Solution : 
Table of response of T type thermocouple shows that, the output of the 
thermocouple is 20.872 mV , when the measuring junction is at a temperature 
of 400°C and the reference junction is at the ice point. We shall assume, for 
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the present that the experimenter has an ice point reference available in his 
set up. 


We know that the Seebeck coefficient of T type thermocouple is about 
40 uV/°C. The experimenter desires a resolution of 0.25°C. This corresponds 
to a Seebeck voltage resolution of 10 uV. Thus the output of the thermocouple 
is to be measured with 10 uV resolution and is of the form xx.xx mV. We 
shall assume that a good amplifier with a gain of 143.7 is available to amplify 
the thermocouple output. The maximum output after amplification will be 
20.87 x 143.7 = 3.000 V. Normally voltmeters have range of 1, 3, 10 V etc. We 
may choose a digital voltmeter with a range of 3.000 V. 


The resolution of the voltmeter is thus 0.001 V or 1 mV. The counts of the 
digital voltmeter may now be worked out using Equation 15.18 as 


Range __ 3.000 


Resolution 0.001 =8000 


Counts = 


The number of digits of the voltmeter is simply the logarithm to base 10 of the 
number count. Thus 


Number of digits = log; )(Counts) = log)) 3000 = 3.4771 round to 3.5 


1 
Thusa3 5 digit voltmeter with a range of 3 V is suggested to the experimenter. 


Let us look at the number of bits required. The number count for n = 11 is 
2048 while it is 4096 for n = 12. The desired number count is 3000 which can 
be represented by a binary digit with 12 bits. The maximum count is less than 
the maximum possible value of 4096. 


15.3.4 Current loop 


In most industrial applications transducers are far away from the control room 
where the display of the measured quantities is made. It is difficult to transmit 
voltages over long distances (without attenuation due to line losses) and one way of 
circumventing this problem is to transmit the output in the form of a current. It is 
common practice to represent the zero of the transducer by a current of 4mA and 
the full scale as 20 mA. The transmitted signal is thus in the analog current form. 


An example of a pressure sensor with 4—20 mA transmitter is shown in Figure 
15.21. The power supply usually is 24 V DC. The power supply is designed so that it 
will be able to maintain a maximum current of 20 mA in the loop. The signal from 
the pressure transducer is amplified and converted to a current in the transmitter. 
The current output is converted to a voltage at the display end by terminating it 
in a drop resistor, 250 Q in the case illustrated in the figure. A pressure of 10 mm 
water will correspond to a current of 20 mA and a potential difference across the 
load resistor of 5 V. Zero pressure will correspond to current of 4mA and a potential 
difference across the load resistor of 1 V. Advantage of zero pressure being equal to 
1V output rather than zero output is that it will differentiate it from an open circuit! 
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4-20mA 
1: DP Sensor 2: Current Transmitter 
3: Power Supply 4: Load Resistor 


5: 4 Digit Voltmeter 


Figure 15.21: Differential Pressure (DP) sensor with 4-20 mA 
current loop 


The current transmitter requires at least 8 V to operate properly. If the current loop 
is very long there will be the line resistance which will drop voltage. Finally the 
voltage drops across the drop resistor. The power supply voltage should be more 
than all these put together. 


An alternate arrangement for a 4—20 mA current transmitter driven by the signal 
is ahown in Figure 15.22. Voltage signal is fed to the noninveting input of an 
operational amplifier as shown in the figure. This 1-5 V signal, may come from a 
strain gage bridge circuit, discussed earlier in Example 15.1. The voltage drop across 
the resistor R; is equal to the signal and hence produces a current in the 4-20 mA 
range corresponding to the 1—5 V signal input. This current is fed to the external 
circuit as indicated in the circuit diagram. The voltahe available as Vį and V,, are 
usually +15 V and hence the load is easily driven by the operational amplifier. 


R, = 2500 Ry 


Vin =1to5V 


Figure 15.22: 4—20mA Current 
loop driven by a signal 


Figure 15.23 shows the photograph of a 4 - 20 mA differential pressure transmitter 
along with a digital display. The display may be dialled to indicate the pressure 
directly in Pa or the output current in mA. In the case shown the differential 
pressure is 1000Pa or ~ 100mm water column. 


Example 15.3 


In a wind tunnel the maximum velocity of air at 25°C and 1 atm pressure is 
expected to be 10 m/s. The minimum velocity is expected to be 2 m/s. A Pitot 
static tube is to be used for the measurement of velocity. Prescribe a suitable 
pressure measuring instrument for this purpose. 


Solution : 


484 Chapter.15 Data Manipulation 


Figure 15.23: Differential pres- 
sure transmitter operating on a 4 
- 20 mA Current Loop. Display 
shows pressure in Pa. 


For the purpose of design we assume that the coefficient of discharge of the 
Pitot static tube is 1. The pressure and temperature of flowing air are: 


p = 1.013 x 10° Pa; T = 25°C =298K 
The gas constant for air is taken as 
Rg = 287 J/kg K 
The density of air may be calculated as 


p _ 1.013x 10° 


= = 1.184 kg/m? 
PIO R,T 287x298 Ror 


Maximum and minimum velocities of air are specified as 
Vmax = 10 m/s; Vmin = 2 m/s 


The maximum and minimum dynamic pressures to be measured are calcu- 
lated as 


PFVimax _ 1.184 x 10? 


APmax = 9 3 = 59.222 Pa 
VŽ 1.184x22 
APmin = Moe = —— = 2.368 Pa 


With distilled water as the manometer liquid, the corresponding manometer 
column heights are given by 


O ApPmas 59.222 . 
hmax ong 1000x985 6.043 mmwater 


`. _ APmin_ 2368 _ 
hmin = ae = 1000x938 ~ 024 mmwater 


Thus we require a very sensitive manometer for this purpose. Two possibili- 
ties are explored. 
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Possibility 1: One may use a Betz manometer for this purpose. Betz 
manometer can resolve pressure changes as small as 0.01 mm of water 
column. In that case the h will be rounded to 2 significant digits after 
the decimal point. 

Possibility 2: A differential pressure transducer based pressure transmitter 
may be used for this purpose. A suitable range for the transducer would 
be a differential pressure range of 0-10 mm water. 


With respect to the latter the following will apply: 


Differential pressure of 0— 10mm of water column will correspond respec- 
tively to 4-20 mA. We convert the maximum and minimum values of pressure 
difference to current as 


20-4 

Imax = 4 hax 10 )=4 6.043 x 1.6 = 13.669 mA 
20-4 

Imin = 4 hmin| 10 J=4 0.242 x 1.6 = 4.387 mA 


Assume that a digital panel meter would be used to measure the corre- 
sponding voltages by dropping the current across a resistor of 500Q. The 
corresponding voltage readings indicated by the DPM are 


Output marx = ImaxR = 13.669 x 107° x 500 = 6.835 V 
Output,,;n = IminR = 4.387 x 107° x 500 = 2.194 V 
We require a digital panel meter that is capable of reading up to 10 V with 


mV resolution. Appropriate instrument would be a 4 digit voltmeter. This 
option is shown in Figure 15.21. 


Concluding remarks 


Any sensor used for measuring a physical quantity produces an output signal 
of certain type and magnitude. Making this signal have a suitable form 
and magnitude requires conditioning of the signal - mechanical, optical or 
electrical. This chapter has considered techniques that may be employed for 
signal conditioning. 
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Chapter 16 


Examples from laboratory 
practice 


Issues involved in signal conditioning have been considered in Chapter 15. 
In practice it is necessary to make sure that the measurement using a 
particular instrument will give readings that are authentic. Authentication 
of the reading is made by calibration of the measuring instrument i.e. by 
validating it against measurement by a standard instrument that is 
traceable to an accepted standard. It is generally insisted that the standard 
instrument should have an accuracy at least four times that of the 
instrument that is being calibrated. For example, if the measuring 
instrument is accurate to within 1% the standard instrument should have 
an accuracy of at least 0.25%. 
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16.1 Introduction 


In Chapter 14 we have dealt with topics on signal conditioning and manipulation. 
We have also considered the use of digital voltmeter and the current loop. In most 
measurement applications the experimental set up would use several instruments 
to monitor the various process variables, possibly in real time. In most cases the 
experimenter would like to have a real time (or near real time) tracking of the 
variables as they change during the experiment. It is quite difficult or impossible 
to take readings individually, note down in a record book and later use these 
in obtaining the information that is to be communicated as the outcome of the 
experiment. 


Before the advent of the digital technology the only way one could do these was 
to use individual recorders for each measured quantity. However, with the digital 
revolution it is possible to make several measurements simultaneously or nearly so 
using multi-channel digital data loggers. Without going in to too much detail, a 
multi-channel data logger scans the input in various channels very rapidly using 
sample and hold amplifiers for each channel. The scanned parameters are converted 
rapidly to digital form and stored in the computer memory or displayed in real time 
on the monitor. Thus a multi-channel data logger comprises of suitable interface 
with the individual instrument or transducer, electronic scanning of each channel 
(switch from channel to channel in a periodic fashion), sample the input and convert 
to digital form and finally communicate the data to a computer through a port. 


Data loggers are available from various manufacturers like Hewlett Packard (HP), 
National Instruments (NI) and others. A data logger operates as stand alone or 
as attachment to a computer. In the case of the former the data logger has an in 
built processor and memory and also a front panel display. These are supplied with 
appropriate software with user friendly features. For example, National Instruments 
supplies a general purpose software called LABVIEW that may be used for creating 
virtual instruments based on add on cards that reside in the slots available in a PC 
or by using a miniature logger that connects to a PC through the USB port. 


For example, the NI-USB 9211 module is capable of the following: 


e USB Based DAQ from National Instruments 
4 Channels of 24 bit thermocouple input 
Internal cold junction sensor 
Compatible with J, K, R, S, T, N, E and B thermocouple types 
Plug and play connectivity with USB 
Bus powered 
Windows 2000/XP, MAC OS X, Linux 
Software supplied by National Instruments (NI) 


The interested reader may visit http://www.ni.com/dataacquisition for more de- 
tails. Most important advantage of the module is the USB connectivity that is quick 
and does not require opening the PC cover! It has a 24 bit ADC giving a sensitivity 
of ~ 0.1uV/V. 
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16.2 Thermocouple calibration using a data logger 


In the laboratory it was necessary to measure several temperatures in an 
experimental set up and log the data continuously during the experiment runs. It 
was decided to calibrate each of the thermocouples used over a narrow range of 
temperatures over which the experiments were run. Typical arrangement for the 
calibration is shown in Figure 16.1. 


© 1: Constant Temperature | 2: Precision 
Bath Thermometer 
3: Thermocouple 4: Data Logger 


Under Test 


Figure 16.1: Thermocouple calibration arrangements using a 
data logger 


The thermocouple to be calibrated and a high precision reference thermometer 
were immersed in a constant temperature bath. The reference temperature is the 
room temperature since an ice point cell is not made use of. Simultaneous readings 
are taken of both the thermocouple output as measured by the data logger and 
the reading of the precision thermometer. It was found that the thermocouple 
response within the range of interest was represented very well by a linear relation 
and this was written directly in to the data logger. Figure 16.2 shows the mean 
calibration line for a set of 11 thermocouples that were calibrated in the experiment. 
The data logger channel that records the thermocouple output is set with a gain 


100 + Mean of 11 
7 thermocouples 
arity Line 


80 


60 


| Figure 16.2: Parity plot showing 
| the relationship between the calcu- 
| fated and reference temperatures 
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Calculated temperature, °C 
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Reference Temperature, °C 


of 25253 and an offset of 40.718. Thermocouple type is chosen as K type. The 
thermocouple temperature is then recorded directly and is displayed in °C. The 
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graphic set up of the data logger (supplied by Agilent) is shown by the entries in 
the GUI (Graphic User Interface) as shown in Figure 16.3 for various thermocouple 
channels identified by channel numbers. Individual channels in the data logger are 


Nọ Setup 01/01/97 00:17:26.3 - Data 01/24/97 22:20:44 - Agilent BenchLink Data Logger BAB 
Ele Edt Yew Scan Channel Graphics Instrument Help 


asja see |e] ese] lS] |) Ole | 


Teneo [om E y2(o1) | t2q101) [12:17:41.782 AM 
yun) | -~ t1101) [12:16:41,620 AM 
Detta y: Detta t: 01:00 


Taney: [208 Bom | ~ zen [ 


yom nom | 


Deta y. Detat | 


C R Scan Setup À Graphics Setup 1 
‘Scans 4 (00:01:37 Events 2 


Start || | Ff) urtited2 - Paint [li Setup 01701797 00:1. T310 1023PM 
Figure 16.3: Data logger graphic set up 


set up for scanning as shown in Figure 16.4. Note that the output of the channels are 
scanned electronically and stored in respective memory locations. Since the scanning 
is very fast, for the experiments that are being performed here the measurements are 
basically simultaneous! The desired resolution may be entered for each channel. The 


1 
default value is 53 digits or 5.5 as entered. This corresponds to a count of 300,000 
and hence a resolution of 3 uV/V. 


We also note that the formula for conversion of voltage to temperature is written 
as indicated in Figure 16.4. For the linear relation the slope goes in as the Gain and 
the intercept in to its own cell. In the case shown the slope as well as the intercepts 
are different for the individual thermocouples and are individually entered in to each 
of the channels. The figure also shows how to select the thermocouple type using the 
scroll bar under “Function”. 


[NE Setup 01/01/97 00:17:26.1 - Data 01/24/97 23:00:00 - Agilent BenchLink Data Logger 
Ele Edt View Scan Channel Graphics Instrument Help 


Osla wle See) lela Blo] | Ojai >| « 


F =j Auo Dear M 24623 392 
Gá a] Auto Dear W 25427 407 
Ld Auito Detat [M 24667 NE 
F Auo Deak WM 25427 407 
Ga Auno Detak W 2507 47 
d Auo Deiat M 24630 407 
F Auto Detak M 24434 401 
v Auto Dotat RM 25027 401 
K Auto Dear W 24516 404 
[s] Auto Dena M 25496 407 
i Anio Deak 24764 44 
F Aio Detak K 10 00 
[s] Aano Detar M 40 90 
C Auo Dead C 40 00 
\ Scan Setup (Graphics Setup 17 «| | ofa 
Select desired measurement function from fist THP343014 — HP349028 [None] A5232 
WStart| |F Setup 01701797 00:1.. S310 11:01 PM 


Figure 16.4: Data logger scan set up 
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16.3 Calibration of a digital differential pressure 
gauge 


The Betz micro-manometer is a primary instrument used for the calibration of 
pressure measurement instruments. A differential pressure transducer with digital 
display was calibrated in a wind tunnel using a Betz manometer as the reference. 
The differential pressure signal was developed by a pitot static tube facing air flow 
in the wind tunnel. The signal was varied by changing the wind speed systematically. 
Data obtained in the experiment is shown in the table. 


We analyze the data so that a formula for correcting the digital pressure gauge 
reading to make it agree with the reading obtained using the Betz manometer. Parity 
plot shown in Figure 16.5 is useful in looking for the proper expression. 


hBetz ApBetz AppP hBetz ApBetz AppP 
mmH0 Pa Pa mmH0 Pa Pa 
0.45 4.4 4.4 4.90 48.1 47 
0.90 8.8 8.7 5.20 51.0 50 
1.45 14.2 14.2 5.40 53.0 52 
1.80 17.7 17.7 6.25 61.3 60 
1.90 18.6 18.6 6.40 62.8 62 
2.20 21.6 21.6 7.10 69.7 68 
2.60 25.5 25.5 7.50 73.6 72 
2.75 27.0 27.0 8.10 79.5 78 
3.30 32.4 32.4 8.55 83.9 83 
3.55 34.8 34.8 9.00 88.3 87 
4.30 42.2 42.2 9.90 97.1 94 


1 e Data 
— Parity Line 


Figure 16.5: Parity plot compar- 
ing the DP gauge reading with 
Betz manometer reading 


Pressure Transducer 
Reading, Pa 
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Betz Manometer 
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It is observed that the deviations are reasonably small and it is acceptable to look for 
a linear relation between the two in the form ApPBetz =a+bAppp. Linear regression 
yields the following expression: 


APBetz = —0.801+ 1.024Appp 
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This relation has an adjusted R? value of 0.9997. The left side of above equation is 
interpreted as giving the correct pressure difference when the digital pressure gauge 
reading is inserted on the right hand side. If data is processed using a computer the 
above expression may be keyed in to obtain the correct pressure difference on line. 


16.4 Signal conditioning for torque measurement 
using strain gauges 


In a certain experiment it is desired to measure the torque by the use of four strain 
gauges in a full bridge arrangement. The shaft on which the strain gauge bridge is 
attached is made of steel and is of 6 mm diameter. The torque is expected to be any 
value between 1 and 8 Nm. We shall discuss this case from the signal conditioning 
angle. Also we shall suggest suitable components in the measurement scheme. 


A full bridge arrangement has been discussed briefly earlier in section 14.4.3. The 
full bridge arrangement is shown schematically in Figure 16.6. 


vr 


SIGNAL 
CONDITIONER 


Output 


Figure 16.6: Strain gauges in full bridge configuration 


We shall assume that all the strain gauges are identical and have an unstrained 
resistance of 120 Q. The gauges Rg and Rg are mounted on the shaft such that 
these sense the tensile stress (tensile principal stress) while gauges Rı and R4 are 
mounted on the shaft such that these sense the compressive stress (compressive 
principal stress). We know from earlier discussion that when the shaft experiences 
pure torsion the magnitudes of these stresses are equal and given by 


TR 


16.1 
7 (16.1) 


lol= 
where the symbols have the usual meanings. The resistances Rg and R3 increase by 
ôR while resistances R; and R4 decrease by ôR. Let us represent the values of all 
strain gauges as R when there is no strain. We may easily obtain the potentials at A 
and B by using Ohm’s law: 


R-6R R-6R 
Va=Vo(1 ao s(1- 2R ) (16:2) 
R+6R R+6R 
Ve=Vo(1 Eo vh- ) (16.3) 
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The output of the bridge is thus given by 


R+65R R-6R ôR 
= 16.4 
2R 2R VR (16:4) 


Note that V, is the battery supply voltage impressed across the bridge. We shall 
calculate the output when the impressed torque on the shaft has the upper limit of 
T =8 Nm. We are given that R = 0.003 m. Hence the polar moment of inertia is 
mR* _ x 0.0034 

2o 2 
The corresponding principal stress magnitude is given by 
TR  8x0.003 
J 1.27x 10-10 
With the Young’s modulus of steel taken as E = 200 GPa, the corresponding 
longitudinal strain may be calculated as 


_@ _ 1.886 x 108 
-E 200x109 


Taking the Poisson ratio of steel as v = 0.3, the gauge resistance change may be 
calculated using Equation 7.20 as 


Vo = Va — VB = Vp 


J= =1.27 x 1071 m4 


lo|= = 1.886 x 10° Pa 


=9.431x 1074 


ô. 
di = e(1+ 2v) = 9.431 x 1074(1 + 2 x 0.3) = 0.001509 
If we assume that the supply voltage is Vp = 3 V, the output of the bridge will be 


ôR 
Vo = Vp R 3 x 0.001509 = 4.527 mV 


The calculations may be repeated for the lower limit of torque of 1 Nm to get the 
lowest gauge output as 0.566 mV. 


Thus the output signal is very weak and needs to be amplified before being 
recorded. If the shaft is rotating, the signal needs to be taken out either through 
slip rings with brush contacts or using a high frequency transmitter mounted on the 
shaft. In either case the signal needs to be boosted by a pre-amplifier. In the latter 
case the output should also be modulated with a carrier. The signal is to be received 
by a receiver, demodulated and amplified again before being measured by a voltage 
measuring instrument. If the voltage is measured by a digital meter the signal must 
be converted to the digital form using an ADC. The schematic of the transmitter and 
receiver electronics will be as shown in Figure 16.7. 


Full V* Pre- 
Bridge Antennae 


Amplifier Amplifier 


Modulator Receiver ADC & 
& Transmitter & Demodulator Digital Display 


Figure 16.7: Schematic of circuit for torque measurement 


494 Chapter.16 Examples from laboratory practice 


Finally the signal may be measured by a digital voltmeter. We may assume an 
overall gain of 2000 such that the signal is in the range 1.132-9.054 V. This will 
require a digital voltmeter having a range of 0— 10 V and a resolution of 0.001 V. A 
4 digit voltmeter is suitable for this purpose. 


+ Setup 0805A? 1207-51 -Dala 05MM? 73:42:38 - Agilent BercH irk Dale Longer 


Fie Edt kew Son emd Genghis miert Hep 


iael ce cale pol) olla) ta ME 2 


Lisi} 


Ej- lu |s 


= >s 


Chamdo = UrdnDiv Felowce Kaa | Nata? 


1 


Jor] > 10 lus 


mg M2C miray 11161559M 


Atro Dewy 100i Abode Dats y AMOC peter: tAr 


Figure 16.8: Typical “real time” output 


16.5 Software 


Most modern measurements involve the coupling of the experimental set up to 
a computer via suitable sensors and connecting lines. The connection between 
the sensor and the computer must be two way so that control information can go 
from the computer to the sensor and the data from the sensor to the computer. 
The computer uses suitable software to scan the information available on various 
channels (example was given earlier with respect to a data logger) and store or 
save the data in the computer in a file. Software also helps in creating a virtual 
instrument on the monitor of the computer. A typical example is shown as Figure 
16.8. The data is presented in real time in graphical form. Output of each channel is 
shown graphically with different user selected colors. This data is also available in 
the form of a file for manipulation using any of the programs like MATLAB, EXCEL 
etc. 


In the case of LABVIEW software provided by National Instruments the virtual 
instrument is “hard wired” in the form of “wiring diagram” using software in 
the computer. The input signals in various channels are manipulated by the 
software that the wiring diagram represents and the output is displayed in a user 
friendly format. Signal manipulation by software is an important development in 
instrumentation. The software deals with digital form of signal and hence any 
mathematical manipulation is possible using suitable software. Many of these 
are also possible with additional software like MATLAB, MATHCAD and EXCEL. 
The reader should consult web resources available from the suppliers of the above 
software for more details. 
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Concluding remarks 


This chapter brings us to the end of the book. It has considered a few examples 
from practice dealing with signal conditioning, calibration and a discussion on 
useful software. In a way we are back at the beginning in that we can look for 
many new techniques and methods of measurement in the future. The reader 
should refer to current literature to go forward from here. 
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Exercise V 


Ex V.1: Ready to use instrumentation amplifiers are available in the form of 
IC chips from many manufacturers such as Analog Devices.* Study the 
specifications of some of them and comment on how they may be used in 
laboratory practice. Discuss the methods of removing or reducing noise in 
high gain amplifier circuits. 

*(accessible at http://www.analog.com) 


Ex V.2: An inexpensive amplifier is the 741* series IC available from various 
manufacturers. This IC is available with one, two or four amplifiers in a single 
package. Refer to manufacturer Application Notes and discuss how they may 
be used for simple laboratory applications. 

* A useful tutorial on 741 is available at 
http://www.uoguelph.ca/~antoon/gadgets/741/741.html 


Ex V.3: Charge amplifiers are used in many instrumentation applications. Prepare 
a note on these, using library and web resources. 


Ex V.4: We have discussed in brief about filters in Chapter 15. more details 
can be found in appropriate references that deal with signal conditioning. 
Prepare a note on filters and how they may be used for signal conditioning 
in instrumentation. 


Ex V.5: A stroboscope is useful in the measurement of angular velocity. It consists 
of a lamp that may be “flashed” at the desired frequency. Use library resources 
to learn about stroboscope and how it may be used. What are all the uses to 
which a stroboscope may be put to? Discuss. 


Ex V.6: An experimental rig is to be designed to measure the variation of heat 
transfer coefficient with air flow normal to the axis of a cylinder. Give a 
schematic of a suitable rig for this purpose. What are the instruments you 
will need to use for conducting the experiment? Indicate all the precautions 
you need to take in performing an experiment using the rig. Indicate how you 
would tabulate the data and also how you would analyze it to arrive at a useful 
design relationship. 
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Ex V.7: Data Acquisitions Systems and Digital Data Loggers are used very com- 
monly in the laboratory. These are available from many manufacturers. 
Prepare a detailed report on these and compare Data Acquisition Systems 
from at least two different manufacturers. Discuss the factors that go in to 
the choice of a particular system. 


Ex V.8: The mean effective pressure in an engine cylinder is to be estimated using 
a suitable pressure transducer. The maximum engine speed is 3000rpm while 
the idling speed is around 800rpm. How would you choose a suitable pressure 
transducer for this purpose? Also how would you analyze the data? 

The following reference may be useful: 
W. Doggett, Measuring Internal Combustion Engine In-Cylinder Pressure 
with LABVIEW, accessible at: http://www.ni.com/pdf/csma/us/361574a1.pdf 


Appendix A 


Bibliographic Notes and 
References 


A.1 Bibliographic Notes 


References for Module I 


The material presented in Module I deals with very general ideas about measure- 
ments, the statistical analysis of data, regression analysis and design of experiments. 
These topics have been dealt with, in this book, to the extent possible at an 
elementary introductory level. Many important results have been given without 
proof and described in brief. The interested reader should consult books that deal 
in more detail with these topics. 


Books [1, 2, 3] consider these topics at a comparable level of detail as the present 
book. More practical aspects may be obtained from books such as [4]. Specialized 
books such as [5] and [6] consider the statistical analysis of data in more detail. The 
topic of design of experiments is considered in much greater detail in [7]. 


References for Module II 


We have mentioned earlier that temperature measurement is a topic on which very 
extensive literature is available. Even though it is a mature field much research 
is directed towards improvement of accuracy and repeatability of measurements. 
New applications add new methods and instruments in this field. A very useful web 
resource for learning the details of ITS90 is [8]. A specialized book on temperature 
measurement that is a definitive work is that by McGee [9]. Reference [10] 
deals at length with the models for estimating temperature errors under various 
measurement conditions. Temperature error estimation relies on a sound knowledge 
of the fundamentals of heat transfer. The interested reader can refer to a book such 
as [11]. Reference [2] also gives details about errors in temperature measurement. 
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Thermocouple reference tables are best accessed at the web resource [12]. A leading 
manufacturer and supplier of thermocouples and accessories is Omega Engineering, 
INC.,[13]. Their web site contains extensive documentation on measurements of 
temperature as well as other quantities. Thermocouple tables are also accessible in 
their web site. Typical suppliers of temperature measuring hardware in India are 
[14] and [15]. 


Heat flux measuring hardware are specialized equipment and are available, 
sometimes at great expense, from a few manufacturers. Gardon gauges are supplied 
by Vatell [16]. Through their web site one can access a large amount of appropriate 
literature also. Indian Space Research Organization (ISRO) is a major user of heat 
flux sensors and have developed different types of heat flux sensors indigenously. 
Both IIT Madras and IIT Kharaghpur have developed heat flux sensors for their 
own use. Axial heat conduction probes have been developed at IIT Madras for BHEL, 
Trichy. Heat transfer coefficient probes have been developed for in house use at IIT 
Madras. Descriptions of these are available in the heat transfer literature. Thin 
film heat flux gauges are made in the laboratory using platinum paint and MACOR 
substrate. They seldom last long, may be one or two experimental runs, at the most. 
At present these materials have to be imported. 


References for Module ITI 


Manometers for laboratory use are normally made locally using in house glass 
blowing facilities. Special manometers such as the Betz manometer are procured 
from the manufacturer [17] at great cost. Many Indian manufacturers supply 
pressure transmitters covering a very wide range of pressures [18]. Diaphragm 
gauges are available from [19]. Bourdon gauges are available from many suppliers 
within the country. They cover a wide range of pressures. They may be easily 
procured from any hardware shop. Vacuum equipment and gauges (such as Pirani 
and Penning gauges) are readily available from [20]. Pressure calibration equipment 
such as the Dead weight tester is available from many manufacturers, such as [21] 
and [22]. Strain gauges are available from manufacturers such as [23]. They also 
provide technical support and service. Repair and calibration of strain gauges is 
a specialized service provided by [24]. Strain gauge amplifiers and electronics are 
available from many suppliers such as [25]. 


Flow and velocity measuring instruments are discussed in detail in [2] and [26]. 
A classic on flow measurement is the book by Ower [27]. Pitot and Pitot static tubes 
are commercially available from manufacturers such as [18]. Suitable traverses for 
accurate positioning of these are available from the same source. Obstruction type 
flow meters are available from many manufacturers, as for example [18,28]. Orifice 
plates may also be easily machined using workshop facilities in your college at very 
little cost. Rotameters are manufactured to cover various ranges, fluids and are 
available from various manufacturers such as [29]. 


LDV and hot wire systems are expensive and made by only a small number of 
manufacturers. They are normally imported, for example from [30], since there are 
no manufacturers in India. Less expensive, hand held hot wire probes for measuring 
steady velocities of air up to a few m/s are available from many suppliers such as 
[31]. These are useful in laboratory practice as well in troubleshooting of air handling 
systems. 
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References for Module IV 


Measurement of thermo-physical properties require special equipments. These are 
of two types; (a) Apparatus used for performing laboratory experiments by students 
(b) Apparatus used for research quality measurements. The former are available 
from many manufacturers while the latter are custom made or designed by the 
researcher himself. The leader in this category is [32]. Some of the suppliers in 
India of laboratory equipment are [33] and [34]. 


Optical instruments are very specialized and are very expensive. Integrating 
spheres and spectrometers to cover different parts of the electromagnetic spectrum 
are available from several manufacturers. The cost is directly dependent on the 
features and specifications. Typical suppliers are [35] and [36]. There are many 
manufacturers of gas analyzers including NDIR, Gas chromatographs etc. Typical of 
such manufacturers is [37]. 


Vibration, force and acceleration measuring instruments are normally very expen- 
sive since they require sophisticated electronic processing. The signal levels are low 
and the output is obtained after electronic processing of the output. World leaders in 
these equipment are [38] and [39]. 


References for Module V 


Digital meters, electronic equipment and data loggers are manufactured by a 
large number of manufacturers world wide. There was a time when the practice 
was to buy discrete components and wire the required circuit in the laboratory. 
The procedure was cumbersome and reliability was rather poor. In the past three 
decades the tendency is to purchase ready to use electronics and do only the minimal 
interconnections required in setting up an experiment. Many electronic circuits 
are available in modular form so that they may be quickly assembled to cater to 
different laboratory needs. With the PC taking a central position in all experimental 
rigs electronic circuits were designed to reside as boards in the PC itself. However, 
in recent times the boards are replaced by USB connectable modules. The main 
suppliers of these are [40] and [41]. 
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Appendix B 


Useful tables 


Table B.1: Primary units 


Primary quantities 


Quantity Dimension Name,symbol 
Length L meter, m 
Mass M kilogram, kg 
Time T second, s 
Temperature 0° Degree Celsius, °C or K 
Electric charge Q coulomb, coul 


“Temperature is indicated by 0 to avoid confusion with time 
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Table B.2: Units of physical quantities 


Derived quantities 


Appendix.B Useful tables 


Quantity Dimension Name Symbol Unit 
Acceleration LT? a m/s” 
Angular ve- TI w rad/s 
locity 
Area L? Aors m? 
Capacitance M!L-2T?Q? Farad C coul/V 
Density ML p kg/m’ 
Dynamic vis- MLIT! H kg/m:s 
cosity 
Electrical QT! Ampere I coul/s or A 
current 
Electrical po- ML?T~2Q-1 Volt V N-m/coul 
tential 
Energy ML?T~2 Joule E kg - m?/s? or 
J 

Enthalpy MLT? h kg - m?/s? or 
J 

Force MLT? Newton F kg-mls? or N 

Frequency Tt Hertz f 1/s or Hz 

Gas constant L?7~2@-+ Rg J/kg -K or 
Jikg°C 

Impedance, MLET Q? Ohm Z Q or V/A 

electrical 

Heat Flux MT q Jis- m? or 
W/m? 

Heat MT" h Wim™C 

transfer 

coefficient 

Kinematic LT! v m?ls 

viscosity 

Momentum MLT! p kg-m/s or N- 
s 

Power MLT? Watt P W 


...Continued on next page 


Table B.2 continued from previous page 
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Quantity Dimension Name Symbol Unit 
Pressure or MLIT? Pascal porP Pa or N/m? 
stress 
Ratio of spe- non- Y No unit 
cific heats dimensional 
Resistance, ML?T Q? Ohm R Q or V/A 
electrical 
Resistance, LT"! R 1/m-s 
fluid due to 
viscosity 
Resistance, M-1T?9 R °C-m?2/W 
thermal 
Specific heat L?7~%971 c Jikkg.K or 

J/kg °C 
Spring MT” K Nim 
constant 
Strain Non- € No unit 

dimensional 

Thermal con- MLT~*e7! k W/m°C 
ductivity 
Thermal dif- LTT! a m?/s 
fusivity 
Velocity LT} V m/s 
Velocity, LT} a m/s 
sonic 
Wavelength L A m or um 
Wavenumber L“! cm“! 
Work MLT? Joule WwW kg. m?ls? or 
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Table B.3: Physical constants 


Appendix.B Useful tables 


Atmospheric pressure 101.325 kPa 

Avogadro number, N 6.022 x 1023 molecules/mole 
Velocity of light in vacuum, co 3x 108 m/s 

Planck constant, h 6.62x 10% J-s 
Stefan-Boltzmann constant, o 5.67 x 1078 W/m?K* 
Universal gas constant, R J/mole-K 
Boltzmann constant, k 1.39 x 10773 J/K 

First radiation constant, C1 3.74x 10°18 = W-m? 

Second radiation constant, C2 14387.7 um-K 

Standard acceleration due to 9.807 mls” 


gravity, g 


Table B.4: Confidence intervals and the cumulative 
probability for the normal distribution with zero mean and 


unit standard deviation 


CI CP CI CP CI CP CI CP 
+0.1 0.0797 +1.1 0.7287 +2.1 0.9643 +3.1 0.9981 
+0.2 0.1585 +1.2 0.7699 +2.2 0.9722 +3.2 0.9986 
+0.3 0.2358 +13 0.8064 +23 0.9786 +3.3 0.9990 
+0.4 0.38108 +1.4 0.8385 +24 0.9836 +3.4 0.9993 
+0.5 0.3829 +1.5 0.8664 +2.5 0.9876 +3.5 0.9995 
+0.6 0.4515 +16 0.8904 +26 0.9907 +3.6 0.9997 
+0.7 0.5161 +1.7 0.9109 +2.7 0.9931 +3.7 0.9998 
+0.8 0.5763 +1.8 0.9281 +28 0.9949 +3.8 0.9999 
+0.9 0.6319 +19 0.9426 +29 0.9963 +3.9 0.9999 

+1 0.6827 +2 0.9545 +3 0.9973 +4 0.9999 


CI = Confidence interval, CP = Cumulative probability 


Table B.5: Confidence intervals according to t distribution 


Confidence interval 


Confidence interval 


d 90% 95% 99% d 90% 95% 99% 
1 63814 12.71 63.66 18 1.734 2.101 2.878 
2 2.92 4.303 9.925 19 1.729 2.093 2.861 
3 2.353 3.182 5.841 20 1.725 2.086 2.845 
4 2.182 2.776 4.604 21 1.721 2.08 2.831 
5 2.015 2.571 4.082 22 1.717 2.074 2.819 
6 1.943 2.447 3.707 23 1.714 2.069 2.807 
7 1.895 2.365 3499 24 1.711 2.064 2.797 
8 1.86 2.306 3.355 25 1.708 2.06 2.787 
9 1.883 2.262 3.25 26 1.706 2.056 2.779 
10 1.812 2.228 3.169 27 1.703 2.052 2.771 
11 1.796 2.201 3.106 28 1.701 2.048 2.763 
12 1.782 2.179 3.055 29 1.699 2.045 2.756 
13 1.771 2.16 3.012 30 1.697 2.042 2.75 
14 1.761 2.145 2.977 40 1.684 2.021 2.704 
15 1.753 2.131 2.947 50 1.676 2.009 2.678 
16 1.746 212 2.921 100 166 1.984 2.364 
17 1.74 2.11 2.898 200 1.653 1.972 2.345 


d= Degrees of freedom 
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Table B.7: Properties of dry air at atmospheric pressure 
T p (O ux10f vx10f kx10® axi0® Pr 
°C okglm® kJikg:-K  kgim-s m/s WmC m?is 
O 1.2811 1.004 17.09 1334 242 18.8 0.709 


20 1.1934 1.004 18.09 15.16 25.8 21.5 0.704 
40 1.1169 1.005 19.07 17.07 27.4 24.4 0.699 


60 1.0496 1.007 20.02 19.08 29 27.4 0.696 
80 0.9899 1.008 20.95 21.16 30.5 30.5 0.693 
100 0.9367 1.011 21.85 23.33 32 33.8 0.691 


120 0.8889 1.013 22.74 25.58 33.4 37.1 0.689 
140 0.8457 1.016 23.59 27.9 34.9 40.6 0.688 
160 0.8065 1.019 24.43 30.29 36.3 44.1 0.687 
180 0.7708 1.023 25.25 32.76 37.6 47.7 0.686 
200 0.7381 1.026 26.04 35.29 38.9 51.4 0.686 
240 0.6803 1.034 27.58 40.54 41.5 59 0.687 
280 0.631 1.043 29.05 46.04 43.9 66.8 0.689 
320 0.5883 1.051 30.45 51.76 46.3 74.8 0.692 
360 0.551 1.06 31.8 57.71 48.5 83 0.695 
400 0.5181 1.069 33.09 63.87 50.6 91 0.699 
440 0.489 1.078 34.34 70.23 52.7 100 0.703 
480 0.4629 1.087 35.55 76.8 54.7 109 0.707 
520 0.4395 1.096 36.73 83.58 56.7 118 0.71 
560 0.4183 1.105 37.88 90.56 58.6 127 0.714 
600 0.3991 1.114 39.01 97.75 60.6 136 0.717 


Table B.8: Thermal properties of saturated water 
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t p Cp ux10 vx10 k a x 108 Pr 
°C. kgim? kJikgC kgim-s m/s Wim’C m/s 

0 999.8 4217 1752.5 17.53 0.569 1.85 12.988 
10 999.7 4.193 1299.2 13 0.586 1.398 9.296 
20 9983 4.182 1001.5 10.03 0.602 1.442 6.957 
30 995.7 4.179 797 8.004 0.617 1.483 5.398 
40 9923 4.179 651.38 6.564 0.63 1.519 4.32 
50 988 4.181 544 5.506 0.643 1.557 3.537 
60 983.2 4.185 463 4.709 0.653 1.587 2.967 
70 977.7 4.19 400.5 4.096 0.662 1.616 2.535 
80 971.6 4.197 351 3.613 0.669 1641 2.202 
90 965.2 4.205 311.8 3.225 0.675 1.663 1.939 
100 958.1 4.216 279 2.912 0.68 1.683 1.73 
110 950.7 4.229 252.2 2.653 0.683 1.699 1.562 
120 942.9 4.245 230 2.439 0.685 1.711 1.425 
130 934.6 4.263 211 2.258 0.687 1.724 1.309 
140 925.8 4.285 195 2.106 0.687 1.732 1.216 
150 916.8 4.31 181 1.974 0.686 1.736 1.137 
160 907.3 4.339 169 1.863 0.684 1.737 1.072 
170 897.8 4.871 158.5 1.766 0.681 1.736 1.017 
180 886.9 4.408 149.3 1683 0.676 1.729 0.974 
200 864.7 4.497 188.8 1.547 0.664 1.708 0.906 
220 840.3 4.614 1215 1446 0.648 1.671 0.865 
240 813.6 4.77 1114 1369 0629 1621 0.845 
260 783.9 4.985 103 1.814 0.604 1546 0.85 
280 750.5 5.3 96.1 1.28 0.573 1.441 0.889 
300 712.2 5.77 90.1 1.265 0.54 1.314 0.963 
320 666.9 6.59 83 1.245 0.503 1.145 1.087 
340 610.1 8.27 74.8 1.226 0.46 0.912 1.345 
360 528.3 14.99 64.4 1.219 0.401 0.506 2.407 
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Table B.9: Thermal properties of metallic solids* 


Metal p C k a x 10° 
kglm? Jikg’C  Wim°C m?is 
Aluminum 2702 903 237 9.71 
Alumel 8574 464 29.2 0.734 
Brass 8470 377 116 3.63 
Bronze 8830 377 52 1.36 
Cast Iron (4% C) 7272 420 51 1.67 
Chromel 8730 448 17.3 0.493 
Copper 8900 385 287 8.38 
Constantan 8900 390 22.7 0.654 
Duralumin 8933 385 401 11.7 
Gold 19300 129 317 12.7 
Iron 7870 447 80.3 2.28 
Nickel 8900 444 90.7 2.3 
Platinum 21450 133 71.6 2.51 
Silver 10500 235 429 17.4 
Stainless Steel 304 7900 477 14.9 0.395 
Tin 7310 227 66.6 4.03 
Titanium 4500 522 21.9 0.932 
Tungsten 19300 132 174 6.83 


*Tabulated values are at room temperature and representative 
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Table B.10: Emissivities of surfaces at room temperature 


Surface Emissivity 
Aluminium (anodized) 0.77 
Aluminium (oxidized) 0.11 
Aluminium (polished) 0.05 
Aluminium (roughened with emery) 0.17 
Aluminium foil 0.03 
Aluminized Mylar 0.03 
Anodized black coating 0.88 
Asbestos board 0.94 
Brass (dull) 0.22 
Brass (polished) 0.03 
Brick (dark) 0.9 
Concrete 0.85 
Copper (oxidized) 0.87 
Copper (polished) 0.04 
Fire-clay 0.75 
Glass 0.92 
Gold 0.02 
Iron oxide 0.56 
Paper 0.93 
Plaster 0.98 
Porcelain (glazed) 0.92 
Silver - pure (polished) 0.020-0.032 
Steel galvanized (new) 0.23 
Steel galvanized (old) 0.88 
Steel Oxidized 0.79 
Steel Polished 0.07 
Tile 0.97 
Tungsten (polished) 0.03 


Water 0.95 
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R?, 55 
2 
R? ap 55 
B, diameter ratio, 319 
y,ratio of specific heats, 326 


acceleration, 436 
accelerometer, 441 
Fiber Optic , 448 
Piezoelectric, 445 
accuracy, 6, 44 
acousto-optic cell, 413 
aliases, 80 
Alphatron gauge, 279 
amplifier 
differential, 471 
differentiating, 472 
instrumentation, 474 
integrating, 472 
logarithmic, 473 
summing, 470 
analog to digital converter (ADC), 480, 
488 
angular velocity, 448 
APD, 417 


beat frequency, 447 
Beer’s law, 416 

bell prover, 340 
Bernoulli principle, 283 
best estimate, 8 


radiation, 150 
Bomb calorimeter, 375 
Bourdon gauge, 253 
bridge 

full, 259, 264, 435 

half, 259, 260 

quarter, 259 
burst signal, 308 


calibration, 5, 6 

Callendar correction, 132 

calorific value, 360, 374 

calorimetric method, 360, 370, 404 

capacitance type pressure transducer, 
266 

capture efficiency, 424 

Chauvenet’s criterion, 32 

Chemiluminescence, 418 

Chi Squared test, 62 

circular frequency, 438 

coefficient of thermal expansion, 166 

cold junction, 113 

Collis and Williams correlation, 296 

compensated probe, 184 

compressibility, 286, 326 

conduction error, 184 

confidence interval, 9 

confounded, 81 

constant head tank, 381 

continuous flow calorimeter, 378 


Betz manometer, 467 correlation 
bias, 6 index of, 55 
bit, 480 correlation 
black body coefficient, 54 
cavity, 151 
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count, 480 

covariance, 50 

critical value, 64 

cross section 
absorption, 416 
extinction, 416, 426 
total, 417 

cubical expansion, 163 

cumulative probability, 9 

current loop, 482 


damping coefficient, 438 
critical, 438 
damping ratio, 251, 440 
dead weight tester, 254, 435 
degrees of freedom, 15, 17, 65 
derived quantity, 4, 40 
Design of experiments, 74 
DIAL, 415 
dial gauge, 434 
diaphragm/bellows gauge, 262 
differential absorption, 416 
diffuse, 391 
digit, 481 
digital data logger, 479, 488 
digital panel meter (DPM), 480 
digital voltmeter, 480 
dimensional analysis, 74, 82 
dimensionless, 83 
dimensionless groups, 74 
Dixon’s Q test, 39 
dominant factor, 78 
Doppler 
effect, 303 
shift, 303, 447 
velocimeter, 303 
Laser, 307 
ultrasonic, 304 
drag coefficient, 331 
drop resistor, 482 
dual thin film probe, 345 
dynamometer, 448 
brake drum, 449 
Electric generator, 449 


electrical analog, 173 

emissivity, 157, 214, 225, 390, 400 
hemispherical, 391 
spectral, 151, 153 


total, 158 
entropy, 112 
equilibrium, 104 
error estimator, 15 
error propagation, 42 
errors, 6 

random, 6 

systematic, 6 
Euler number, 83 
EXCEL, 494 
Exhaust gas, 410 
expansion factor, 326 


factorial 
OF 75 
fractional, 79 
full, 74 
one half, 79 
quarter, 81 
factors, 74 
film coefficient, 224 
filter, 476 
high pass, 477 
low pass, 477 


neutral density, 155 


notch, 476 
red, 154 
twin T, 476 
fin analysis, 188, 192 
first order system, 173 
fit, 49 
fixed point 
primary, 107 
secondary, 108 
flow coefficient, 318 
flow meter 
calibration, 337 
drag effect, 330 


INDEX 


positive displacement type, 334 


turbine, 335 
variable area, 316 


discharge coefficient, 318 


flow nozzle, 323 


irrecoverable pressure loss, 324 


orifice plate, 319 
pressure taps, 319 


selection, 330 
venturi, 323 


variable area type, 346 


INDEX 


vortex shedding type, 334 
Flue gas, 410 
fluid velocity, 282 
flying start - flying finish, 340 
force balancing element, 273 
force measurement, 430 
Fourier number, 369 
full bridge, 492 


Gardon gauge, 205 
sensitivity, 207 
gauge constant, 207 
time constant, 211 
transient analysis, 210 
Gas Chromatography, 419 
gas concentration, 409 
gas thermometer, 105 
gauge factor, 256 
Gaussian distribution, 8, 10 
global polynomial, 115 
gold point, 149 
goodness of fit, 54 
Graphic User Interface (GUI), 490 
Grashof number, 364 


heat capacity, 360, 370 
liquid, 373 
solid, 370 

heat diffusion, 110 

heat flux, 205 

heat flux sensor 
axial conduction guarded, 214 
slug type, 215, 218 
thin film, 212, 220 

construction detail, 222 

thin wafer, 213 

heat transfer coefficient, 138, 223 
convection, 172 
cylindrical probe, 225 
radiation, 200 

heating value (HV), 379 

high frequency transmitter, 493 

high vacuum, 275 

Hooke’s law, 433 

hot wire anemometer, 293 
constant current, 297 
constant temperature, 295 

hypotheses, 4 


ice point, 106 

ideal gas scale, 107 
impact probe, 288 
influence coefficient, 74 
integrating radiometer, 400 
integrating sphere, 394 
interaction effect, 75 
interpolation, 115 
intrusive, 4 

ionization gauge, 278 
ITS90, 108 


Joule heating, 110 


Kelvin relations, 110, 112, 113 
Kelvin sensing, 135 

King’s law, 294 

Kirchoff’s law, 470 


Kolmogorov Smirnov two sample test, 
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LABVIEW, 494 
laminar flow, 380 
Laser Doppler Vibrometer, 446 
LDV, 307 
fringe system, 307 
reference beam system, 308 
lead wire model, 186 
lead wires, 118 
compensating, 119 
least square method, 401 
least squares, 11 
levels, 74 
Line reversal technique, 161 
low pass filter, 306 
LVDT, 263, 266 


Mach number, 282 
main effects, 76 
manometer 

U - tube, 245 

well type, 247 

inclined tube, 247 

mass flow rate, 316 
MATLAB, 494 
McLeod gauge, 276 
mean, 8 
measurements, 4 
monochromator, 393 
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multi-hole probe, 291 
five hole, 292 
three hole, 291 


natural frequency, 438 
NDIR, 413 

Newtonian fluid, 380 
non-intrusive, 5 
non-linear fit, 60 
normal distribution, 8 
normal equations, 50 
NTC thermistors, 140 


opacity, 426 

operational amplifier, 469 
optical RPM meter, 453 
Orsat gas analyzer, 422 
orthogonal set, 79 
outliers, 32 


parity plot, 59 
partial pressure, 410 
phase lag, 181 
Pierce’s criterion, 35 
Pirani gauge, 277 
Pitot static tube, 284 
Pitot tube, 282, 347 
Planck distribution, 150 
platform balance, 430 
Platinum 67, 121 
Platinum resistance temperature scale, 
132 
Poisson ratio, 256, 263, 493 
portable emissometer, 406 
Prandtl number, 177 
Prandtl tube, 284 
pre-amplifier, 493 
precise, 6 
pressure 
dynamic, 283 
stagnation, 282 
static, 283 
pressure coeffcient, 293 
pressure transients, 269 
primary quantity, 4 
principal stresses, 450 
Prony brake, 449 
Propagation of errors, 40 
proving ring, 435 


INDEX 


pyrometer 
total radiation, 157 
two color, 159 
vanishing filament, 153 
pyrometer equation 
ideal, 153 
practical, 153 
pyrometry, 149 


QtiPlot, 67 


radiation error, 194 
radiation shield, 196 
Rayleigh number, 176 
recovery factor, 344 
reentry, 209 
reference 
ice point, 119 
reflectance, 425 
reflectivity 
bidirectional, 391 
directional hemispherical, 391, 399 
hemispherical directional, 393, 398 
regression 
linear, 49 
multiple linear, 57 
polynomial, 54 
simple model, 76 
repeatability, 74 
repeatable, 6 
replicate, 74 
resistance 
flow, 250, 271 
specific, 255, 256 
thermal, 173, 270 
Resistance thermometer, 131 
Platinum, 131 
resolution, 44, 81, 480 
response 
dynamic, 249 
flat, 157 
linear, 6 
non-linear, 6, 140 
periodic input, 179 
ramp input, 178 
steady state, 178, 181 
step input, 173 
transient, 178, 181, 249 
Reynolds number, 55, 83, 199 


INDEX 


Rotameter, 330 
analysis, 330 
rotating cylinder viscometer, 380, 384 
RTD, 131, 346 
Bridge circuit, 135 
dissipation constant, 138 
four wire, 132 
lead wire compensation, 135 
measurement circuits, 135 
self heating, 138 
temperature coefficient of resis- 
tance, 132 
three wire, 132 


sampling, 423 
iso-kinetic, 424 

Saybolt viscometer, 380, 383 

search method, 60 
Conjugate Gradient, 60 
Levenberg-Marquardt, 60 
steepest descent, 60 

second order system, 251 

Segmented or piecewise regression, 68 

shear modulus, 432 

shear stress, 450 

shielded thermocouple, 344 

signal conditioning, 492 
electronic, 468 
mechanical, 466 

single wire model, 187 

slip rings, 493 

soap film burette, 337 

software, 494 

solar flux, 209 

sonic nozzle, 328 

soot, 423 

spectroscope, 162 

specular, 390 

spring balance, 432 

spring constant, 432 

SRM, 368 

standard error, 19 

Stefan Boltzmann constant, 158, 195 

Steinhart-Hart equation, 141 

Stokes number, 424 

Stolz equation, 319 

strain gauge, 255 

Strouhal number, 335 

Student ¢ distribution, 17 
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subsonic flow, 286 
supersonic flow, 288 


Tachometer, 453 
temperature 
actual, 152 
brightness, 152 
bulk mean, 346 
color, 159 
inside a solid, 184 
mixing cup, 347 
moving fluid, 185, 194 
solid, 191 
stagnation , 344 
surface, 183 
systematic error, 183 
transient, 171 
true, 160 
Test for normality, 19 
r test, 26 
Box and whisker plot, 20 
Jarque-Bera test, 24 
Q-Q plot, 22 
thermal conductivity, 360 
comparator, 360, 367 
Gaurded hot plate 
solid sample, 361 
Guarded hot plate, 360 
liquid sample, 364 
Laser flash method, 360, 369 
Radial heat conduction appara- 
tus, 360, 364 
thermistor 
circuit, 145 
thermistors, 140 
thermo-electricity 
Peltier effect, 110 
Seebeck effect, 110 
Thomson effect, 110 
thermo-physical properties, 360 
thermocouple 
bayonet probe, 127 
differential, 128 
junctions, 126 
butt welding, 127 
button, 127 
exposed, 126 
grounded, 126 
separated wire, 126 
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parallel, 129 
types, 122 
thermocouples 
series, 128 
thermoelectric power, 121 
thermometer 
bimetallic, 166 
IC temperature sensor, 171 
liquid crystal, 170 
liquid in glass, 163 
thermometer error, 189 
thermometer well, 185, 199 
thermometric error, 127, 189, 192, 199, 
201 
thermometric property, 105, 107 
thermometry, 104 
thermopile, 128, 129, 212 
thermostat, 170 
Thompson T test, 38 
time constant, 173 
time of flight, 282 
TOF, 282 
velocimeter, 309 
torque, 448 
transmittance, 426 
trend line option, 64 
triple point of water, 106 


USB port, 488 


vacuum, 275 
variance, 8 
velocimeter 
cross correlation, 313 
velocity of approach factor, 318 
vena contracta, 323 
viscosity, 360, 380 
voltage gain, 470 
volume flow rate, 316 


wedge probe, 289 

Wein’s 
approximation, 150 
displacement law, 151 


Young’s modulus, 166, 169, 263, 433, 
493 


zeroth law of thermodynamics, 104 
Zhukaskas correlation, 199, 294 
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The topics covered in the book will be very useful for post graduate students. The book 
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